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PREFACE   TO   THE   THIRD   EDITION. 

The  issue  of  this  third  edition  has  been  delayed  because  the 
plates  of  the  second  edition  were  stolen.  This  has  proved  a 
blessing  in  disguise,  as  it  necessitated  a  complete  resetting  of  the 
book  and  offered  an  opportunity  to  make  a  thorough  untram- 
melled revision  of  the  entire  work;  and  this  has  been  done. 
Many  additions  have  been  made  to  the  text  throughout;  and  a 
new  chapter  has  been  added  dealing  with  the  organization  and 
m.anagement  of  a  life  company,  giving  information  which  stu- 
dents and  even  company  officers  have  found  difficulty  in  obtain- 
ing elsewhere.  After  each  chapter,  at  the  request  of  the  professors 
in  several  universities,  some  questions  for  students  have  been 
added ;.  these  can  generally  be  answered  from  the  information 
supplied  in  the  preceding  chapter,  but  in  some  instances  they  call 
for  original  thinking,  constructive  work,  or  knowledge  of  the 
conditions  of  outside  business  life.  Many  changes  in  conditions 
have  taken  place  since  the  previous  edition  was  published  five 
years  ago,  both  in  the  practice  of  companies  and  in  the  laws 
affecting  vital  points  in  the  business.  All  such  matters  have 
been  brought  completely  up  to  date,  while  the  notation  in 
mathematical  sections  has  been  changed  so  as  to  conform  to 
the  latest  rulings  of  the  Actuarial  Society  of  America  in  har- 
mony with  international  practice.  In  other  respects  the  remarks 
made  in  the  Preface  to  the  Second  Edition  still  apply  as  follows : 

"  The  only  criticism  of  any  consequence  which  has  been  made 
against  the  Primer  is  that  it  is  not  sufficiently  elementary.  But 
the  book  was  not  written  for  children;  nor  was  it  prepared  for 
those  who,  with  merely  a  general  education,  could  read  it  through 
at  a  sitting,  and  at  once  understand  it  all.  It  was  meant  to  be 
a  study  for  men,  willing  and  able  to  devote  time  to  a  careful 
reading,  and  anxious  to  obtain  true  knowledge  of  the  subject  to  the 
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extent  of  taking  pains  to  digest  it,  and  even  to  read  other  col- 
lateral publications.  Life  assurance  is  a  source  of  unbounded 
blessing  to  men;  even  more  so  to  women  and  children.  But 
knowledge  of  the  subject  does  not  enter  our  minds  intuitively;  it 
can  be  acquired  only  by  diligence,  and  it  would  be  well  if  this 
social  obligation  were  made  part  of  the  general  school  training. 

"One  of  the  commonest  errors  is  to  assume  that  life  assurance 
is  an  investment,  and  that  premiums  paid  for  protection  are  like 
deposits  in  a  savings  bank.  It  is  difficult  to  convince  many  men, 
even  intelligent  men,  who  have  paid  for  life  assurance  for  ten 
years  and  who  have  lived,  that  their  premiums  should  not  all  be 
held  by  the  Company  increased  by  interest.  Yet  if  this  were  so 
the  heirs  of  those  who  died  could  get  only  the  amount  of  their 
own  premiums,  with  interest,  less  expenses;  while  we  know  that 
the  full  amount  assured  is  paid  even  if  death  take  place  only  a 
few  days  after  payment  of  the  first  premium.  This  is  the  funda- 
mental difference  between  a  savings  bank  and  a  life  assurance 
company.  If  such  general  principles  were  known  more  widely, 
many  would  avoid  those  disappointed  expectations  which  have 
caused  so  much  heartburning. 

"Widespread  interest  has  been  aroused  by  the  various  in- 
vestigations of  Life  Assurance  Companies.  These  have  had  the 
effect  of  directing  the  public  gaze  to  an  important  subject;  and, 
although  much  of  the  information  given  in  sensational  daily 
papers  is  highly  colored,  and  often  incorrect,  still  the  permanent 
effect  on  the  minds  of  the  people  will  be  for  good.  We  cannot 
talk  on  any  subject  without  gradually  imbibing  more  and  more 
of  the  truth  about  it,  therefore  the  freer  the  discussion  the 
better.  If  this  book  enables  a  few  people  to  correct  wrong 
impressions  which  have  crept  into  their  minds,  the  author  will 
feel  that  his  work  is  not  in  vain." 

HENRY  MOIR. 

New  York,  ist  November,  1912. 


INTRODUCTION. 

There  has  been  a  tendency  within  the  last  few  years  to  ex- 
tend University  Education  in  the  direction  of  Hfe  assurance, 
treated  sometimes  from  an  economic  standpoint  and  sometimes 
mathematically;  and  the  want  of  a  Text-Book  dealing  with 
elementary  principles  has  been  greatly  felt.  It  is  presuraed  that 
those  reading  the  technical  portions  of  the  following  work  already 
possess  a  slight  knowledge  of  algebra,  rather  better  than  that 
usually  afforded  by  the  High  School  course.  The  subjects  have 
been  explained  as  far  as  possible  in  a  simple  way,  so  that  the 
reader  who  may  not  have  this  algebraic  knowledge  may  yet  be 
able  to  grasp  the  general  outlines,  even  though  he  may  pass 
over  many  of  the  mathematical  demonstrations. 

For  those  who  propose  to  complete  their  actuarial  studies, 
many  books  are  available,  in  particular  the  Text-Book  of  the 
Institute  of  Actuaries,  which  is  recognized  as  the  authoritative 
work  on  Actuarial  Science.  That  work,  however,  is  elaborate, 
and  is  designed  for  advanced  students;  whereas  this  Primer,  as 
its  name  implies,  has  been  prepared  for  those  who  may  wish  to 
obtain  a  proper  understanding  of  the  principles,  but  who  are  not 
yet  prepared  to  undertake  the  more  advanced  study. 

The  notation  used  in  the  Institute  Text-Book  was  adopted  by 
the  International  Congress  of  Actuaries,  after  giving  careful 
consideration  to  other  systems.  That  notation  is  therefore  used 
herein  so  far  as  it  is  necessary,  and  a  brief  explanation  is  incor- 
porated in  the  appendix.  There  is  also  included  in  the  appendix 
a  sufficient  number  of  tables  to  afford  the  means  of  illustrating 
the  subjects  discussed,  and  give  students  some  practical  knowl- 
edge of  the  questions  with  which  they  may  deal. 

One  of  the  aims  of  the  work  has  been  to  include  such  infor- 
mation on  actuarial  subjects  as  every  official  of  a  life  assurance 
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company  should  possess.  The  Actuary  and  his  assistants  should 
have  a  full  grasp  of  the  details,  with  technical  knowledge  to  solve 
the  more  intricate  problems;  but  general  principles  should  be 
mastered  by  the  other  officials,  so  that  all  departments  of  the 
work  may  be  conducted  in  harmony. 
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CHAPTER  I. 


Principles   of   Life   Assurance,   and   of   Life   Assurance 

Companies. 

Mutual  The  general  principle  of  Insurance  consists  in  the 

Protection,  combination  of  many  persons  to  protect  each  one 
against  unforeseen  loss.  The  principle  is  perhaps  most  easily 
understood  in  connection  with  such  contracts  as  those  of  Fire 
Insurance.  The  risk  of  fire  is  slight,  and  the  loss  when  a  fire 
does  occur  is  frequently  heavy.  If  this  loss  were  borne  by  one 
person  alone  it  might  mean  ruin;  but  if  he  had  combined  with 
some  thousands  of  other  persons,  all  holding  property,  and  all 
insuring  against  fire,  then  the  loss  when  spread  over  the  whole 
number  of  persons  would  be  the  merest  trifle  to  each.  It  is 
assumed  that  the  danger  of  fire  in  each  case  is  the  same.  When 
one  class  of  property  is  more  liable  to  fire  than  another,  a  suit- 
able variation  is  made  in  the  premium.  The  same  principle  runs 
through  life  assurance,  though  in  a  more  complex  form.  If  all 
persons  who  combine  for  life  assurance  were  of  the  same  age, 
the  position  would  be  simple,  and  much  the  same  as  fire  insur- 
ance. But  although  any  individual  of  whatever  age  may  die  at 
any  moment,  yet  the  general  fact  remains  that  young  men  live 
on  the  average  for  many  more  years  than  old  men,  and  to  secure 
equity  the  premium  payments  must  be  graded  according  to  the 
age  at  entry — that  is,  the  age  when  a  policy  is  first  taken.  Then, 
too,  different  people  want  different  kinds  of  assurance,  as  is 
explained  in  the  next  chapter,  and  each  kind  of  policy  has  its 
own  scale  of  rates,  so  that  there  is  a  good  deal  of  complexity 
even  in  the  simpler  phases  of  life  assurance. 

I 


2  LIFE  ASSURANCE  PRIMER. 

Means  While  the  principle  of  mutual  protection  is  at  the 

of  foundation  of  life  assurance,  one  very  forcible  argu- 

Saving.  ment  in  its  favor  at  the  present  day  is  that  it  affords 

one  of  the  best  means  of  saving  money.  Human  nature  is  weak 
and  good  resolutions  to  set  apart  regularly  a  portion  of  one's 
income  are  seldom  carried  out.  Even  if  a  considerable  saving 
has  been  effected,  the  temptation  of  luxury,  or  a  speculative 
investment,  may  nullify  the  self-sacrifice  of  years  if  the  money  is 
lying  there  ready  at  hand.  The  premiums  under  a  life  assurance 
policy  come  round  with  unfailing  regularity,  and  when  once  they 
are  paid  the  consideration  that  the  money  is  set  aside  for  good 
reduces  the  chance  of  its  being  spent. 


Insurance         The  words  "insurance"  and  "assurance"  are  gen- 
or  erally    used    with    exactly    the    same    significance. 

Assurance.  Probably  the  most  useful  distinction  which  has  been 
drawn  between  the  two  is  that  the  word  "assurance"  should 
apply  to  protection  against  an  event  which  is  certain  to  happen 
at  some  time,  the  date  of  happening  being  unknown.  Of  such 
nature  is  Life  Assurance.  And  that  the  word  * '  insurance ' '  should 
be  applied  to  an  event  which  may  or  may  not  happen.  Of  such 
nature  are  Fire  and  Marine  Insurance,  where  the  property  may 
be  insured  for  an  indefinite  time  without  there  being  any  neces- 
sity for  claiming  compensation  for  loss  under  the  contract.  This 
distinction  is,  however,  purely  arbitrary,  and  is  only  occasionally 
used,  although  suggested  by  Charles  Babbage  early  in  the  nine- 
teenth century.  "Assurance  "  is  used  here  because  this  word  has 
more  of  an  international  character,  and  we  should  do  all  we  can 
to  promote  the  universal  use  of  the  same  word.  The  initial 
letter  "yl  "  is  used  in  actuarial  works  with  a  definite  significance, 
now  understood  over  the  whole  world. 


Origin  Life  Assurance  has  grown  up  gradually,  and  it  is  dif- 

and  ficult  to  trace  its  exact  origin,  which  may  have  been 

Growth.        in  the  old  funeral  and  burial  societies,  as  these  are  of 

very  ancient  date.    They  provided  that  all  members  of  the  Society 
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should  have  a  satisfactory  burial;  and,  in  addition,  they  fre- 
quently made  payments  to  widows  and  orphans.  Then,  of  some- 
what later  date,  there  were  fraternities  and  guilds.  These  bodies, 
on  the  death  of  any  deserving  member  in  poor  circumstances, 
would  make  a  call  upon  the  other  members  for  contributions. 
Such  contributions  were  rather  of  the  nature  of  charitable  dona- 
tions than  of  benefits  to  be  obtained  by  right. 

It  is  sometimes  said  that  the  practice  of  modern  Life  Assur- 
ance by  regular  companies  grew  out  of  Marine  Insurance.  In 
very  early  days  insurance  was  effected  on  ships  and  cargo  when 
a  voyage  was  in  contemplation.  As  the  loss  was  frequently  seri- 
ous if  anything  befell  the  captain  of  the  vessel,  it  became  usual  to 
effect  a  policy  on  his  life  for  the  voyage,  the  usual  charge  for  the 
protection  being  five  per  cent.  This  premium  had  no  scientific 
foundation;  indeed,  no  system  of  Life  Assurance  which  was 
really  sound,  and  in  accord  with  present-day  principles,  was 
adopted  until  the  formation  of  the  old  "Equitable  Society"  in 
London  in  1762.  This  society  was,  and  still  is,  a  mutual  organi- 
zation for  the  assurance  of  its  members,  and  no  agents  have  ever 
been  employed.  A  level  premium  is  charged  and  returns  of  sur- 
plus are  made  to  policy-holders  at  periodic  intervals. 

Whatever  the  origin  of  Life  Assurance,  there  is  no  doubt  that 
it  has  now  become  a  "necessity  of  modern  society".  It  enables 
any  man  of  ability,  without  capital,  to  capitalize  his  ability,  and 
undertake  obligations  which  he  would  not  otherwise  be  justified 
in  doing.  He  can  provide  that  obligations  will  be  met  in  event  of 
his  premature  death.  Many  persons  also  view  Life  Assurance  as 
the  best  means  of  saving;  while  even  the  wealthy  appreciate  its 
advantages  to  protect  their  estates  from  forced  realization. 


Scientific  It  has  been  shown  by  investigations,  conducted  on 

Basis.  many  occasions  and  in  many  different  ways,  that  the 
chance  of  death  at  any  age  for  men  of  average  health  is  a  very 
definite  quantity.  While  it  is  quite  impossible  to  say  at  what 
date  any  individual  is  likely  to  die,  yet  if  a  large  group  of  per- 
sons all  of  the  same  age  be  under  observation,  it  can  be  fore- 
told, with  wonderful  accuracy  that  a  certain  number  will  prob* 
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ably  die  in  the  first  year;  a  certain  other  number  in  the  second 
year;  a  third  group  in  the  third  year;  and  so  on  until  the  total 
number  passes  out  of  existence  at  the  extreme  limit  of  old  age. 
This  regularity  provides  the  scientific  basis  on  which  calculations 
are  made.  The  soundness  of  the  basis  is  sustained  by  the  experi- 
ence of  a  century  and  a  half,  and  by  the  gigantic  proportions  to 
which  Life  Assurance  has  developed  as  one  of  the  principal 
branches  of  Social  Economy. 


Forms  The  different   forms  of    Life  Assurance  in  the 

of  United  States  are  generally  distinguished  as  follows  ; 

Assurance.  (i)  Assessment; 

(2)  Old  Line,  including  Ordinary  and  Industrial; 

(3)  Stipulated  Premium;  and 

(4)  Fraternal. 

It  seems  unfortunate,  however,  that  these  distinctions  exist,  and 
especially  that  the  different  forms  of  organizations  should  be 
controlled  by  different  laws.  The  subject  of  Life  Assurance 
seemed  already  to  be  sufficiently  complicated  by  the  diverse  laws 
in  different  states;  and  the  system  adopted  by  the  legislatures  of 
distinguishing  Life  Assurance  into  several  different  kinds,  and 
providing  separate  laws  for  each,  has  been  the  cause  of  further 
confusion. 

ASSESSMENT  ASSURANCE. 

This  form  originated  in  the  funeral  societies,  guilds,  and 
friendly  societies  already  mentioned;  but  its  development  was 
very  slow  until  thirty  or  forty  years  ago,  when  it  was  adopted  and 
forced  to  the  front  in  America.  It  is  one  of  the  oldest  forms  of 
mutual  protection;  at  the  same  time,  it  is  of  a  simple  nature  and 
its  characteristics  can  be  discussed  and  disposed  of  at  once. 

Under  the  original  forms  of  this  benefit  it  was  usual  to  charge 
against  each  member  an  assessment  of  fixed  amount  at  the  end  of 
each  year,  and  divide  the  amount  thus  received  amongst  the 
heirs  of  those  members  of  the  society  who  might  have  died  during 
the  preceding  year.     The  amount  of  the  payment  at  death  of 
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any  member  would  therefore  vary  according  to  the  number  of 
deaths,  and  it  was  usually  necessary  to  have  some  strong  personal 
interest  to  bind  the  members  together  other  than  the  mere 
assurance  benefit.  This  cohesive  force  frequentl}^  existed  in 
benefits  derived  from  membership  of  a  guild.  The  next  develop- 
ment was  in  the  direction  of  fixing  the  payment  at  death,  and 
making  the  assessment  on  the  surviving  members  vary  according 
to  the  number  of  claims;  while  still  later  an  approximate  assess- 
ment was  determined  and  collected  at  the  beginning  of  each  year, 
so  that  claims  could  be  paid  out  of  funds  already  in  hand. 


Assessment  In  order  to  illustrate  the  working  of  such  plans, 
Illustration,  let  us  consider  the  simplest  case  of  a  societ}^  with  a 
large  number  of  members  all  of  one  age  and  all  young  men .  The 
annual  assessment  charged  against  each  surviving  member 
would  at  first  be  slight,  because  the  deaths  at  young  ages  are 
comparatively  few.  But  gradually  the  assessments  would  in- 
crease with  the  increasing  ages  of  the  members ;  and,  at  the  same 
time,  unless  the  membership  were  recruited  annually,  there 
would  be  a  smaller  number  of  persons  remaining  to  pay  these  as- 
sessments. It  would  therefore  be  natural  that  at  the  end  of  each 
year,  when  the  assessment  levies  were  being  made,  a  number  of 
members  would  withdraw,  refusing  to  pay  their  assessments,  and 
this  would  increase  still  further  the  payments  required  from  the 
diminished  membership  of  such  a  society.  In  order  to  avoid 
this  difficulty  as  far  as  possible,  the  practice  arose  of  paying 
fixed  amounts  and  charging  assessments  in  advance,  estimating 
at  the  beginning  of  the  year  the  amount  which  would  probably 
have  to  be  paid  by  reason  of  deaths.  Assessments  paid  in  this 
way  were  therefore  properly  called  "premiums". 


Assessment  Under  the  fundamental  principle  of  assessment 
Assurance  assurance,  as  above  explained,  the  premiums  should 
Impractical,  increase  with  each  year  of  age  to  meet  the  increasing 
death  rate;  but  assessment  companies,  especially  in  recent  years, 
have  generally  held  out  the  hope  to  their  members  that  the 
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premium  would  remain  at  the  original  rate  for  an  indefinite 
period,  and  possibly  even  for  the  whole  of  life.  If  the  premiums 
were  actually  increased  each  year,  a,nd  if  all  the  members  w^ere 
intelligent  enough  to  understand  that  they  were  paying  for 
protection  from  year  to  year  only,  the  theory  of  this  class  of 
assurance  would  doubtless  be  satisfactory.  But  when  premiums 
begin  to  increase  members  of  such  companies  always  do  becom.e 
dissatisfied  and  many  of  the  healthy  withdraw.  The  unhealthy 
members  perforce  remain  with  the  company;  and,  by  their 
increased  death  rate,  make  the  losses  of  the  company  still  more 
serious.  The  withdrawal  of  members  and  the  increasing  death 
rate  interact  on  each  other.  The  increased  death  rate  causes 
the  withdrawal  of  members,  and  this  withdrawal  of  members 
causes  a  still  further  increased  death  rate,  so  that  the  effect  is 
cumulative. 

There  are  many  companies  in  America,  and  friendly  and 
funeral  societies  in  Great  Britain,  which  operate  on  this  plan  with 
more  or  less  modification.  Scientifically  its  basis  may  be  sovmd, 
but  for  the  practical  affairs  of  human  life  it  has  by  experience 
been  shown  to  be  entirely  unsatisfactory  because  of  its  lack  of 
stability  and  permanence.  This  form  of  assurance  cannot  there- 
fore in  any  sense  be  recommended;  and  this  feeling  has  been  so 
strong  of  recent  years  that  laws  have  been  passed  in  man}'  states 
prohibiting  the  formation  of  new  companies  to  operate  on  the 
assessment  plan. 

f 

OLD  LINE  ASSURANXE.  *^* 

While  the  original  crude  forms  of  Life  Assurance  in  all 
countries  were  undoubtedly  for  temporary  purposes  only,  or  ar- 
ranged upon  the  assessment  plan,  the  first  real  development  in 
the  United  States  took  place  soon  after  1840  on  safe  and  scientific 
principles  in  the  form  now  known  as  "Old  Line".  But  the  rigid 
enforcement  of  valuation  laws  during  the  period  of  depression 
and  weakness  from  1870  to  1872  caused  widespread  liquidation 
amongst  such  companies  and  so  many  of  them  became  insolvent 
that  a  new  order  of  things  sprang  up.  To  avoid  the  valuation 
laws,  assessment  companies  and  fraternal  orders  were  formed 
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one  after  another  and  grew  to  gigantic  proportions  in  a  marvel- 
lously short  time.  It  is  only  in  very  recent  years  that  this  back- 
ward movement  has  been  stopped,  and  only  after  many  had 
learned  a  lesson  by  bitter  experience. 


Adequate  Old  Line  Life  Assurance  requires  that  the  pre- 

Premiums  miums  charged  for  the  protection  shall  be  scientifi- 
Necessary.  cally  adequate  to  secure  the  benefits  under  the 
policy,  regardless  of  the  form  such  benefits  may  take.  The 
assurance  may  run  from  3^ear  to  year  only,  in  which  case  the 
premiums  must  increase  with  the  increasing  age;  but  this  plan 
is  open  to  much  the  same  objections  as  assessmentism.  More 
frequently,  however,  the  benefit  is  guaranteed  for  a  number  of 
years,  or  for  life,  and  the  premiums  may  then  be  paid  by  equal 
annual  instalments  over  the  term,  or  throughout  life.  Or,  a  fixed 
sum  payable  at  death  may  be  secured  by  single  payment,  or  by 
annual  payments  for  a  temporary  period,  as  will  be  afterwards 
fully  described.  The  general  principle  is  that  a  certain  benefit  is 
guaranteed  and  that  an  adequate  premium  is  charged  for  the 
benefit.  If  the  premiums  prove  to  be  more  than  adequate,  an 
adjustment  is  general!}^  made  by  means  of  a  distribution  of  sur- 
plus at  a  subsequent  date. 

INDUSTRIAL  ASSURANCE. 

The  benefit  of  Old  Line  Assurance  is  offered  in  small  sums 
with  premiums  payable  weekly  or  monthly  under  the  title 
Industrial  Assurance,  an  illogical  name  which  arose  from  the 
fact  that  this  form  of  assurance  has  been  largely  adopted  by  the 
industrial  classes.  In  the  United  States  there  are  nearly  twenty- 
five  millions  of  such  policies  in  force,  and  the  sums  assured 
aggregate  about  $3,450,000,000.  A  weekly  premium  of  five  cents 
at  age  30  will  provide  a  sum  assured  at  death  of  about  $79. 
Premiums  are  collected  from  door  to  door,  and  when  claims  arise 
they  are  generally  paid  within  a  day  or  two,  because  the  compan- 
ies are  empowered  to  hand  over  the  money  to  any  relative  of  the 
deceased,  or  to  any  one  incurring  funeral  expenses.     These  Indus- 
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trial  Companies  are  therefore  performing  a  great  work,  not 
only  because  of  the  millions  they  pay  annually  to  widows  and 
orphans,  but  also  because  they  are  educating  the  masses  in 
habits  of  thrift,  and  teaching  them  the  benefits  of  sound  Life 
Assurance.  They  are  also  rapidly  extending  their  sphere  and 
leading  the  better-class  workmen  to  take  larger  policies  by 
annual  premiums  and  thus  secure  fuller  protection  at  smaller 
proportionate  cost. 


Industrial  Much  criticism  has  been  applied   to   Industrial 

Expenses.  Life  Assurance  because  of  the  expense  incurred. 
This  expense,  while  it  is  to  be  deplored,  is  necessary  to  the 
kind  of  business.  The  cost  of  collecting  five  or  ten  cents  a  week  is 
great  in  proportion  to  the  amount  collected ;  and  the  only  way  to 
make  any  great  change  in  this  respect  seems  to  be  to  teach  working- 
men  to  set  aside  part  of  their  weekly  wage  and  pay  a  quarterly 
or  an  annual  premium.  Meantime  the  Industrial  classes  can 
frequently  pay  as  much  as  fifty  cents  each  week,  but  could  not 
pay  the  equivalent  $6.00  each  quarter.  The  remedy  lies  in  the 
education  of  the  people  and  the  reduced  cost  which  will  surely 
follow,  not  in  the  criticism  of  a  system  which,  in  spite  of  its 
extravagance,  is  doing  an  immense  amount  of  good. 

STIPULATED  PREMIUM  COMPANIES. 

Certain  companies  have  been  formed  on  the  basis  of  charging 
the  smallest  possible  premium  adequate  to  the  risk,  but  with 
what  may  be  called  a  safety  clause  in  their  policies  to  prevent 
legal  insolvency  in  times  of  depression.  The  safety  clause  gives 
them  the  right  to  charge  any  deficiency  in  their  assets  against 
the  policy-holders  themselves,  and  call  upon  the  policy-holders  to 
make  good  such  deficiency  by  additional  premium  payments.  If 
the  additional  premiums  be  not  paid,  a  similar  result  may  be 
secured  by  reducing  the  sum  assured.  The  main  difference 
therefore  between  such  companies  and  those  of  the  regular  "Old 
Line"  form  is  that  the  sums  assured  in  Stipulated  Premium  com- 
panies are  not  absolutely  guaranteed  for  a  fixed  premium.     A 
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somewhat  similar  effect  is  sometimes  obtained  in  an  Old  Line 
company  where  a  portion  of  each  annual  premium  may  be 
treated  as  a  loan  secured  against  the  policy,  to  be  repaid  from 
the  surplus,  or  dividends,  if  these  are  sufficiently  large.  In  Great 
Britain,  in  like  manner,  several  companies  issue  policies  at  very 
low  premium  rates  "reduced  in  anticipation  of  future  bonuses " ; 
they  discount  future  surplus. 

Under  some  of  the  special  laws  which  have  been  formed  for 
the  regulation  of  Stipulated  Premium  companies,  it  is  provided 
that  they  must  charge  a  premium  at  least  equal  to  the  rate  of 
mortality  for  a  single  year,  with  a  minimum  loading  for  expenses 
and  contingencies.  Any  company  charging  this  rate  of  premium 
only  would  be  on  a  par  with  an  assessment  company;  but  some 
of  them  charge  premiums  closely  approaching  the  uniform  life 
rate,  and  endeavor  to  furnish  protection  for  life  at  a  minimum 
premium.  Such  companies  are  permitted  to  issue  policies  guar- 
anteed for  the  whole  of  life  at  an  annual  premium,  and  even  to 
provide  that  payment  of  premiums  may  cease  after  a  limited 
number  of  years  if  they  carry  as  a  liability  what  is  known  as  the 
net  value  of  such  policies. 

FRATERNAL  ORDERS  AND  FRIENDLY  SOCIETIES. 

These  two  terms  are  nearly  synonymous,  the  former  name 
being  that  commonly  used  in  the  United  States  and  the  latter  in 
Great  Britain.  While  the  bases  may  be  alike,  there  is  great  dif- 
ference in  the  methods  of  working,  and  especially  in  the  growth 
which  has  taken  place  amongst  those  fraternal  orders  founded  to 
provide  Life  Assurance  benefits  for  their  members.  The  Friendly 
Societies  of  Great  Britain  have  generally  some  object  in  common 
quite  apart  from  life  assurance,  such  as  Masonic  interests,  or 
common  occupations ;  while,  on  the  contrary.  Life  Assurance  is 
the  principal  object  of  many  large  Fraternal  Orders  in  the  United 
States.  Recently  the  sphere  of  influence  of  Friendly  Societies 
has  been  enlarged  by  the  passage  in  Great  Britain  of  the  National 
Insurance  Act,  since  much  of  the  health  insurance  made 
compulsory  by  that  act  will  be  effected  in  existing  Friendly 
Societies. 
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Definition  A  Fraternal  Beneficiary  Association  has  been  de- 

and  fined  thus :  '  *  Any  association,  without  capital  stock, 

Principles,  "organized  and  carried  on  solely  for  the  mutual 
"benefit  of  its  members  and  their  beneficiaries  and  not  for  profit, 
"and  having  a  lodge  system  with  ritualistic  form  of  work  and 
"representative  form  of  government,  and  which  shall  make  pro- 
" vision  for  the  payment  of  death  benefits."  The  general 
principle  underlying  these  bodies  is  therefore  that  they  are  or- 
ganized and  conducted  solely  for  the  benefit  of  their  members  on 
what  may  be  called  the  co-operative  plan.  Each  member  then 
becomes  an  agent  for  the  introduction  of  others.  It  is  usual  in 
the  fraternal  orders  to  have  a  ritual  of  a  more  or  less  elaborate 
nature,  including  special  ceremonies  for  the  initiation  of  members, 
also  secret  signs;  while  social  gatherings  form  an  attractive 
feature.  When  the  order  has  been  organized  with  Life  Assur- 
ance as  one  of  its  main  objects,  a  medical  examination  is  required. 
If  an  applicant  be  unhealthy  and  cannot  pass  the  medical  examin- 
ation, it  is  a  common  custom  to  permit  him  to  become  a  social 
member  of  the  order  on  the  payment  of  reduced  fees. 


Fraternal  De-  These  fraternal  orders  were  almost  unknown 
velopment.  in  the  United  States  before  the  outbreak  of  the 
civil  war;  but  their  growth,  like  that  of  the  industries,  has  been 
phenomenal  in  its  rapidity  and  extent,  so  that  at  the  present  day 
there  is  a  membership  of  about  6,500,000  persons,  whose  assur- 
ance benefits  aggregate  probably  ^10,000,000,000.  There  are 
also  several  orders  in  which  membership  is  confined  to  women, 
and  whose  officers  and  trustees  are  all  women.  Originally  these 
orders  were  founded  on  the  assessment  plan.  A  call  was  made 
on  the  surviving  members,  depending  in  amount  on  the  number 
of  deaths,  and  the  sum  thus  subscribed  was  distributed  amongst 
the  beneficiaries,  provided  it  did  not  exceed  a  certain  fixed 
maximum  for  each  death.  This  method,  however,  was  not  sat- 
isfactory, and  now  the  death  benefits  are  generally  fixed  in 
advance,  and  are  met  by  means  of  entrance  fees  and  fixed  pre- 
mium payments  depending  upon  the  age  at  entry.  The  organ- 
izers of  such  orders  in  most  instances  had  no  sound  knowledge 
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of  the  principles  of  Life  Assurance.  Frequently  all  entrants 
were  charged  the  same  scale  of  contribution,  irrespective  of  their 
age.  This  was  unjust  to  young  members,  who,  after  living  to 
pay  the  claims  by  death  of  their  seniors,  often  found  their  pre- 
mium charges  becoming  burdensome  with  advancing  years,  with 
only  a  vague  prospect  of  any  claim  being  paid  on  their  own  death . 
The  result  has  been  that  a  large  number  of  these  societies  ceased 
to  exist  through  the  increased  mortality  rates  causing  their 
healthy  members  to  withdraw.  The  lifetime  of  such  organiza- 
tions is  therefore  short,  seldom  longer  than  twenty  or  thirty  years. 
With  their  increasing  age  the  questions  of  heavier  mortality  and 
expense  become  more  and  more  urgent. 

Fraternal  Representatives  from  the  principal  Fraternal 

Conventions.  Orders  in  the  United  States  meet  annually  in  con- 
vention, and  these  meetings  have  had  great  influence  in  fostering 
sound  views.  In  1896  a  special  committee  reported  that  an 
adjustment  of  rates  was  becoming  imperative  in  many  societies, 
and  recommended  that  "contributions  shall  be  equitably  propor- 
tioned to  the  hazard  at  risk. "  To  the  expert  this  statement  is  a 
mere  platitude;  but  not  so  to  many  of  the  officers  of  Fraternal 
Orders  who  were  accustomed  to  hear  all  sorts  of  fallacious  argu- 
ments regarding  enormous  profits  to  be  earned  from  lapses  and 
other  sources  which  do  not  exist  in  such  orders.  The  dangerous 
condition  of  these  bodies  was  exposed  so  clearly  that  many  of 
them  have  been  adopting  measures  to  charge  sufficiently  large 
premiums,  and  place  their  assurance  benefits  on  a  sound  and 
lasting  basis.  Some  societies  have  adopted  what  is  called  the 
"step-rate,"  or  yearly-renewable- term  plan  of  assurance,  with 
premiums  increasing  yearly;  and  others  have  attempted  the 
better,  if  more  difficult,  task  of  changing  to  what  would  practi- 
cally be  ordinary  whole  life  premiums,  as  charged  by  Old  Line 
companies. 

Sound  As  the  chance  of  dying  increases  with  increasing 

Principles,  age,  it  follows  that,  unless  premiums  also  increase,  a 
larger  payment  must  be  made  in  the  early  years  than  is  immedi- 


12  LIFE  ASSURANCE  PRIMER. 

ately  necessar}^  for  meeting  the  risk  of  death  then  incurred. 
This  additional  payment  cannot  be  treated  as  profit,  but  must  be 
carefully  husbanded  and  accumulated  at  interest  to  provide  the 
sum  assured  at  a  time  when  the  same  annual  premium  would 
otherwise  be  insufficient  to  meet  the  risk.  This  is  fundamental 
in  sound  life  assurance,  although  it  has  often  been  foolishly 
stated  that  the  large  accumulations  of  Old  Line  companies  are 
unnecessary.  As  the  best  method  of  exposing  error  is  to  dissemi- 
nate truth,  Httle  more  need  be  said  about  fallacious  and  unsound 
methods ; — correct  principles  commend  themselves  when  they  are 
properly  understood,  and  many  of  the  Fraternal  Orders  are  to  be 
highly  commended  for  their  vigorous  actions  in  adopting  better 
plans  when  the  need  of  change  was  made  clear. 

MUTUAL  AND  PROPRIETARY  COMPANIES. 

There  are  two  classes  of  companies  which  offer  Life  Assur- 
ance on  the  Old  Line  plan : — 

1 .  Those  conducted  and  controlled  by  the  policy-holders 
themselves  for  mutual  assurance;  and 

2.  Those  conducted  and  controlled  by  shareholders, 
whose  capital  forms  an  additional  security  for  protec- 
tion of  policy-holders. 

Although  the  difference  in  the  forms  of  constitution  is  consid- 
erable, yet,  for  practical  results,  there  is  little  to  choose  between 
the  two  classes  of  companies.  In  Proprietary  Companies,  as 
well  as  in  Mutual  Companies,  the  interests  of  policy-holders  take 
first  place.  In  most  of  them  the  vast  bulk  of  the  profits  which  are 
earned  are  distributed  amongst  the  policy-holders  themselves. 
Sometimes  Proprietary  Companies  which  distribute  surplus 
amongst  policy-holders  are  called  "mixed"  companies,  a  peculiar 
title,  drawing  a  distinction  which,  at  the  present  day,  is  scarcely 
necessary.  In  many  cases  the  dividends  to  shareholders  are 
limited  to  a  definite  percentage,  so  that  when  account  is  taken 
of  the  interest  earned  by  the  shareholders'  funds,  the  balance 
taken  from  the  profits  of  the  company  is  the  merest  fraction  of 
the  entire  surplus. 
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The  principal  difference,  therefore,  between  the  t\yo  consists 
in  the  method  of  electing  directors.  In  Mutual  Companies  these 
are  elected  by  the  policy-holders,  and  in  Proprietary  Companies 
by  the  shareholders.  In  the  United  States  the  votes  are  con- 
trolled in  Mutual  Companies  by  proxies  obtained  from  policy- 
holders, in  Proprietary  Companies  by  actual  control  of  the  stock. 
In  practice,  therefore,  there  is  little  difference  even  on  this  score, 
because  the  management  of  a  Life  Assurance  company  must 
necessarily  be  of  a  permanent  character  to  ensure  success.  Fre- 
quent change  in  management  generally  points  to  disintegration. 
Accordingly,  whether  the  directors  and  executive  officers  are 
appointed  by  shareholders,  or  by  policy-holders,  their  offices  are 
usually  held  more  or  less  permanently — in  other  words,  they  are 
to  a  great  extent  elected  by  themselves,  and  it  is  best  so.  The 
controlling  power  is  there  to  take  action  in  cases  of  inefficiency 
or  mismanagement. 

QUESTIONS  ON  CHAPTER  L 

(i)     State  the  general  principles  underlying  the  system  of  life  assurance, 

(2)  Compare  the  advantage  of   paying  premiums  for  life  assurance  with 
paying  the  same  amounts  into  a  savings  bank. 

(3)  What  are  the  elements  which  have  to  be  taken  into  account  in  life  assur- 
ance calculations? 

(4)  Assuming  that  a  life  assurance  company  should  cease  to  write  new  busi- 
ness what  steps  can  be  taken  for  the  protection  of  the  policy-holders? 

(5)  Mention  some  of  the  principal  causes  that  have  brought  about  the 
failure  of  assessment  companies. 

(6)  State  the  advantages  and  disadvantages  of  the  fraternal  system  of  life 
assurance. 

(7)  The  expenses  of  industrial  insurance  companies  have  been  high  as  com- 
pared with  ordinary  companies.     Give  reasons. 

(8)  What  necessity  is  there  for  the  "reserve"  held  by  regular  life  assurance 
companies? 

(9)  What  are  the  principal  differences  between  mutual  and  proprietary 
companies? 

(10)     How  may  a  proprietary  company  be  converted  to  one  on  a  mutual  basis  ? 


CHAPTER  II. 

Different  Kinds  of   Assurance,   and  How  to  Obtain  a 

Policy. 

Life  Policies  may  generally  be  classified  in  the  divisions: 

1.  Whole  Life; 

2.  Term; 

3.  Endowment;  and 

4.  Special  Contracts. 

A  fifth  class,  Annuities,  will  also  be  discussed,  as  they  have  a 
close  connection  with  the  subject. 

WHOLE  LIFE  ASSURANCE. 

Ordinary  Whole  Life  Policies  are  those  wherein  the  sum  as- 

Life,  sured  is  payable  at  death  and  at  death  only.     They 

are  essentially  for  the  benefit  of  others :  in  their  early  years  they 
generally  afford  protection  for  a  wife  or  children,  while  in  the 
case  of  prolonged  life  the  sum  assured  is  then  available  for  lega- 
cies or  bequests  at  a  time  when  the  children  have  attained  inde- 
pendent positions  for  themselves.  When  premiums  are  payable 
throughout  the  entire  lifetime  the  policy  is  usually  called  an 
"Ordinary  Whole  Life  Assurance,"  or  a  "Whole  Life  Assurance 
by  Continued  Payments." 

The  following  may  be  taken  as  a  very  simple  form  of  such  a 
policy : 

In  consideration  of  the  application  for  this  assurance, 
and  the  payment  in  advance  of  an  annual  premium  of 
$250.00,  and  the  payment  of  a  like  amount  on  the  first 
day  of  January  in  each  year  during  the  continuance  of 

14 
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this  contract,  the  World  Life  Assurance  Company  agrees 
to  pay  the  sum  of  $10,000  upon  receiving  satisfactory 
proofs  of  the  death  of  John  Smith,  residing  at  No.  100 
First  Street,  New  York  City,  to  his  executors,  administra- 
tors, or  assigns. 

In  Witness  Whereof  this   contract  has  been  signed 
by  the  President  and  Secretary  of  the  World  Life  Assur- 
ance Company  at  New  York,  this  first  day  of  January, 
1904. 
This  specimen  contract  is  reduced  to  its  simplest  possible 
terms.     It  does  not  take  into  consideration  Privileges  which  are 
granted  to  the  policy-holder;  and,  in  like  manner,  ignores  Condi- 
tions which  are  desirable  for  the  protection  of  the  company;  the 
laws  of  New  York  make  it  necessary  to  incorporate  many  of  such 
Privileges  and  Conditions. 

Privileges.  The  Privileges  generally  inserted  may  be  briefly 

summarized  as  follows: 

1.  A  month  is  usually  allowed  for  payment  of  premiums 
after  the  due  date,  the  assurance  protection  being  con- 
tinued during  these  "days  of  grace." 

2.  On  discontinuance  of  the  policy,  Surrender  Values  may 
be  claimed  by  the  policy-holder.  A  value  may  generally 
be  taken  in  cash,  or  in  the  form  of  reduced  sum  assured 
on  which  no  further  premiums  are  payable,  or  by  con- 
tinuing the  assurance  at  the  full  amount  for  a  tempo- 
rary period  without  payment  of  premiums.  In  the 
United  States  it  is  usual  to  include  a  table  of  such 
values  in  the  policy.  In  Great  Britain  the  same  custom 
is  being  introduced,  although  heretofore  the  practice 
has  been  to  state  only  a  minimum  cash  value,  such  as 
33  per  cent  or  40  per  cent  of  the  premiums  paid. 

3.  Provision  is  made  for  granting  loans  to  the  policy- 
holder within  the  value  of  the  policy  at  a  moderate  rate 
of  interest. 
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4.  Participation  in  the  surplus  funds  of  the  company  may 
be  granted. 

5.  Optional  modes  of  Settlement  are  offered,  whereby  the 
sum  assured  can  be  taken  in  instalments  over  a  period 
of  years,  or  as  an  annuity  for  the  life  of  the  Beneficiary. 

6.  The  privilege  of  changing  the  policy  to  one  of  another 
form  is  sometimes  given,  and  it  is  usually  stated  that 
the  policy  shall  be  "incontestable"  either  from  date  of 
issue  or  after  the  lapse  of  one  or  two  years. 

Conditions.  The  Conditions  which  are  more  or  less  necessary 

from  the  company's  standpoint  are: 

1.  That  the  age  of  the  Hfe  assured  be  correctly  stated; 

2.  That  the  information  submitted  with  the  application 
for  assurance  be  truthful ;  and 

3.  That  the  life  assured  have  no  immediate  intention  of 

(a)  Committing  suicide; 

(b)  Engaging  in  a  hazardous  occupation;  or 

(c)  Proceeding  to  an  unhealthy  climate. 

The  above  Privileges  and  Conditions,  except  loan  and  sur- 
render values  on  the  shorter  period  term  assurances,  apply  to 
all  classes  of  policies. 


Beneficiary         Another  valuable  privilege  consists  in  the  right  to 
and  nominate  a  beneficiary  to  whom  the  sum  assured 

Insurable  shall  be  payable.  In  the  foregoing  specimen 
Interest,  policy  the  sum  assured  is  payable  to  "executors, 
administrators  or  assigns,"  but  contracts  are  frequently  drawn 
so  as  to  provide  that  it  shall  be  payable  to  wife,  or  to  a  child,  as 
beneficiary;  and,  when  this  is  done,  the  policy  is  generally  pro- 
tected against  the  claims  of  any  creditors  of  the  life  assured :  the 
policy  constitutes  a  trust  for  the  purpose  for  which  it  was  effected. 
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When  the  assured  pays  the  premiums,  and  reserves  the  right  to 
change  the  beneficiary  at  pleasure  (a  common  condition),  the 
claims  of  creditors  would  probably  prevail  over  those  of  a  bene- 
ficiary during  the  lifetime  of  the  assured.  On  the  question  of 
relationship,  it  may  be  said  in  general  that  dependents  have  the 
right  to  effect  assurances  on  the  lives  of  those  who  support  them. 
Thus  a  wife  may  take  a  policy  on  the  life  of  her  husband,  a  daugh- 
ter on  her  father;  but  an  uncle  may  not  do  so  on  a  nephew  unless 
for  reasons  other  than  mere  relationship.  In  the  case  of  policies 
drawn  in  favor  of  strangers,  no  vested  interest  is  acquired  unless 
there  is  what  is  known  as  an  "insurable  interest."  Without 
such  insurable  interest  the  effect  of  nominating  a  stranger  as 
beneficiary  would  be  much  the  same  as  bequeathing  the  sum 
asstired  by  will;  the  bequest  would  be  revocable  by  the  life 
assured  at  any  time.  If,  however,  there  is  a  pecuniary  interest 
held  by  one  person  in  the  life  of  another,  the  former  may  effect 
a  policy  on  the  life  of  the  latter  to  protect  himself  against  loss 
in  event  of  death.  Legal  restrictions  have  very  properly  been 
placed  upon  effecting  assurance  on  the  lives  of  persons  in  whom 
there  is  no  direct  interest,  because  such  practice,  which  at  one 
time  was  not  uncommon,  constitutes  "a  pernicious  kind  of 
gambling." 


Liberal  The  tendency  of  recent  years   has  been  to  ob- 

Interpretation.  serve  much  caution  as  to  the  character  of  per- 
sons admitted  to  the  benefits  of  life  assurance;  and,  when  once 
they  have  been  accepted,  to  interpret  the  policy  contract  with 
the  greatest  possible  liberality.  Particular  care  is  observed  as 
to  the  habits  and  social  surroundings  of  applicants  before  the 
issue  of  an}^  policy,  because  it  has  been  found  by  long  experience 
that  those  who  lead  loose,  drunken,  or  immoral  lives  are  inevi- 
tably subject  to  heavy  mortality  rates. 

Limited  To  many  thoughtful  persons  the  continued  pay- 

Payment  ment  of  premiums  in  the  later  years  of  life  is  distaste- 
Policies,  ful.  They  do  not  know  whether  their  income  in  old 
age  may  be  sufficient  to  continue  the  annual  premiums.     The 
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desire  in  this  direction  has  been  the  cause  of  introducing  Whole 
Life  PoHcies  by  Limited  Payments,  one  of  the  most  popular 
forms,  and  deserving  all  its  popularity.  Under  such  a  policy  the 
sum  assured  is  payable  at  death,  but  premiums  are  only  charged 
for  a  fixed  number  of  years,  after  which  the  policy  becomes  paid- 
up  for  life.  The  life  policy  by  twenty  payments  is  probably  the 
favorite  of  this  class;  but  assurances  are  also  written  by  thirty 
payments,  twenty-five  payments,  fifteen  payments,  and  ten  pay- 
ments. Occasionally  even  a  policy  is  taken  by  single  premium, 
but  this  form  of  contract  is  of  advantage  only  to  a  man  of  means. 
To  such  a  person  it  forms  a  good  investment  for  part  of  his  capi- 
tal, while  providing  assurance  protection  from  the  date  of  pay- 
ment of  the  premium. 

TERM  ASSURANCE. 

Sometimes  protection  is  required  for  temporary  purposes  only. 
In  such  cases  the  face  value  of  the  policy  is  payable  only  in  the 
event  of  death  taking  place  during  the  term  fixed  with  premiums 
due   annually,    semi-annually,    and   sometimes   even   quarterly. 


Usually  the  privilege  is  given  in  connection  with 
such  policies  to  convert  into  any  form  of  life  or 
endowment  assurance  without  further  medical  examination.  For 
the  first  five  years  this  conversion  may  often  be  made  by  dating 
back  the  new  assurance  to  the  date  of  the  original  term  policy, 
the  applicant  pa3dng  the  difference  in  premiums  with  interest. 
Otherwise  the  conversion  is  made  by  the  applicant  paying 
the  premium  for  Life  or  Endowment  assurance  at  the  age  he  has 
attained.  In  theory  this  privilege  of  conversion  without  re-exami- 
nation should  be  withheld  for  two  or  three  years  prior  to  the 
expiry  of  the  term  policy  to  prevent  what  is  afterwards  described 
as  "Adverse  Selection,"  or  discrimination  by  the  policy-holders; 
but  many  policies  are  issued  with  this  privilege  to  convert 
running  for  the  entire  term  period. 

For  business  purposes  a  policy  is  occasionally  desired  for  a 
period  as  short  as  a  single  year;  while  sometimes  policies  are  issued 
on  what  is  known  as  the  Yearly  Renewable  Term  Plan,  under 
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Renewable     which  each  year's  premium  is  in  theory  just  suffi- 
Term  cient  to  meet  the  average  cost  for  the  current  year, 

Plan.  so  that  the  premiums  increase  with  the  increasing 

age  of  the  policyholder.  In  fraternal  circles  this  policy  is  often 
called  the  "step  rate. "  This  form  of  policy  is  open  to  the  same 
objection  as  that  formerly  mentioned  in  connection  with  assess- 
ment assurance  although  not  to  the  same  extent.  The  policy- 
holder has  the  right  to  renew  the  assurance  from  year  to  year  at 
certain  fixed  rates  of  premium,  without  any  medical  re-exami- 
nation and  whether  he  be  healthy  or  unhealthy  at  the  time  of 
renewal.  One  of  the  objections  to  this  form  of  policy  is  that  it  is 
exceedingly  difficult  to  prove  to  any  divSsatisfied  person  who  has 
paid  premiums  for  ten  or  twenty  years  that  he  has  already  obtained 
value  in  protection  for  the  premiums  that  he  has  paid,  and  that 
no  part  of  his  premiums  can  be  refunded.  Frequently  this  Re- 
newable Term  Plan  is  applied  to  assurance  at  fixed  rates  for  longer 
periods,  five,  ten,  or  twenty  years.  Taking  by  way  of  illustration 
a  Ten  Year  Renewable  Term  policy,  the  premium  remains  at  the 
same  annual  rate  during  the  first  ten  years  after  entry.  At  the  end 
of  ten  years,  however,  the  premium  then  due  is  based  upon  the 
attained  age,  ten  years  greater  than  the  original  age  at  entry; 
the  premium  therefore  increases  each  time  the  policy  is  renewed, 
that  is,  every  ten  years.  Term  Assurance  of  this  kind  has  never 
found  favor  in  Great  Britain,  although  it  has  been  used  in  America 
to  a  considerable  extent.  But  the  twenty-year  term  form,  with 
option  to  convert  to  Whole  Life  or  Endowment  Assurance  at 
any  time  within  the  first  fiiteen  years  at  the  premium  for  the 
attained  age,  has  been  placed  quite  freely  in  Great  Britain  during 
recent  years.  Term  policies  in  Great  Britain  are  very  often  for 
periods  of  I,  3,  or  5  years  only,  in  connection  with  financial  or 
business  transactions. 

In  the  case  of  a  man  who  desires  the  largest  possible  protec- 
tion for  the  premium  he  can  afford  to  pay,  and  who  can  use  all 
his  available  savings  in  business,  this  form  of  policy  is  sometimes 
appreciated.  As  a  general  rule,  however,  it  cannot  be  com- 
mended, because  it  contains  no  element  for  the  accumulation  of 
personal  savings,  and  the  premiums  often  become  unbearably 
high  at  a  time  when  protection  is  still  required. 
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ENDOWMENT  ASSURANCE. 

The  policies  so  far  discussed  provide  sums  assured  payable 
only  in  the  event  of  death;  but  one  form  of  policy  contract, 
known  as  theEndowment  Assurance,  provides  for  the  sum  as- 
Payable  sured  being  paid  at  a  fixed  date  if  the  policy-holder 
during  be  then  living,  or  at  his  death  if  this  should  happen 
Lifetime.  before  the  date  of  maturity  has  been  reached. 
A  policy  of  this  kind  appeals  to  the  personal  desire  of  many 
people,  because  it  provides  a  means  of  saving  money  which  may 
afterwards  be  enjoyed  by  those  who  have  accumulated  it.  When 
the  sum  assured  is  payable  at  death  only,  it  is  necessarily  paid  to 
others;  but  in  the  case  of  an  Endowment  Assurance  the  sum 
assured  not  only  protects  others  in  the  first  instance,  but  may 
revert  to  the  life  assured  himself  on  survival.  This  form  of 
policy  has  attained  great  popularity  since  1880;  and  it  is  gradually 
taking  the  prominent  place  in  Life  Assurance  formerly  occupied 
by  the  Ordinary  Whole  Life  policy.  Premiums  are  most  frequently 
paid  during  the  entire  continuance  of  the  policy  contract,  but 
sometimes  these  policies  are  effected  on  the  basis  that  the  sum 
assured  shall  be  payable  after  a  longer  term,  such  as  thirty  years, 
and  that  premiums  be  limited  to  ten  or  fifteen  annual  payments. 
An  Endowment  Assurance  maturing  after  a  fixed  number  of 
years  is  occasionally  taken  by  single  premium. 


Protection  The  most  usual    period    for  such    policies   in 

for  America  is  twenty  years.     In   Great  Britain   the 

Old  Age.  tendency  is  to  select  a  longer  term.  The  shorter 
period  Endowment  Assurances  combine  immediate  protection 
with  the  saving  of  money;  while  the  longer  period  policies  com- 
bine rather  the  same  immediate  protection,  with  provision  for 
old  age.  For  the  latter  purpose,  policies  are  frequently  written 
as  i;ayable  at  death  or  on  attaining  a  certain  age  such  as  fifty- 
five,  sixty,  or  sixty  five.  Sometimes  even  policies  have  been 
wiitten  as  "Life  Rate  Endowments,"  with  the  sum  assured 
payable  at  age  eighty  or  at  previous  death.  This  last  mentioned 
form  is,  however,  little  more  than  a  Whole  Life  Assurance,  and 
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has  not  attained  the  same  popularity  as  those  which  mature  at 
younger  ages,  although  the  application  of  dividends  under  an 
Ordinary  Life  policy  to  convert  into  an  Endowment  (called  an 
accclerative  endowment)  has  rnet  with  encouraging  success. 


Pure  Care  should  be  taken  to  distinguish  the  above 

Endowment,  contract  from  the  Pure  Endowment,  which  pro- 
vides the  principal  sum  on  surviving  a  fixed  period,  but  in  event 
of  earlier  death  no  payment  is  due.  In  such  case  the  premium  is 
of  course  smaller  than  for  the  Endowment  Assurance:  it  depends 
upon  the  likelihood  of  survival  of  the  fixed  period. 

SPFXIAL  CONTRACTS. 

These  may  be  divided  in  two  general  classes,  the  first  consist- 
ing of  the  combination  of  two  or  more  of  the  forms  already  men- 
tioned, or  the  combination  of  one  of  such  forms  with  some 
savings  bank  principle;  and  the  second  class  relating  to  policies 
involving  more  than  one  life.  Of  the  first  class  particular  men- 
tion may  be  made  of 

(i)   Instalment  Policies; 

(2)  Policies  with  Increasing  Premiums; 

(3)  Policies  with  Decreasing  Premiums; 

(4)  Children's  Endowments; 

(5)  Gold  Bonds,  or  Debenture  Bonds. 

Under  the  second  class  a  very  large  variety  of  contracts 
might  be  discussed,  but  attention  will  be  confined  to  four  of 
these  only,  n::mely  : 

(i)  Continuous  Instalment  Policies; 

(2)  Joint  Life  Assurance; 

(3)  Last  Survivor  Assurance;  and 

(4)  Survivorship  Assurance  (one  life  against  another) . 

Instalment  Instalment  Policies  may  be  written  on  any  of  the 

Policies.        usual  plans  of  assurance.     The  peculiar  feature  is 

that  the  sum  assured,  instead  of  being  payable   in  one  sum  at 

death  or  on  maturity,  is  payable  in  annual  instalments  after  death 
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or  maturity.  For  example,  instead  of  the  company  being  liable 
to  pay  $10,000  in  cash  under  a  Whole  Life  policy  at  death,  the 
stipulation  may  be  that  $i,ooo  shall  be  payable  at  the  begin- 
ning of  each  year  for  ten  years  after  the  death  of  the  assured,  or 
that  $500  be  payable  each  year  for  twenty  years.  The  advantage 
of  a  contract  of  this  kind  is  that  the  beneficiary  receives  an 
income  limited  to  a  certain  number  of  years,  instead  of  a  fixed 
sum  in  cash  which  might  be  dissipated  or  lost  through  unwise 
investment.  Such  policies  are  of  course  obtained  at  smaller  cost 
in  proportion  to  their  face  value,  as  represented  by  the  ultimate 
amount  payable,  than  those  payable  in  one  sum. 

On  account  of  unscrupulous  agents  having  misrepresented 
such  contracts,  and  led  applicants  to  suppose  they  were  getting 
the  full  amount  of  assurance  at  a  cheaper  rate,  several  State 
Legislatures  have  very  properly  stipulated  that  the  contracts 
must  show  prominently  the  amount  of  the  cash  equivalent  pay- 
able in  one  sum  at  death  or  maturity,  this  being  the  true  face 
value. 


Increasing  The  most  common  form  of  Increasing  Premium 

Premiums,  policy,  apart  from  the  renewable  term,  consists  in 
the  combination  of  temporary  assurance  with  life  or  limited  pay- 
ment life  forms.  For  example,  a  policy  may  be  written  at  a  low 
rate  of  premium  for  the  first  five  years  under  a  temporary  assur- 
ance plan,  while  the  policy-holder  may  have  the  right  to  renew 
at  a  higher  premium  after  the  first  five  years  expire;  this  higher 
premium  being  of  the  nature  of  continued  payment  life,  limited 
payment  life,  or  endowment  assurance.  A  policy  of  this  kind  is 
principally  of  advantage  to  a  man  whose  income  is  likely  to  in- 
crease or  whose  capital  is  valuable  to  him  in  business  during 
the  immediate  future.  The  yearly  renewable  term  contract 
formerly  mentioned  is  of  course  an  example  of  an  Increasing 
Premium  Policy. 

Decreasing  Decreasing  Premium  policies   for  all  practical 

Premiums,  purposes  consist  of  a  scries  of  limited  payment 
contracts  combined  together.     For  example,  if  the  initial  pre- 
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mium  be  reduced  at  the  end  of  five  years  to  three-fourths,  at  the 
end  of  ten  years  to  one-half,  at  the  end  of  fifteen  years  to  one- 
quarter,  and  terminate  altogether  at  the  end  of  twenty  years, 
the  same  result  can  be  obtained  by  adding  together  the  premiums 
required  for  twenty  payment  life,  fifteen  payment  life,  ten  pay- 
ment life,  and  five  payment  life  policies,  then  dividing  the  sum  by 
four.  Such  policies  can  be  commended  as  an  encouragement  of 
thrift,  and  they  appeal  to  some  thoughtful  people;  but  many 
more  seem  to  look  for  imxmediate  cheapness. 

Permanent  In  recent  years,  many    companies  have  intro- 

Disability.  duced  a  new  benefit  in  their  policies,  whereby 
payment  of  premiums  is  discontinued  if  the  assured  become  per- 
manently, continuously,  and  wholly  incapacitated  by  bodily  in- 
jury or  by  disease  from  earning  a  living ;  or  as  it  is  often  expressed 
more  technically  "from  pursuing  any  gainful  occupation."  Of 
course  such  incapacity  is  of  infrequent  occurrence,  but  sometimes 
arises  from  such  causes  as  insanity,  paralysis,  or  accident.  A  small 
extra  premium  is  usually  charged,  and  the  cost  varies  from  a  few 
cents  per  annum  at  the  younger  ages  on  a  policy  of  $1 ,000  to  about 
$1 .50  on  a  similar  policy  at  the  older  ages,  dependingupon  the 
nature  of  the  policy  on  which  the  premiums  may  be  discontinued, 
and  of  course  upon  the  amount  of  the  premium  to  be  cancelled. 
The  benefit  continues  in  force  in  most  instances  only  if  the 
incapacity  arises  before  the  assured  attains  age  sixty,  because 
thereafter  the  natural  decline  in  old  age  might  be  construed  as 
permanent  disability;  or  a  man  in  good  circumstances  might 
retire  from  business  and  claim  that  he  was  entitled  to  a  waiver 
of  premium  payments.  In  general  it  is  not  sufficiently  profit- 
able for  any  one  to  give  up  his  business  or  occupation  merely  for 
the  sake  of  avoiding  the  payment  of  premiums  on  a  life  assurance 
policy,  and  companies  are  thus  protected  by  natural  social  condi- 
tions from  being  imposed  upon  with  unjust  claims. 

Children's  Under  Children's  Endowments  it  is  frequently 
Policies.  provided  that  in  the  event  of  the  death  of  the  child 
all  premiums  paid  will  be  returned  in  full,  but  that  the  principal 
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sum  of  the  Endowment  shall  only  be  payable  in  event  of  the 
child  attaining  a  fixed  age.  A  policy  of  this  form  therefore  con- 
tains very  little  of  the  element  of  life  assurance,  but  is  simply  a 
means  of  providing  a  sum  in  cash  for  educational  or  business  pur- 
poses when  the  child  attains  a  specified  age.  Sometimes  it  is 
provided  that  no  return  of  premitims  will  be  made,  but  this  stipu- 
lation is  far  from  popular,  although  it  admits  of  a  smaller  pre- 
mium being  charged. 

Another  form  of  such  an  Endowment  provides  that,  in  event 
of  the  death  of  the  purchaser  of  the  Endowment  before  all  pre- 
miums are  paid,  the  premiums  shall  thereafter  cease,  and  the 
Endowment  become  paid  up  in  full  for  the  benefit  of  the  child  on 
attaining  the  stipulated  age.  The  purchaser  is  frequently  the 
father  or  some  other  near  relative,  and  if  such  a  condition  be 
made  it  is  of  course  necessary  that  he  be  in  good  health.  The 
premiums  are  higher  than  those  where  no  such  condition  applies. 
Several  companies  in  Great  Britain  have  introduced  a  policy  for 
children  under  which  premiums  would  be  repaid  in  event  of  the 
child  dying  before  attaining  age  21;  and,  on  attainment  of  that 
age,  the  assurance  would  become  an  Ordinary  Life,  Limited 
Payment  Life,  or  Endowment  Assurance  contract,  without 
medical  examination.  The  rate  of  premium  is  a  very  low  one, 
frequently  less  than  $10  per  $1,000,  even  for  an  assurance  with 
premiums  ceasing  absolutely  at  the  age  of  50.  Such  policies, 
however,  furnish  protection  for  a  remote  period,  and  for  this 
reason  are  a  means  of  saving  money  for  the  benefit  of  a  child 
rather  than  procuring  assurance  in  the  usual  sense. 


Gold  The  Gold  Bond  or  Debenture  Bond  is  of  a  some- 

Bonds,  what  similar  nature  in  its  construction  to  a  policy  by 

instalments.  It  is  generally  provided  that  a  Gold  Bond  or 
Debenture  Bond  shall  be  given  to  the  beneficiary  instead  of  cash 
when  the  polic}^  matures,  so  as  to  provide  a  safe  investment  for 
the  policy  moneys.  The  principal  stmi  assured  is  accordingly 
retained  by  the  company,  and  it  is  agreed  that  interest  will  be 
paid  semi-annually  for  a  number  of  years,  after  which  the  princi- 
pal itself  will  fall  due.     Any  rate  of  interest  may  be  guaranteed 
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on  this  Bond,  the  ]>rcmium  payable  under  the  assurance  contract 
being  adjusted  in  such  a  way  as  to  provide  for  interest  at  the 
rate  stij^ulated.  For  examj^le,  in  the  case  of  a  5  per  cent  Gold 
Bond  the  premium  calculations  may  be  made  on  the  assumption 
that  3  per  cent  interest  will  be  earned  by  the  company  on  the 
sum  assured  in  its  possession;  while  the  additional  2  per  cent, 
making  5  per  cent  in  all,  must  be  provided  from  the  extra  pre- 
mium charged  for  this  class  of  contract.  For  a  still  larger  pre- 
mium 6  per  cent  interest  could  be  guaranteed,  and  so  forth. 


Continuous  This  name  is  given  to  a  form  of  policy  which 

Instalment  combines  the  advantages  of  a  reversionary  annuity 
Policies.  with  life  assurance.  The  usual  form  of  such  con- 
tract provides  that  the  face  value  of  the  policy  shall  be  payable 
in  twenty  annual  instalments  guaranteed;  and,  in  consideration 
of  an  additional  premium  payment,  that  the  instalments  shall  be 
continued  after  the  twenty  years  so  long  as  some  specified  bene- 
ficiary may  survive.  This  latter  portion  is  therefore  of  the  nature 
of  a  reversionary  or  survivorship  annuity.  The  additional  pay- 
ment for  this  further  provision  is  generally  small  because  of  the 
contingencies  involved,  viz. :  the  beneficiary  has  to  survive  the 
life  assured,  and  not  only  so,  but  has  to  live  more  than  twenty 
years  after  his  death  before  any  benefit  is  derived  from  this 
stipulation.  In  event  of  the  beneficiary  dying  in  the  lifetime  of 
the  life  assured,  the  premium  is  generally  reduced  to  the  regular 
rate  necessary  to  provide  the  sum  assured  after  death  in  twenty 
annual  instalments.  The  same  feature  may  be  applied  to  endow- 
ment assurance  policies  with  a  guaranteed  income  to  the  life  as- 
sured himself ,  or  to  the  last  survivor  of  himself  and  a  beneficiary. 


Joint  Under  this  form  of  policy  the  sum  assured  is  pay- 

Life  able  on  the  occurrence  of  the  first  death  amongst 

Assurance,  two  or  more  persons.  It  is  sometimes  an  advan- 
tageous form  of  policy  for  partners  in  business,  because  on  the 
death  of  one  partner  the  business  might  be  seriously  crippled 
through  the  withdrawal  of  capital;   while  a  Joint  Life  policy 
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(often  called  a  Partnership  policy)  would  provide  the  capital 
which  might  have  to  be  withdrawn,  and  permit  of  the  continu- 
ance of  the  business  with  the  same  efficiency  as  before.  Some- 
times also  such  policies  are  desired  by  husband  and  wife  who 
enjoy  a  joint  income.  Three  or  even  more  lives  may  of  course 
be  introduced  under  one  policy  contract,  but  it  is  only  in  excep- 
tional circumstances  that  such  policies  are  desirable  from  the 
standpoint  of  the  lives  assured.  Under  a  joint  policy  the  sum 
assured  is  payable  at  the  first  death;  and  of  course  the  policy 
then  ceases  to  exist.  But  the  first  death  amongst  three  or  more 
partners  is  not  the  only  loss  which  may  be  sustained ;  a  second 
death  would  probably  involve  still  more  serious  loss  and  cripple 
the  business  even  more,  so  that  a  policy  on  each  life  would  meet 
the  requirements  of  the  partnership  more  effectively  in  such  cases. 
When  more  than  two  persons  are  involved  in  partnership,  the 
likelihood  of  change  in  business  relationships  is  largely  increased. 
Any  change  of  this  kind  introduces  complications  as  to  the  assur- 
ance policy,  and  involves  an  intricate  division  of  interests,  which 
can  best  be  avoided  by  taking  out  separate  policies  on  individual 
lives.  Moreover,  as  the  lives  are  increased  in  number  there  is 
a  greater  likelihood  of  one  or  other  of  them  being  ineligible  for 
assurance;  and  if  one  life  be  impaired  when  a  joint  application 
is  submitted  the  entire  contract  woiild  be  rejected  by  the  company. 
Joint  policies  may  be  effected  on  any  of  the  forms  already  dis- 
cussed: Whole  Life  by  Continued  Payments  or  Limited  Pay- 
ments; Term  Assurance;  Endowment  Assurance,  etc. 


Last  While  under  the  Joint  Life  policy  the  sum  assured 

Survivor  is  payable  at  the  first  death,  under  the  Last  Survivor 
Assurance,  policy  it  is  payable  at  the  last  death.  Such  policies 
are  seldom  required,  although  sometimes  when  two  persons  have 
an  income  which  will  be  continued  to  the  survivor,  and  they 
desire  to  borrow  money  on  their  joint  interest,  a  policy  of  this 
nature  may  enable  them  to  effect  their  purpose  on  reasonable 
terms. 

It  will  be  at  once  understood  that  a  joint  assurance  on  two 
lives,  and  a  last  survivor  assurance  on  the  same  lives,  provide 
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together  exactly  the  same  protection  as  two  separate  policies  on 
the  individuals,  because  the  joint  policy  provides  the  sum  assured 
on  the  first  death,  and  the  last  survivor  policy  on  the  second. 


Contingent  Policies  assuring  one  life  against  another  are 
or  common   in  Great   Britain,  but   are  not   so   f re- 

Survivorship,  quently  issued  in  the  United  States.  They  pro- 
vide for  the  sum  assured  being  payable  at  the  death  of  some 
person,  only  if  another  specified  person  be  living  at  the  date 
of  such  death.  Such  policies  will  be  understood  more  readil}^  if 
the  circumstances  under  which  they  are  generally  issued  be 
explained. 

It  is  common  in  the  will  of  a  wealthy  man  to  provide  that  the 
entire  income  from  his  property  be  paid  to  his  widow,  and  that 
the  property  be  divided  on  her  death  amongst  certain  heirs  or 
legatees  who  may  then  be  living.  In  such  circumstances  it  is 
evident  that  the  share  of  the  property  would  be  lost  by  any  heir 
or  legatee  who  might  die  during  the  lifetime  of  the  widow.  The 
cheapest  form  of  protecting  this  share  from  absolute  loss  is  the 
Survivorship  Assurance,  providing  the  sum  assured  at  his  death 
in  event  of  its  occurring  in  the  lifetime  of  the  widow.  Assurance 
companies  occasionally  grant  loans  secured  by  contingent  inter- 
ests in  estates  to  be  divided  at  some  future  time,  called  Rever- 
sions, and  any  such  loan  should  be  protected  by  a  survivorship 
policy. 

Further  complications  are  frequently  introduced  under  poli- 
cies of  this  general  class  when  three  or  more  lives  are  involved 
in  one  contingency;  but  it  is  not  necessary  to  do  more  than  men- 
tion the  fact  of  such  complications,  which  cause  great  variety  in 
the  contracts  of  this  character. 


General  IMuch  has  been  said  in  explaining  special  contracts, 

Remaiks.  and  the  reader  might  therefore  think  that  these  con- 
tracts were  the  most  important  in  Life  Assurance.  This  is  not 
by  any  means  the  case.  A  very  large  percentage,  probably 
three-quarters,  of  the  entire  business  in  America  is  written  on 
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three  policy  forms,  namely:  (i)  Contimied  Payment  Life;  (2) 
Twenty  Payment  Life;  and  (3)  Twenty  Year  Endowment  Assur- 
ance. These  are  the  important  classes.  The  explanations 
regarding  them  may  seem  brief  and  inadequate  in  view  of  their 
importance,  but  the  policies  are  easily  understood,  and  for  that 
reason  commend  themselves  to  the  public. 

The  Limited  Payment  Policy,  with  the  right  to  share  in 
accumulated  surplus  at  the  end  of  the  premium  term,  was  often 
effected  with  the  same  object  in  view  as  an  Endowment  Assur- 
ance, and  a  great  many  of  these  poHcies  are  surrendered  when 
they  become  paid-up.  They  are  even  discontinued  when  the 
policy-holder  may  still  need  assurance  protection :  he  frequently 
takes  the  cash  value  and  accumulated  surplus  of  the  one  policy 
and  immediately  effects  another.  This  is  a  course  which  cannot 
be  commended,  because  he  has  to  pay  a  much  higher  rate  of  pre- 
mium at  his  attained  age;  and,  moreover,  by  continuing  the 
older  policy  he  would  frequently  obtain  further  participation  in 
surplus  without  payment  of  any  more  premiums,  a  privilege 
which  he  forfeits  on  surrendering  the  policy.  The  temptation  of 
the  cash  value  available  at  that  time  should  therefore  be  resisted. 

ANNUITIES. 

The  most  common  form  of  Annuity  is  that  granted  in  consid- 
eration of  a  cash  payment,  the  company  agreeing  to  pay  a  fixed 
sum  annually,  semi-annually,  or  quarterly,  so  long  as  the  annui- 
tant may  survive.  This  contract  therefore  assures  a  fixed  in- 
come to  the  purchaser,  whether  life  be  brief  or  prolonged.  The 
annuity  generally  ceases,  and  all  benefit  is  lost,  from  the  date  of 
death.  It  will  be  seen  therefore  that  this  contract  is  really  the 
converse  of  Life  Assurance  by  Continued  Payments.  Under  the 
Life  Assurance  policy  the  price  consists  of  an  annual  payment 
during  life,  and  the  benefit  is  the  sum  assured,  due  when  premium 
payments  cease.  Under  the  annuity  contract  the  price  consists 
of  a  cash  payment  due  at  once;  and  the  benefit  is  an  annual 
income  during  life.  The  close  relationship  between  the  as- 
surance and  the  annuity  contracts  is  shown  technically  in 
Chapter  VIII. 
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Guaranteed  Occasionally  it  is  stipulated  that  a  fixed  minimum 
Minimum  jiumhcr  of  annuity  payments  shall  be  made.  For 
Payments,  example,  in.  consideration  of  the  purchase  price  of 
$1,000  an  annuity  of  $100  might  be  granted  payable  during  the 
lifetime  of  the  person  nominated;  and,  whether  such  person 
live  or  die,  guaranteeing  that  at  least  ten  annual  payments  should 
be  made. 


Deferred  As  a  rule,  the  first  annuity  payment  is  due  three 

Annuity.  months,  six  months,  or  a  year  after  the  date  of  pur- 

chase. Sometimes,  hov/ever,  a  deferred  annuity  is  granted,  sub- 
ject to  the  provision  that  annuity  payments  shall  not  commence 
until  the  purchaser  attain  a  certain  age,  or  survive  a  fixed  period 
of  years.  This  form  of  annuity  provides  di  future  income,  and  it 
may  either  be  purchased  for  a  single  premium  payment,  or  for 
annual  premiums  during  the  period  of  deferment,  or  by  limited 
premium  payments.  Most  frequently,  in  event  of  death  taking 
place,  no  refund  is  made  of  the  purchase  price  or  premiums;  but 
sometimes  under  a  deferred  annuity  it  is  stipulated  that  in  event 
of  death  before  the  first  annuity  payment  has  fallen  due,  the  pre- 
mium or  premiums  which  have  been  paid  shall  be  refunded  in 
full  to  the  heirs  of  the  purchaser. 

Last  It  is  not  uncommon  for  husband  and  wife,  or  for 

Survivor  two  sisters,  to  purchase  an  annuity  payable  to  them 

Annuity.  jointly  while  they  are  both  alive,  and  continuing  at 

the  full  rate  to  the  survivor.  By  this  means  an  income  is  pro- 
vided so  long  as  the  survivor  of  the  two  can  possibly  require  it. 
The  same  principle  may,  of  course,  be  extended  to  three  or  more 
lives,  but  the  circumstances  are  rare  when  such  annuities  are 
desirable,  while  for  two  lives  it  is  a  common  form  of  contract. 

Reversionary       The  annuities  so  far  discussed  are  of  a  nature 

or  almost    exactly    the    opposite    of    Life   Assurance. 

Survivorship  Under    a    Reversionary    Annuity,    however,    the 

Annuities,     conditions    are    much    nearer    those    of    assurance 

contracts,  because  the  annuity  is  entered  upon  by  the  annuitant 
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or  beneficiary  after  the  death  of  the  purchaser,  who  may  be 
called  the  life  assured.  The  most  common  case  is  that  of  a  hus- 
band who  desires  to  provide  an  income  to  his  wife  from  the  date 
of  his  own  death.  During  his  lifetime  he  pays  an  annual  pre- 
mium, and  from  the  time  of  his  death  the  company  guarantees  to 
pay  a  fixed  income  to  his  widow.  As  a  rule,  the  entire  benefit  is 
lost  if  his  wife  should  predecease  him,  but  sometimes  the  stipula- 
tion is  made  that  the  premium  will,  in  such  circumstances,  be 
refunded.  The  Continuous  Instalment  Policy,  as  previously  men- 
tioned, is  a  reversionary  annuity,  with  the  addition  of  a  guar- 
anteed minimum  number  of  annuity  payments. 

STANDARD  POLICY  FORMS. 

Forms  The  insurance  laws  enacted  in  New  York  in 

Prescribed.  1906,  following  the  special  legislative  investigation, 
introduced  many  new  features,  and  amongst  other  innovations 
provided  that  after  ist  January,  1907,  all  policies  issued  by 
New  York  companies  within  the  State  "shall  be  in  the  forms 
"hereby  prescribed  and  not  otherwise,  save  as  hereinafter  pro- 
"vided".  The  forms  prescribed  were: 
(i)  An  Ordinary.  Life  Policy; 

(2)  A  Limited  Payment  Life  Policy; 

(3)  An  Endowment  Policy; 

(4)  A  Term  Policy;  and 

(5)  Such  other  forms  as  may  be  adopted  by  the  Superin- 
tendent of  Insurance  after  certain  formalities. 

The  wording  of  these  forms  was  fixed  by  the  Legislature,  sub- 
ject to  a  power  of  modification,  within  the  limits  of  the  law, 
by  the  Superintendent  of  Insurance  prior  to  ist  October,  1906, 
and  as  originally  put  forth  by  the  Legislature  they  w^ere  loosely 
drawn  and  impractical. 


Compulsory  The  Standard  Forms  gave  to  policy-holders  many 
Privileges,  rights  which  were  formerly  privileges  offered  by  the 
companies  as  inducements  to  effect  policies.  The  most  important 
examples  are : — 
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(i)   The  right  to  change  the  beneficiary; 

(2)  The  right  to  have  a  grace  period  for  payment  of 
premiums ; 

(3)  The  provision  that  the  policy  shall  be  incontestable 
not  later  than  two  years  after  it  has  been  issued; 

(4)  The  right  to  obtain  loans;  and 

(5)  The  right  to  take  settlement  of  the  sum  assured  in 
other  ways  than  in  cash,  such  as  annual  instalments 
or  an  annuity  for  life. 

Companies  were  never  bound  to  issue  such  forms  in  other 
States  or  countries. 

Doubtful  It  was  soon  proved  that  the  use  of  standard 

Benefit.  policies  was  neither  advantageous  nor  popular. 
There  are  so  many  varieties  of  policies,  and  so  many  different 
wants  to  be  supplied,  that  the  forms  cannot  be  reduced  to  any 
moderate  number  without  companies  having  to  refuse  requests 
which  are  not  unreasonable.  By  prescribing  forms  in  any  rigid 
manner,  legitimate  competition  of  the  best  kind  is  destroyed, 
and  progress  towards  liberality  ceases.  The  public  loses  the 
benefit.  This  has  now  been  recognized  by  New  York  as  well  as 
by  other  State  Legislatures.  The  report  of  the  commission 
appointed  by  tltc  Governor  of  Massachusetts,  in  accordance 
with  a  resolution  of  the  State  Legislature  (1906)  shows  careful 
thought  and  conservatism,  and  states:  "It  is  our  conviction  that 
any  standard  forms  for  life  insurance  policies  are  undesirable. 
Comparison  of  the  policies  issued  to-day  with  those  issued 
twenty  years  ago  teaches  that  competition  among  the  com- 
panies has  brought  about  steady  progress  in  liberality  to  the  in- 
sured. .  .  .  Instead  of  attempting  to  standardize  the  policies, 
we  think  that  certain  provisions  should  be  standardized,  and  the 
companies  left  free  to  adopt  policies  containing  any  further 
provisions  not  inconsistent  with  those  required  by  law." 

Standard  New  York  was  the  only  State  which  attempted 

Provisions,  to  make  the  use  of  rigid  policy  forms  compulsory 
on  life  assurance  companies;  and,  after  two  years'  trial,  gave  up 
the  attempt.   Several  other  State  Legislatures  drafted  forms  which 
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companies  could  use  if  they  so  desired;  but  they  did  not  make 
their  use  obligatory.  Instead  of  doing  so  they  prescribed  certain 
Standard  Provisions;  and  the  general  tendency  of  legislation 
following  the  feverish  period  of  1905-6  has  been  to  compel  the 
adoption  of  reasonable  privileges  which  must  be  accorded  to  all 
policy-holders,  at  the  same  time  forbidding  the  introduction  into 
policy  forms  of  restrictions  or  conditions  which  might  prove  a 
hardship  to  individuals.  For  example,  a  company  cannot  insert 
a  Provision  for  forfeiture  of  a  policy  on  failure  to  repay  a  loan 
until  at  least  one  month  after  a  notice  shall  have  been  mailed  to 
the  last  known  address;  nor  a  Provision  for  any  mode  of  settle- 
ment at  maturity  of  less  value  than  the  face  amount  of  the  policy 
less  indebtedness,  etc. 

PROCEDURE    IN    OBTAINING    A    POLICY. 

Application  When  a  policy  of  life  assurance  is  wanted  it  is 

or  first  of  all  necessary  to  fill  out  an  application  form. 

Proposal.  In  Great  Britain  it  is  usually  called  a  "proposal", 
the  person  desiring  the  policy  being  there  called  the  "proposer". 
This  application,  or  proposal  form,  contains  a  schedule  of  ques- 
tions eliciting  Name,  Age,  Residence,  Occupation  (past  and 
present),  Date  and  Place  of  Birth,  amount  and  plan  of  assurance 
desired,  whether  married  or  single,  whether  contemplating  any 
change  in  residence  or  occupation,  name  of  Beneficiary  and 
relationship  to  applicant,  also  details  of  assurance  efiFected  in 
other  companies,  or  of  any  previous  rejection  by  another  company 
of  a  similar  application.  It  generally  closes  with  a  statement  that 
all  the  answers  are  true;  that  the  applicant  has  no  intention  of 
proceeding  to  an  unhealthy  climate  or  undertaking  any  hazard- 
ous occupation;  and  that  if  any  statement  be  untrue,  the  policy 
issued  on  the  basis  of  such  application  shall  in  consequence  be 
void.  Most  policies  become  "incontestable"  after  one  or  two 
years  from  the  date  of  issue. 

Warranty  Under  recent   laws,    the   statements  made   by 

or  applicants  in  obtaining  a  policy  are  deemed  reprc- 

Represent-  scntations  and  not  warranties.     This  means  quite 

ation.  an  important  difference  in  legal  interpretation,  be- 
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cause  a  "warranty"  implies  that  the  answers  are  hterally  and 
exactly  true,  whereas  a  general  intention  of  truthfulness  is  all  that 
is  expected  under  a  ' '  representation ' ' .  Accordingly,  to  avoid  any 
policy  obligation,  a  company  must  now  prove  actual  fraud  in 
obtaining  the  assurance  and  not  mere  technical  untruthfulness; 
and  this  is  no  easy  matter,  especially  when  a  widow  appears 
before  a  sympathetic  jury. 


Medical  After  completing  the  form  above  mentioned  the 

Report.  applicant  has  to  appear  before  some  medical  man 

appointed  by  the  compan}^  to  conduct  an  examination  on  its 
behalf  and  report  upon  the  risk.  Questions  are  again  submitted 
regarding  Name,  Age,  etc.,  together  with  particulars  of  past 
illnesses,  the  use  of  alcoholics  or  narcotics,  and  the  causes  of 
death  of  parents  and  other  relatives,  with  the  present  state  of 
their  health  if  living.  The  schedule  is  then  signed  in  the  presence 
of  the  Doctor,  the  replies  and  signature  forming  one  of  the  means 
of  identification.  This  is  a  needful  precaution,  because  the 
applicant  is  in  many  cases  unknown  to  the  Doctor;  and,  without 
this  signature,  a  third  party  might  be  substituted  for  examination. 
The  Doctor  then  makes  a  thorough  physical  examination  of  the 
applicant,  writes  out  the  details  of  this,  and  is  occasionally  asked 
to  state  whether  he  considers  the  subject  in  good  average  health. 
This  report  is  forwarded  to  the  Home  Ofhce  of  the  company,  and 
forms  one  of  the  principal  records  regarding  the  life  proposed  for 
assurance. 


Inspection  When  the  application  for  assurance  is  of  small 

Report.  amount,  such  as  $1,000  or  $2,000  it  is  usual  in 
America  to  issue  a  policy  on  the  basis  of  the  application  and 
medical  report  alone,  without  further  particvilars ;  but  for  all 
larger  policies  it  is  the  practice  to  have  an  Inspection  Report 
from  some  local  source,  quite  independent  of  the  agent  who 
procured  the  application,  or  the  applicant  himself.  This  inspec- 
tion, which  is  conducted  on  principles  similar  to  those  of  a  private 
detective  agency,   provides  information  particularly  about  the 
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habits  and  mode  of  life  of  the  appHcant,  shows  whether  he 
is  sober  and  temperate,  and  reports  also  upon  his  financial 
circumstances. 


Private  Friends*        In  Great  Britain  the  Inspection  Report  is 
and  not  much  used,  although  when  there  is  any  reason 

Agency  Reports,  for  suspicion  a  report  from  a  commercial  agency  is 
obtained.  In  place  of  the  inspection  it  is  the  custom  there  to 
take  reports  from  two  private  friends,  dealing  particularly  with 
the  habits  of  the  applicant,  and  also  a  report  from  the  agent  in 
the  case,  dealing  with  his  financial  circumstances,  occupation, 
etc.  These  reports,  however,  are  all  obtained  from  persons  who 
are  more  or  less  interested  in  the  applicant  and  in  the  issue  of  a 
policy.  The  private  friends  are  usually  companions,  and  they 
naturally  place  a  very  lenient  interpretation  upon  such  words  as 
"sober  and  temperate."  These  reports  are  therefore  of  little 
practical  value  in  determining  whether  an  applicant  for  assurance 
should  be  accepted  or  not. 


Issue  When  all  these  papers  have  been  received  at  the 

of  Home  Office,  they  are  carefully  examined  to  ascer- 

Policy.  tain  that  the  various  statements  are  in  harmony 

with  one  another.  If  all  the  information  is  satisfactory  and  the 
application  is  for  an  average  amount,  it  is  usually  passed  by 
the  Medical  Director  without  further  formality.  Applications  for 
large  amounts,  those  which  are  not  approved  or  are  doubtful,  and 
those  requiring  extra  premiums,  frequently  fonn  the  subject  of 
special  consultation  between  the  Medical  Director  and  one  of 
the  Executive  Officers,  or  are  discussed  in  committee.  If  the 
application  be  approved,  the  policy  is  written  and  forwarded 
to  the  agent  who  hands  it  to  the  applicant  in  exchange  for  the 
first  premium.  In  Great  Britain,  legal  decisions  have  rendered 
it  preferable  to  write  only  an  official  receipt  for  the  first  premium 
when  the  proposal  for  assurance  has  been  accepted.  This  official 
receipt  is  used  by  the  agent  for  collection  of  the  first  premium, 
and  the  policy  contract  itself  is  not  prepared  under  seal  imtil 
after  the  first  premium  has  been  paid. 
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QUESTIONS  ON  CHAPTER   II 

(i)  What  objection  may  be  raised  against  the  guarantee  of  the  full  reserve 
as  a  cash  surrender  value? 

(2)  What  should  be  the  basis  of  surrender  values? 

If  options  are  given  to  take  (i)  Cash,  (2)  Reduced  paid-up  sum  assured, 
and  (3)  Continued  Temporary  Assurance  for  the  full  amount — would 
you  recommend  that  the  benefits  under  each  be  made  mathematical 
equivalents  on  the  reserve  basis?     Give  reasons. 

(3)  What  are  the  advantages  and  disadvantages  of  making  a  policy  "in- 
contestable"? 

(4)  A  condition  in  a  policy  states  that  "If  the  age  of  the  assured  is  over  60 
"and  has  been  understated,  this  policy  shall  become  null  and  void  and 
"all  premiums  paid  hereunder  shall  be  returned."  What  do  you  think 
of   this   provision? 

(5)  What  is  meant  by  * '  insurable  interest ' '  ?  Discuss  the  question  of  issuing 
a  policy  on  the  life  of  a  married  woman  with  her  husband  as  beneficiary^ 

(6)  Explain  the  difference  between  a  "warranty "  and  a  "representation "  as 
applied  to  statements  made  by  an  applicant  for  life  assurance. 

(7)  Draft  a  form  of  application  for  life  assurance. 

(8)  Mention  any  objections  to: — 

(i)     Standard  policy  forms. 

(2)  Increasing  premium  policies. 

(3)  Instalment  policies. 

(4)  Gold  bond  policies. 

(9)  Draft  a  form  providing  for  the  cessation  of  premiums  on  permanent 
disability.     Why  is  this  benefit  usually  limited  to  ages  under  60? 

(10)  Why  is  it  necessary  for  a  life  assurance  company  to  limit  the  amount  of 
assurance  it  will  carry  on  a  single  life?  What  points  should  govern 
in  fixing  the  limit? 


CHAPTER  III. 
Mortality. 

Tables  of  Mortality,  which  form  the  scientific  basis  for  life 
assurance,  were  very  little  used  until  towards  the  end  of  the  iCth 
century,  after  the  Northampton  Tables  had  been  published. 
Other  tables  were  in  existence  nearly  lOO  years  before,  one  of 
the  first  being  that  compiled  from  the  statistics  of  the  population 
of  the  town  of  Breslau  in  Silesia  by  the  British  Astronomer- 
Royal  Halley,  and  published  in  1692.  Halley  at  the  same  time 
advocated  correct  principles  for  annuities  and  assurances,  which 
were  not  adopted  until  nearly  70  years  later. 

There  are  two  principal  sources  for  obtaining  such  informa- 
tion as  is  necessar}^  for  compiling  a  good  mortality  table,  namely: 

(i)   Population  statistics,  incKiding  registers  of  births  and 

deaths ;    and 
(2)  Life  Assurance  Statistics. 

Other  sources  are  occasionally  used,  such  as  particulars  of  peer- 
age families,  which  have  been  carefully  recorded  and  published 
for  man}^  generations;  widows'  and  pension  funds;  employees 
in  large  corporations;  army  and  navy  statistics,  etc.,  etc.;  but 
the  two  above  mentioned  are  sufficient  for  our  present  consid- 
eration, as  they  bring  under  review  all  the  salient  features  of 
mortality. 

STATISTICS    OF    POPULATION. 

In  order  to  form  tables  correctly  from  population  records,  it 
is  necessary  to  have  an  enumeration  of  the  people  with  their 
ages,  together  with  a  record  of  the  deaths  which  take  place  and 
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the  ages  at  death.  Even  with  such  statistics,  the  results  are  in- 
fluenced by  movements  in  population  in  the  nature  of  emigration 
or  immigration  during  the  period  over  which  the  observations 
extend.  Frequently,  also,  when  an  enumeration  of  population  is 
taken,  the  ages  are  misstated  or  given  approximately.  Discrimi- 
nating judgment  is  essential  in  dealing  with  mortality  statistics — 
otherwise  erroneous  conclusions  may  be  reached. 


Northampton  The  Northampton  Table  may  be  taken  as  an 
Table,  interesting  example  of  erroneous  construction. 
1783.  because  Dr.  Price,  who  published  the  table  in 
1783,  ignored  several  important  factors  affecting  the  mortality. 
The  statistics  on  which  he  based  his  results  consisted  of  a  record 
of  the  deaths  in  two  parishes  in  the  town  of  Northampton.  No 
enumeration  of  the  population  was  taken,  but  the  tables  were 
formed  from  the  deaths,  with  ages  at  death.  Dr.  Price  had  also 
a  record  of  the  baptisms  which  had  taken  place  in  the  community, 
and  he  found  that  the  number  of  deaths  exceeded  the  baptisms  in 
the  period  under  observation  ( 1 735-1 780) .  He  therefore  assumed 
that  the  additional  deaths  were  caused  by  immigration  into 
Northampton  at  the  age  of  20.  As  a  matter  of  fact,  however,  the 
additional  deaths  were  largely  the  result  of  the  baptisms  being 
less  numerous  than  the  births.  There  were  many  Baptists  in  the 
town,  and  the  names  of  their  children  did  not  appear  on  the 
records  of  christenings.  The  baptismal  records  were  on  an  en- 
tirely different  basis  from  the  death  records,  and  they  should  not 
have  been  used  together.  The  assumption  above  mentioned  was 
therefore  inaccurate,  and  moreover  the  mortality  of  the  two 
parishes  from  which  the  figures  were  taken  was  higher  than  the 
average  of  other  towns;  so  that  the  Northampton  Table  was  in 
several  respects  unreliable.  It  was,  however,  extensively  used  for 
many  years;  and,  as  it  shov/ed  excessive  m.ortality,  large  profits 
were  earned  by  life  assurance  companies  which  adopted  its 
figures.  On  the  contrary,  annuity  companies  suffered  severely 
because  their  annuitants  lived  longer  than  the  table  indicated. 
It  is  a  strange  and  unaccountable  fact  that  this  Northampton 
Table  is  still  used  in  the  United  States  for  certain  legal  purposes, 
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and  in  some  courts  appears  to  be  the  only  recognized  table  of 
mortality. 


Carlisle  On  the  other  hand,  the  Carlisle  Table  ma}^  be  quoted 
Table,  as  one  which  was  prepared  on  scientific  principles,  and 
1815.  although  the  statistics  were  meagre  yet  they  were 
properly  treated  and  the  results  were  wonderfully  satisfactory. 
This  table  was  published  in  1815  by  Joshua  Milne.  It  was 
constructed  from  a  census  of  the  population  of  two  parishes  in 
Carlisle  in  1780,  and  the  deaths  in  the  same  parishes  from  1779 
to  1787  inclusive.  The  population  at  the  beginning  of  the  period 
was  7,677,  and  the  deaths  during  the  nine  years  1,840.  It  is 
usually  supposed  that  a  second  census  was  taken  in  1787;  but 
the  figures  themselves  indicate  that  this  is  doubtful.  Anyhow, 
it  was  found  that  an  increase  (treated  as  being  exactly  1,000) 
in  the  population  had  taken  place,  and  allowance  had  to  be  made 
for  this  increase  as  affecting  the  deaths  also,  so  that  the  ratio  of 
the  deaths  to  the  numbers  living  could  be  obtained.  There  was  a 
larger  proportion  of  female  than  of  male  lives  included  in  the 
statistics,  and  the  result  was  to  show  light  mortality  at  the  older 
ages.  The  table  has  been  very  extensively  used,  and  even  to  the 
present  day  is  considered  of  great  value,  especially  in  the  calcu- 
lation of  survivorship  benefits.  For  general  life  assurance  pur- 
poses, however,  it  has  been  superseded  by  tables  formed  from 
mortality  amongst  assured  lives. 


Census  Mortality  tables  from  the  general  population  of 

Tables.  England  have  been  formed  on  six  occasions,  the 

latest  having  been  published  in  1907,  dealing  with  the  period 
from  1 891  to  1900.  The  mortality  of  the  entire  population  was 
given  and,  in  a  supplement  published  in  1908,  was  compared  with 
that  in  various  occupations.  A  most  useful  series  of  tables  was 
submitted,  with  details  of  mortality  in  one  hundred  different 
occupations,  showing  not  only  the  mortality  rates  in  those  occu- 
pations, but  giving  also  the  causes  of  death.     It  is  unfortunate 
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that  the  figures  for  the  American  Census  taken  each  tenth  year  arc 
pubhshed  in  such  form  that  similar  tables  cannot  be  prepared. 


Healthy  One  of  the  population  tables  has  received  more 

English  prominence  than  others,  namely :  The  Healthy  Eng- 

Tables.  hsh  Table.     It  was  formed  by  Dr.  Farr  from  the 

census  returns  of  1851  and  the  records  of  the  births  and  deaths, 
from  1848  to  1853  inclusive,  in  63  of  the  healthiest  registration 
districts  of  England  and  Wales.  In  all  of  these  districts  the 
mortality  of  the  general  population  did  not  exceed  the  rate  of 
17  annual  deaths  to  1,000  living;  and  at  the  census  of  1 851  the 
total  population  in  these  selected  districts  was  nearly  one  mil- 
lion persons,  of  whom  about  493,000  were  males  and  503,000 
females.  The  mortahty  of  the  sexes  was  investigated  sepa- 
rately. This  table  (male  section)  was  selected  by  a  committee 
of  the  Actuarial  Society  of  America  for  comparison  w4th  the 
Specialized  Mortality  afterwards  referred  to,  with  slight  modifica- 
tions at  ages  under  21  and  at  ages  from  51  to  60,  and  with  a 
special  adjustment  for  the  reduced  mortality  arising  from  medical 
selection  during  the  first  five  years  of  assurance.  Two  other 
Healthy  English  Tables  have  subsequently  been  prepared,  each 
dealing  with  larger  numbers  and  on  the  basis  of  a  higher  standard 
of  healthfulness.  Rural  districts  seem  to  be  most  healthful,  and 
a  general  improvement  is  shown  at  all  except  the  old  ages. 


Life  The  records  of  life  assurance  companies  are  al- 

Assurance  most  free  from  the  errors  and  misstatements  to 
Statistics,  which  population  statistics  are  subject.  The  ages  of 
those  who  take  out  policies  are  correctly  taken,  and  a  complete 
record  is  kept  from  which  can  be  obtained  the  number  under 
observation  at  any  age,  and  the  number  of  deaths  which  take 
place  amongst  them.  The  first  table  formed  from  the  experience 
of  a  life  assurance  company  was  prepared  by  Mr.  Arthur  Mor- 
gan, Actuary  of  the  old  Equitable  Society,  and  published  in  1834. 
The  records  of  any  individvial  company  are  not,  however,  so 
valuable  as  records  formed  from  a  group,  because  individual 
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companies  have  frequently  peculiar  conditions  affecting  their 
mortahty,  while  a  group  is  more  likely  to  represent  a  fair  average, 
such  as  may  be  equalled  by  any  well  managed  corporation. 


Actuaries'  Accordingly,  in  1843,  there  was  published  the  ex- 

or  perience  of  17  life  assurance  companies,  now  known 

Combined  in  America  as  the  "Actuaries'"  or  the  ''Combined 
Experience  Experience  "  Table.  The  statistics  from  which  that 
Table.  experience  was  compiled  embraced  nearly  84,000 
policies  running  from  1762  to  1833,  of  which  nearly  14,000 
terminated  by  death.  The  average  duration  of  all  the  policies 
was  less  than  814  years.  The  mortality  amongst  females  was 
taken  out  separately  and  it  was  found  that  between  ages  20  and  50 
the  mortality  was  considerably  heavier  than  amongst  males,  but 
the  reverse  was  the  case  above  age  50.  The  table  was  adopted 
as  a  standard  for  valuation  purposes  by  Massachusetts  early  in 
the  history  of  State  Supervision,  and  for  a  long  period  of  years 
remained  the  most  important  table  connected  with  Life  Assur- 
ance in  America. 


American  The  American  Experience  Table  of  Mortality, 

Experience  now  recognized  as  the  standard  table  in  the  United 
Table,  States,  was  formed  by  Sheppard  Homans  and  was 
1868.  first  published  under  its  present  name  in  a  schedule 

attached  to  an  Act  passed  by  the  Legislature  of  the  State  of  New 
York  on  6th  May,  1868.  The  author  never  gave  full  particulars 
of  the  data  employed.  It  is  understood  that  he  used  the  m.or- 
tality  statistics  deduced  from  the  experience  of  the  Mutual  Life 
Insurance  Company  of  New  York  as  his  basis,  but  these  figures 
were  inadequate  at  the  older  ages  and  accordingly  he  must  have 
arbitrarily  adjusted  the  table.  It  has  been  much  used,  and  has 
grown  in  popularity  because  it  furnishes  a  safe  basis  of  measure- 
ment of  American  mortality  amongst  assured  lives  after  the 
first  effects  of  selection  have  disappeared.  It  is  now  generally 
prescribed  in  the  state  laws  as  the  standard  for  valuation  purposes. 

Moreover,  the  table  has  been  successfully  graduated  by  Make- 
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ham's  law  of  mortality,  so  that  the  calculation  of  benefits  depend- 
ing on  two  or  more  lives  is  greatly  simplified. 


H"  Table  The  Institute  of  Actuaries'  Tables  were  formed 

1869.  from  statistics  contributed  by  20  British  Companies, 

and  the  most  important  section  of  the  experience  is  that  known 
as  the  Healthy  Males  or  H^.  Particulars  of  about  180,000  poli- 
cies were  submitted  and  analyzed,  but  of  these  some  were  on  the 
lives  of  persons  who  carried  two  or  more  policies,  and  about  11% 
were  on  female  lives.  By  excluding  duplicate  policies  and 
female  lives  the  mimber  was  reduced  to  little  over  140,000  healthy 
male  lives,  and  these  form  the  basis  of  the  H^  Table.  The  ages 
at  entry  were  kept  separate  so  that  the  effects  of  the  medical 
examination  could  be  investigated,  and  this  was  afterwards  done 
by  Dr.  Sprague  and  others;  but,  in  the  published  H^  Table,  all 
those  of  the  same  attained  age  were  dealt  with  together,  irres- 
pective of  the  age  at  entry.  It  was  found  that  the  low  mortality 
of  recent  entrants  had  practically  disappeared  after  five  years, 
and  accordingly  another  table  was  formed,  called  the  H^(^\ 
from  which  the  first  five  years  from  entry  (more  properly  4.}/^ 
years)  were  excluded  from  the  statistics.  The  mortality  rates 
are  higher  than  those  of  the  H'"  Table.  A  separate  table  was 
formed  dealing  with  healthy  female  lives,  the  H^  Table. 

The  H^  Table  starts  at  age  10  with  a  radix  of  10,000,  and 
very  complete  monetary  values  have  been  published.  It  has 
been  used  freely  in  Great  Britain,  but  has  never  found  favor  in 
the  United  vStates.  In  Canada,  however,  it  formed  the  only 
legal  standard  for  many  years  prior  to  1 9 10,  when  the  new  Cana- 
dian Act  recognized  the  C  (^^  Table. 


British  The  most  important  investigations   of  recent 

Assured  years  are  those  conducted  by  the  British  Actuaries 

Lives.  covering  the  period  from  1863  to  1893.     There  are 

three  particular  features  of  that  experience  which  had  never 
before  received  so  much  attention  and  care,  namely:  the  tracing 
of  the  mortality  (i)  according  to  the  duration  of  the  policy,  and 
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(2)  according  to  the  kind  of  policy  taken;  and  (3)  the  publication 
of  full  tables  of  Withdrawals.  All  of  these  are  important  influ- 
ences, and  as  regards  the  mortality  in  policy  classes,  it  was  clearly 
proved  that  Endowment  policies,  and  those  which  call  for  heavy 
premiums  in  proportion  to  the  risk,  were  subject  to  lighter  mor- 
tality rates  than  Whole  Life  policies  and  other  forms  where  the 
premium  rate  is  light  as  compared  with  the  risk  incurred.  The 
reason  for  this  is  that  those  who  take  Limited  Payment  and 
Endowment  Assurance  policies  are  generally  well-to-do  people 
in  their  own  sphere,  thrifty  and  prudent,  who  look  to  the  future 
and  prefer  a  little  self-sacrifice  now  if  it  will  provide  greater  com- 
fort hereafter.  The  prudence  they  show  in  their  life  assurance 
is  an  index  to  their  whole  mode  of  life,  and  the  discretion  they 
exercise  is  rewarded  by  length  of  days.  The  most  important 
tables  are  those  based  upon  Ordinary  Whole  Life  policies  With 
Profits,  and  in  that  class  more  than  550,000  lives  were  included. 
The  effects  of  selection  in  that  class  of  policy  were  also  carefully 
analyzed  for  each  year  during  the  first  ten  years  of  duration,  and 
full  monetary  tables  have  been  published. 

The  following  table  shows  the  classes  of  policies  which  were 
separately  investigated,  and  gives  also  the  numbers  of  lives 
included  in  the  aggregate  observations: 


BRITISH  ASSURED  LIVES,    1 863-93. 

Males  Lives:  No.  of  Lives.  Years  of  Risk. 

(i)  Whole  Life  Assurances,  With  Profits.  .      551,838  7,056,863 

(2)  Whole  Life  Assurances,  Without  Profits      56,807  602,591 

(3)  Endowment  Assurances,  With  &  With- 

out Profits 132,043  897,673 

(4)  Whole  Life,  Limited  Premiums 36,839  410,251 

(5)  Whole  Life,  Ascending  Scale 23,280  207,709 

(6)  Joint  Life  Assurances 9,i95  90,171 

'^  Over 

(7)  Contingent  Survivorship  Assurances.  .    \     3,482  15,500 

Over 

(8)  Temporary  Assurances 1 1,603  36,000 
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Females  Lives:  No.  of  Lives.     Years  of  Risk. 

(i)  Whole  Life  Assurances,  With  Profits .  .       42,293  507,042 

(2 )  Whole  Life  Assurances,  Without  Profits      1 1 ,050  112,010 

(3)  Joint  Life  Assurances 7,222  77,078 

The  Female  Lives  in  the  other  classes  are  so  few  as  to  be 
of  no  value  statistically. 


O^^^^  Part  of  the  foregoing  investigation  comprised  a 

Canadian  tabulation  of  the  Ordinary  Life,  with  profits,  experi- 
Standard.  ence,  excluding  the  first  five  years  of  insurance, 
this  table  being  described  as  the  0^*^^^.  After  excluding  the 
lives  during  the  first  five  years  there  were  left  411,340  lives  who 
were  exposed  to  risk  for  5,  324,862  years.  The  rate  of  mortality 
brought  out  is  approximately  that  which  insured  lives  experi- 
enced in  Great  Britain  after  the  effects  of  selection  had  dis- 
appeared, and  it  is  considered  by  Canadian  actuaries  and  legisla- 
tors that  the  mortality  in  Canada  will  prove  somewhat  more 
favorable  than  that  shown  by  this  table  which  was  adopted  by 
the  Canadian  Parliament  in  1907  as  the  standard  for  life 
assurance  from  January  i,   i< 


Specialized          One  very  important  investigation  recently  com- 
Mortality  pleted  was  that  made  by  the  Actuarial  Society 

Investigation,  of  America  into  special  classes  of  assured  lives. 
In  all  there  were  98  separate  classes  of  risks,  covering  a  wide  range 
of  material,  and  the  particulars  of  about  2}/^  millions  of  lives 
were  furnished  by  the  American  life  assurance  companies.  The 
classes  of  risks  may  be  generally  described  as  follows : 

(i)  Policies  for  large  amounts;  one  class  over  $20,000. 

(2)  Policies  granted  on  terms  other  than  applied  for;  (2 
classes) . 

(3)  Nationality,  divided  into  4  classes. 

(4)  Occupation;  divided  into  35  classes  and  covering 
army,  navy,  and  marine  service;  the  more  important 
hazardous  trades;  liquor  dealing;  and  railway  service. 
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(5)  Personal  Disability;  covering  32  classes,  including 
past  history  of  diseases  such  as  gout,  blood-spitting, 
etc.,  unusual  weights  and. unusual  heights. 

(6)  Family  history  unsatisfactory;  covering  2  classes 
dealing  respectively  with  cancer  and  insanity. 

(7)  Place  of  Residence;  22  classes,  each  relating  to  a  dif- 
ferent county  in  the  United  States  principally  in  the 
South. 


Assumed  The  mortality  experience  in  these  different  classes 

Standard  was  compared  with  a  table  which  was  adopted  as 
Mortality,  representing  standard  mortality  amongst  healthy 
lives,  with  allowance  for  the  effects  of  medical  selection  during  the 
first  five  years  from  the  date  of  issue.  Great  care  must  be 
exercised  in  making  use  of  the  results  of  this  investigation,  and 
discriminating  judgment  is  necessary  because  of  two  important 
considerations  which  an  inexperienced  reference  to  the  published 
tables  might  not  at  first  reveal.  The  first  and  most  important 
is  that  the  lives  assured  in  these  special  classes  were  all  accepted 
by  assurance  companies;  presumably,  therefore,  they  represented 
unusually  good  specimens  of  their  respective  classes.  One  pro- 
minent example  may  be  given  by  way  of  illustration,  namely, 
the  class  relating  to  personal  history  where  the  applicant  ''has  had 
blood-spitting. ' '  The  rate  of  mortality  shown  in  that  clas§  is  only 
108  per  cent  of  the  tabular  rate  adopted  as  representing  normal 
mortality.  This  cannot  be  considered  as  the  true  mortahty 
amongst  people  generally  who  have  suffered  from  blood-spitting; 
but  it  does  represent  the  mortality  which  was  experienced  by 
assurance  companies  on  lives  accepted  who  had  disclosed  this 
feature  in  their  past  history.  It  may  be  taken  as  a  certainty, 
however,  that  any  person  giving  a  history  of  blood-spitting  within 
a  period  very  shortly  before  the  date  of  taking  a  policy  would  be 
absolutely  rejected;  and  moreover,  even  in  the  case  of  a  history 
of  blood-spitting  some  years  before  the  date  of  application,  the 
case  would  be  declined  unless  the  physique  of  the  applicant  in 
other  respects  were  almost  perfect.  If  any  applicant  showed  an 
under-average  physique,  and  gave  at  the  same  time  a  history  of 
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blood-spitting,  he  would  almost  to  a  certainty  be  declined  by  any 
assurance  company.  The  statistics  do  not  always  indicate  the 
average  mortality  amongst  persons  coming  within  any  one  of  the 
speciaUzed  classes;  but  only  the  mortality  experienced  by  com- 
panies on  lives  accepted  by  them— ignoring  entirely  rejected 
lives  of  the  same  class.  Analogous  remarks  apply  to  many  other 
cases;  and,  as  already  stated,  the  results  must  be  used  with  great 
care  and  discrimination. 

The  second  consideration  is  not  of  so  much  importance — it 
is  the  question  as  to  whether  the  standard  table  has  been  accu- 
rately chosen  as  representing  the  average  mortality  amongst 
assured  lives  in  America.  If  the  standard  show  high  mortality 
then  all  the  results  appear  more  favorable  than  they  ought; 
while  if  the  standard  be  low  then  the  opposite  effect  is  obtained. 


Mortality  Many  other  im^portant  tables  of  mortality  have 

amongst  been  formed,  but  there  is  no  need  to  enter  into 
Annuitants,  minute  details  of  these,  as  such  details  do  not  in- 
volve particular  principles.  Three  different  tables  have  been  con- 
structed from  the  experience  of  annuitants  whose  contracts  were 
more  or  less  directly  guaranteed  by  the  British  Government.  The 
first  two  of  these  tables,  pubHshed  in  1829  and  1863  respectively, 
included  some  special  lives  carefully  selected  by  speculators  who 
purchased  annuities  and  drew  the  proceeds  for  their  own  advan- 
tage, a  practice  which  was  afterwards  discontinued  by  law  in 
Great  Britain.  They  also  included  certain  old  tontine  funds 
formed  in  the  17th  and  i8th  centuries.  But  the  last  of  such 
tables,  pubHshed  in  1883,  gave  statistics  of  Government  Annui- 
tants only.  The  rates  of  mortality  shown  by  the  three  sets  of 
tables  do  not  differ  to  any  material  extent,  and  they  all  prove 
that  female  annuitants  are  much  healthier  than  male.  The  same 
feature  is  still  more  marked  in  the  latest  publication  relating  to 
the  mortality  amongst  annuitants,  namely:  the  British  Offices 
Life  Annuity  Experience,  published  in  1903.  For  example,  the 
expectation  of  life  at  age  50  of  a  male  annuitant  is  20.7  years, 
while  the  corresponding  expectation  of  a  female  annuitant  is 
almost  23  years.     This  experience  embraced  a  period  from  1863 
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to  1893,  and  included  particulars  of  about  10,000  male  lives  and 
25,000  female  lives. 

Still  more  recently  in  191 1  the  mortality  of  annuitants  resident 
in  the  United  States  and  Canada  was  published  by  Arthur 
Hunter,  and  the  results  show  unusually  light  mortality  rates 
both  amongst  men  and  women. 


Male  This  condition  as  regards  male  and  female  mor- 

and  tality  has  been  confirmed  from  many  other  sources. 

Female  Amongst  annuitants,  however,  even  at  the  younger 

Mortality.  ages  the  mortality  of  females  is  less  than  that  of 
males;  and  a  careful  distinction  must  therefore  be  drawn  regard- 
ing the  nature  of  the  contract  entered  into.  The  reason  for  the 
different  condition  at  younger  ages  probably  is  that  annuities 
are  generally  purchased  on  the  lives  of  spinsters  and  widows  in 
good  circumstances;  while  in  life  assurance  transactions  the 
same  conditions  do  not  so  frequently  apply. 


With  and  The  mortality  amongst  lives  assured  who  take 

Without         policies  with  the  right  to  participate  in  surplus  is 
Profits.  noticeably   lighter    in    Great    Britain    than    that 

amongst  those  who  take  non-participating  policies.  The  reason 
probably  is  that  non-participating  policies  are  generally  effected 
on  the  lives  of  borrowers  and  for  financial  reasons ;  and,  as  already 
stated,  debtors  and  borrowers  are  not  on  the  average  so  healthy 
as  thrifty  people.  But  non-participating  policies  are  generally 
taken  in  America  with  a  purpose  in  view  entirely  different  from 
that  above  outlined;  in  many  cases  this  form  is  taken  as  the  result 
of  extreme  conservatism  by  people  who  dislike  the  uncertainty 
of  dividends,  and  accordingly  it  does  not  necessarily  follow  that 
the  condition  found  to  exist  in  Great  Britain  should  also  prevail 
here. 

SELECTION. 

One  important  question  in  connection  with  the  mortality  of 
life  assurance  companies  is  the  effect  of  what  is  called  Selection. 
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Before  a  policy  is  issued  to  any  person  he  has  to  undergo  a  medical 
examination  and  other  restrictive  tests  designed  to  set  aside  all 
who  are  below  a  certain  standard  of  vitality.  The  result  is  that 
those  who  obtain  policies  of  assurance  are  subject  to  lower  mor- 
tality rates  than  the  general  population  at  the  same  age,  and 
particularly  is  this  noticeable  in  the  period  immediately  after 
the  policies  are  taken.  At  that  time  there  are  none  but  healthy 
lives;  of  course  even  those  are  subject  to  accidents,  and  to  what 
may  be  called  accidental  diseases,  such  as  fevers,  pneumonia,  etc. 
By  the  recent  O^'^^  experience  the  death  rate  per  thousand 
amongst  selected  lives  at  age  40  is  less  than  5.  In  the  course 
of  a  year  or  two,  however,  illnesses  of  a  more  permanent 
nature  make  their  appearance  amongst  policy-holders:  heart, 
lung,  and  brain  diseases  affect  the  lives  to  a  greater  or  less  de- 
gree, and  indeed  the  mortality  gradually  approximates  to  the 
rate  affecting  the  class  of  people  from  which  the  selection  had 
been  made.  At  the  same  age  of  40,  amongst  persons  who  have 
been  assured  for  5  or  more  years  (i.  e.:  who  effected  policies 
at  35  or  a  younger  age  and  were  40  at  date  of  investigation) 
the  death  rate  is  about  10  per  thousand,  or  more  than  double 
the  rate  applicable  to  selected  lives  of  the  same  age. 


Right  to  Another  feature  which  has  received  a  great  deal  of 

Withdraw,  attention  as  affecting  the  rate  of  mortality  is  the 
right  always  enjoyed  by  policy-holders  of  withdrawing  and  laps- 
ing their  policies,  either  by  taking  a  surrender  value  in  cash  or 
otherwise.  The  opinion  was  formerly  held  quite  generally  that 
the  healthier  policy-holders  discontinued  their  contracts,  while 
those  who  were  unhealthy  and  could  not  obtain  assurance  pro- 
tection elsewhere,  continued  their  policies  year  after  year.  It 
was  therefore  thought  that  the  effect  of  lapses  would  be  to 
increase  the  average  mortality  amongst  those  retaining  their 
policies,  as  the  tendency  would  be  to  lower  the  average  vitality 
by  the  withdrawal  of  an  undue  proportion  of  healthy  lives.  Of 
recent  years  it  has  been  pointed  out  that  policy-holders  who  dis- 
continue their  contracts  do  so  more  frequently  because  of  finan- 
cial embarrassment  than  because  they  are  healthy  and  do  not 
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need  the  protection.  The  protection  of  life  assurance  is  more 
thoroughly  appreciated  after  it  is  possessed  than  before;  and 
healthy,  prosperous  people  value  the  benefits  more  than  the  im- 
provident. It  follows,  therefore,  that  many  lapses  take  place 
because  of  monetary  worries  and  irregular  habits,  and  it  is  well 
known  that  the  rate  of  mortality  affecting  such  people  is  heavier 
than  that  which  applies  in  the  case  of  thrifty  and  prosperous  men. 
Lapses  of  this  nature  tend  to  improve  the  mortality  amongst  those 
remaining,  because  they  reduce  the  proportion  which  the  un- 
healthy bear  to  the  total  number. 

Discrimination  by  As  is  indicated  above,  there  is  an  element  of 
Policy-holders.  discrimination  on  the  part  of  policy-holders 
themselves  according  to  the  class  of  policy  they  may  take. 
Those  who  take  policies  which  provide  large  assurance  pro- 
tection at  low  rates  are  subject  to  heavier  mortality  than  those 
who  take  policies  of  investment  forms  which  require  higher 
premiums,  although  each  class  is  subjected  to  the  same  initial 
tests  by  the  assurance  companies.  The  circumstances  and  the 
basis  of  argument  are  exactly  the  same  as  those  referred  to  in  the 
preceding  paragraph.  Prosperous  and  thrifty  people,  who  look 
to  the  future,  prefer  investment  forms  of  policies  which  provide 
not  only  immediate  protection  but  at  the  same  time  build  up  a 
capital  for  themselves  in  later  life.  The  man  who  is  struggling 
along  from  year  to  year  and  living  close  up  to  his  income  may  feel 
the  necessity  for  protection  of  his  family  or  of  his  business,  but  he 
strives  to  obtain  this  protection  at  the  cheapest  possible  rate;  and 
men  of  this  temperament  are  subject  to  heavier  mortality  rates. 

Adverse  This  name  is  frequently  given  to  the  exercise  of 

Selection.  options  which  run  counter  to  the  general  interests 
of  all  the  policy-holders.  For  example,  if  only  the  healthy  were 
to  lapse  their  policies ;  or,  if  all  the  unhealthy  were  to  take  their 
dividends  to  increase  the  insurance  and  all  the  healthy  took 
cash;  or,  if  all  policy-holders  seriously  ill  were  to  exchange  their 
Life  or  Endowment  policies  for  Extended  Term  insurance  and 
get  the  same  protection  for  a  much  smaller  cost; — all  of  these 
would   be  instances   of   so-called   adverse  selection,   where   an 
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individual  makes  a  selection  for  his  own  benefit  and  thereby 
disturbs  the  average  condition  of  the  group. 

Average  It  is  sometimes  said  that  if  a  company  were  to 

Health.  issue  policies  for  ^i  ,000  each  on  the  life  of  every  per- 

son .passing  along  a  certain  street  on  a  given  day,  without 
medical  examination  or  any  other  test,  and  at  the  ordinary  pre- 
miums for  the  respective  ages,  and  if  the  policies  were  duly  main- 
tained, the  result  would  be  a  most  profitable  one  for  the  company. 
This  remark  is  probably  correct;  but  it  is  not  correct  to  pass 
from  this  statement,  as  is  frequently  done,  and  say  that  the 
companies  could  afford  to  take  all  who  apply  without  selection. 
If  any  company  were  to  do  this,  the  unhealthy  would  apply  for 
large  amounts,  because  it  is  easy  to  convince  an  unhealthy  man 
that  life  assurance  is  desirable;  vv^hile  on  the  other  hand  the 
healthiest  would  refuse  to  be  classed  amongst  them,  and  would 
rather  take  the  risk  upon  themselves.  In  like  manner,  it  would 
not  be  correct  to  accept  every  person  passing  along  a  certain 
street  for  such  amounts  as  they  might  themselves  choose,  because  in 
that  case  the  healthy  would  take  small  amounts  and  the  un- 
healthy large.  The  average  therefore  would  not  be  maintained, 
because  there  would  be  a  greater  preponderance  of  business  on 
unhealthy  lives. 

No  single  company  can  ever  afford  to  dispense  with  careful 
selection,  although  it  is  possible  that  at  some  time  in  the  dim 
future,  when  social  science  has  developed  much  more  fully,  com- 
panies may  unanimously  agree  (or  legislation  may  require)  that 
all  who  apply  should  be  assured  for  an  amount  determined  accord- 
ing to  the  assessed  value  of  the  life.  Something  in  this  direction 
might  take  place  if  it  were  possible  to  assess  the  monetary  value 
of  a  person's  life  in  a  manner  similar  to  the  assessing  of  the  value 
of  property  for  fire  insurance;  and  it  is  the  only  direction  in 
which  it  would  seem  to  be  possible  to  conduct  life  assurance 
without  medical  examination  zw  its  complete  sense. 

Without  Various  plans  of  life  assurance  without  medical 

Medical       examination    have  been    adopted    and    are    more 

Examination,  or  less  popular  in  Great  Britain,    but  restrictive 
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measures  other  than  examinations  are  in  vogue  to  secure  that 
the  experience  under  such  poHcies  will  be  of  an  average  char- 
acter. Mention  may  be  made  of  the  compulsory  assurance  of 
employees  in  the  service  of  large  corporations  where  every  person 
must  be  assured,  the  premiums  being  often  payable  wholly  or 
in  part  by  the  employer.  In  such  case,  the  average  is  maintained 
because  the  assurance  is  obligatory  on  all.  Or  again,  as  the 
effects  of  medical  selection  are  supposed  to  be  of  little  conse- 
quence five  years  after  policies  have  been  taken  out  (not  that 
this  supposition  applies  to  individual  cases  in  any  way,  but  only 
on  the  average),  one  or  two  companies  offer  policies,  subject  to 
participation  in  the  surplus  of  their  own  class,  and  with  the  pro- 
viso that,  during  the  first  three  or  five  years,  only  a  portion  of  the 
face  value  would  be  payable  in  event  of  death.  Another  plan 
which  has  been  found  very  successful  is  to  issue  only  what  is 
known  as  a  Double  Endowment  policy.  Under  such  a  contract 
if  the  life  assured  were  to  survive  a  fixed  period,  then  the  amount 
payable  at  that  time  as  an  Endowment  would  be  double  the 
amount  which  would  have  been  paid  in  event  of  death  during 
the  period.  In  this  case,  also,  such  policy-holders  participate  in 
the  surplus  of  their  own  class,  and  the  premiums  are  sufficiently 
largje  to  ensure  that  there  will  be  a  good  surplus  for  distribution. 
These  plans  are  all  said  to  be  successful,  but  they  could  not 
under  existing  laws  be  practised  throughout  the  United  States, 
because  in  several  States  life  assurance  companies  are  expressly 
forbidden  from  issuing  policies  unless  a  medical  examination  of 
the  life  shall  have  been  made  by  a  duly  qualified  examiner. 


Group  In  191 1,  bills  were  introduced  in  several  State 

Insurance.  Legislatures  to  authorize  companies  to  accept  groups 
of  men  for  life  assurance  without  medical  examination,  and  to 
make  it  clear  that  this  would  not  constitute  an  unjust  discrimina- 
tion. Such  laws  passed  in  one  or  two  States  and  failed  of  passage 
in  others.  They  facilitate  and  give  legal  sanction  to  plans  for 
the  assurance  of  workmen  by  manufacturers  and  others  who 
employ  many  men.  When  the  plan  is  compulsory  on  all  work- 
rnen,  it  is  generally  best  that  the  employer  should  pay  the  pre- 
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miums,  or  give  what  is  nearly  an  equivalent,  namely — an  increase 
in  salary  large  enough  to  meet  the  premium  payments,  with  the 
stipulation  that  the  premium  shall  be  deducted  from  the  wages. 
When  the  plan  is  not  compulsory  on  all,  a  medical  examination 
seems  essential  for  the  due  protection  of  the  company.  New 
employees  are  usually  subject  to  examination  in  any  case.  As 
an  encouragement  to  thrift  and  as  inducing  a  contented  spirit 
amongst  workmen  the  plan  is  to  be  warmly  commended.  To 
make  it  complete  and  satisfying  it  should  be  accompanied  or 
supplemented  by  a  pension  fund  providing  for  the  old  age  of  those 
workmen  who  survive. 

Several  large  groups  have  been  accepted  on  yearl}^  renewable 
term  plans,  thus  furnishing  protection  without  accumulating 
large  reserve  funds.  Since  the  average  age  of  a  group  of  workmen 
remains  approximately  the  same  from  year  to  year,  the  older  men 
vvho  die  or  drop  out  being  replaced  by  3'oung  men,  the  total 
premiums  for  the  group  paid  by  the  employer  will  remain  about 
the  same.  But  if  a  business  should  begin  to  fall  off,  the  average 
age  of  the  men  will  tend  to  increase,  meaning  an  increase  in  the 
premiums  just  at  the  time  when  the  business  is  least  able  to  meet 
the  expense.  Some  firms  and  corporations  prefer  a  plan  of 
Endowment  assurance  maturing  at  an  advanced  age  such  as  60 
or  65 ;  and  there  is  much  to  commend  this  form  of  policy  for  the 
purposes  in  view. 

GRADUATION. 

When  the  rates  of  mortality  have  been  ascertained  from  the 
data  of  assurance  companies  or  from  population  statistics,  it  is 
usually  found  that  they  fluctuate  from  year  to  year  and  do  not 
run  smoothly.  For  example,  in  an  individual  case  the  rate  of 
mortality  at  age  30  might  be  found  lower  than  that  at  age  29, 
although  other  experiences  would  indicate  that  the  contrary 
should  be  the  case,  while  at  age  31  again  the  rate  might  be  ab- 
normally high.  Such  accidental  irregularities  are  to  be  expected, 
more  particularly  if  the  numbers  under  observation  are  small; 
and  it  is  therefore  necessary,  in  order  to  obtain  a  mortality  table 
of  practical  utility,  to  submit  these  statistics  to  a  process  known 
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as  ''Graduation."  Graduation  aims  at  removing  irregularities 
which  may  be  accidental,  without  disturbing  what  may  be 
peculiar  features  of  the  statistics  investigated.  The  adjusted 
results  should  be  compared  with  the  ungraduated  figures.  The 
tests  of  a  good  adjustment  are  stated  to  be : 

(i)  General  regularity  in  the  mortality  rates; 

(2)  Close  agreement  in  the  total  number  of  deaths  in 
graduated  and  ungraduated  tables;  and 

(3)  The  frequency  in  change  from  positive  to  negative 
deviations,  which  indicates  that  the  original  figures 
have  been  closely  followed. 

The  simplest  methods  of  graduation  consist  merely  in  smooth- 
ing over  the  irregularities  by  averaging  the  results  at  two  or 
three  ages ;  and  the  process  has  been  amplified  from  this,  through 
the  graphic  method,  by  which  the  mortality  is  represented  by  a 
diagram,  to  the  assumption  of  a  law  of  mortality  which  has  been 
found  to  adhere  very  closely  to  the  facts  in  several  large  investiga- 
tions, and  which  provides  great  facility  for  the  solution  of  complex 
problems.  It  is,  however,  outside  the  scope  of  an  elementary 
work  to  enter  with  any  minuteness  into  this  subject,  which  is  one 
of  considerable  intricacy. 

QUESTIONS  ON  CHAPTER  III. 

( 1 )  What  do  you  understand  by  a  "  mortality  table ' '  ?  What  are  the  princi- 
pal sources  from  which  the  data  for  such  a  table  may  be  obtained? 
Mention  other  possible  sources. 

(2)  Can  a  correct  mortaHty  table  for  the  United  States  be  formed  from 
the  numbers  of  deaths  occurring  at  each  age  in  any  year?  If  not,  what 
additional  information  should  be  published? 

(3)  Name  four  mortality  tables,  two  formed: 

(i)  from  Population  statistics,  and  two 
(2)  from  Life  Assurance  data. 
Describe  one  of  each  class  fully. 

(4)  What  mortality  tables  are  now  in  use  by  old-line  life  assurance  com- 
panies  in   America? 

What  do  you  know  of  the  origin  of  each? 

(5)  Could  life  assurance  companies  base  their  premiums  on  population  statis- 
tics and  accept  all  who  apply?     Giv'^e  reasons  fully. 
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(6)  Mortality  tables  from  population  data  generally  show  lighter  rates  for 
females  than  for  males.  Why  then  do  life  assurance  companies  charge 
premiums  for  females  as  high  as  for  males? 

(7)  What  is  selection?  Name  and  describe  any  mortality  table  in  which  its 
effect  is  shown. 

(8)  Are  the  results  of  the  Specialized  Investigation  acceptable  as  indicating 
the  comparative  mortality  among  people  engaged  in  the  sale  of  intoxi- 
cants? If  not,  to  what  extent  are  they  of  use  and,  in  general,  what 
figures  would  be  required  to  measure  such  mortality? 

(9)  Men  of  experience  in  life  assurance  have  said  that  the  higher  the  rate  of 
premium,  the  lower  is  the  rate  of  mortality.  What  reasons  are  advanced 
for  this  opinion,  and  do  statistics  confirm  it? 

(10)  Give  arguments  for  and  against  the    contention  that  lapses  have  an 
unfavorable  effect  on  the  mortality  of  a  life  assurance  company. 

(11)  Describe  any  plan  for  offering  life  assurance  without  medical  examina- 
tion.    What  practical  objections  exist? 

(12^     What  are  the  objects  of  graduation,  and  why  is  graduation  necessary? 


CHAPTER  IV. 

Interest  and  Investments — General  Subject. 

Definition.  Interest  is  the  compensation  paid  by  a  borrower 

for  the  use  of  money.  The  actual  form  the  money  may  take  is 
quite  immaterial.  Americans  naturally  think  of  dollars;  British 
students  call  to  mind  pounds  sterling;  Japanese  deal  with  yen; 
anything  of  value  which  may  be  made  reproductive  can  form  the 
basis  for  interest  calculations,  and  therefore  reference  will  gen- 
erally be  made  to  loo  or  to  i  or  to  5%  without  specifying  either 
pounds  or  dollars. 

Rate  Interest  is  usually  computed  on  the  basis  of  a 

of  loan  of  100,  and  it  is  payable  at  the  end  of  each  year, 

Interest.  or  half  or  quarter  year.  The  rate  per  cent  per  annum 
is  the  form  of  measurement  most  familiar  to  the  mind.  In  prac- 
tice the  rate  of  interest  varies  according  to 

(i)  Supply  and  demand  affecting  money  at  the  time; 

(2)  Risk  incurred  by  the  lender  of  losing  his  money ;  and 

(3)  Ease  with  which  the  lender  may  recover  it  on  short 
notice. 

These  three  are  the  principal  factors;  but  there  are  many  minor 
considerations  causing  the  rate  of  interest  to  fluctuate  widely 
over  short  intervals;  and  also,  with  more  gradual  change,  over 
longer  periods. 

Simple  The  subject  of  interest  is  generally  divided  into 

and  two  sections,  Simple  and  Compound.     If  Simple  in- 

Compound,     terest  is  not  paid  when  it  falls  due,  but  increases  the 
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indebtedness,  this  non-payment  does  not  entitle  the  lender  to 
interest  on  the  overdue  amount.  Accordingly  the  simple  interest 
at  4%  on  100  for  2  years  would  be  8.  But  Compound  interest  is 
different  in  that  the  interest,  when  due  and  unpaid,  becomes  part 
of  the  principal,  and  earns  more  interest.  Thus  the  compound 
interest  on  100  for  the  same  time,  namely  for  2  years  at  4%, 
would  consist  of  4  for  the  first  year,  and  4%  on  104  for  the  second 
year,  that  is  4.16,  making  the  total  for  the  two  years  8.16.  Over 
a  short  period  like  two  years  the  difference  between  simple  and 
compound  interest  is  of  little  consequence,  but  over  a  long  period 
the  difference  is  great. 

In  Life  Assurance  transactions  Simple  Interest  is  of  no  value 
whatever.  If  Interest  fall  due  at  certain  stipulated  times,  and 
if  there  be  the  means  of  enforcing  payment  at  the  time  when 
it  is  due,  it  is  immaterial  whether  it  is  called  Simple  or  Compound 
Interest.  The  person  receiving  the  interest  can  at  once  re-invest 
it,  thereby  obtain  interest  on  interest,  and  transform  the  so-called 
Simple  Interest  into  Compound  Interest.  In  like  manner,  if  In- 
terest be  payable  at  certain  fixed  dates,  then  for  all  practical  pur- 
poses it  is  Compound  Interest  which  is  being  paid.  Some 
irresponsible. companies,  especially  building  companies,  have  ad- 
vertised that  they  can  give  great  profits  to  their  shareholders  or 
depositors  because  they  "pay  Simple  Interest  and  earn  Com- 
pound. "  If  they  pay  the  interest  on  the  due  dates,  they  are  for 
all  practical  purposes  paying  Compound  Interest  as  well  as  earn- 
ing it.  No  possible  profit  can  therefore  be  derived  from  this 
source,  and  any  company  using  such  arguments  must  be  viewed 
with  suspicion. 

The  funds  of  Life  Assurance  companies  are  always  invested 
at  Compound  Interest;  that  is,  the  interest  received  from  invest- 
ment is  re-invested  so  as  to  earn  more  interest.  The  discussion 
and  demonstrations  hereafter  given  will  therefore  be  confined  to 
the  principles  of  Com.pound  Interest. 

Standard  The    Standard  Rate   of  Interest  generally  pre- 

Rates.  scribed  in  America  for  computing  Policy  Values  for 

some  years  prior  to  1901  was  4%.     But  several  of  the  principal 

State  Insurance  Departments  procured  the  passing  of  new  laws 
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reducing  the  raie  from  ist  January,  1901,  to  3H%.  This 
reduced  rate  was  appHed  to  the  new  business  only;  while  busi- 
ness written  on  the  former  4%  basis  continues  on  the  same  basis 
still.  In  some  States  higher  rates  are  still  officially  sanctioned. 
There  is  no  fixed  rule  in  Great  Britain  as  to  the  rate  of  interest 
to  be  employed  in  Life  Assurance  calculations.  Companies 
may  choose  their  own  standards  of  valuation  so  long  as  they  dis- 
close the  methods  fully  to  the  public.  The  most  usual  rate  there 
adopted  is  3%,  while  a  good  many  British  companies  employ 
even  lower  rates,  such  as  23^%.  These  low  rates  in  Great  Britain 
are  necessitated  partly  by  the  lower  earning  power  of  money,  and 
partly  by  the  systems  of  distributing  surplus  which  call  for  a  large 
margin  between  the  rate  earned  and  the  rate  used  in  valuation. 

Effect  The  rate  of  interest  used  for  calculating  the 

of  policy   values,    or   liability,    of   a    Life   Assurance 

Standard.  company  involves  the  assumption  that  the  funds 
of  the  company  can  be  invested  to  realize  that  rate.  If  the 
investments  realize  a  higher  rate  of  interest,  the  additional  re- 
ceipts form  a  source  of  profit  for  the  company.  Keeping  this 
situation  in  view,  several  companies  in  America  have  voluntarily 
adopted  3%  interest  as  their  standard,  although  the  official 
rate  is  3J^%,  on  the  ground  that  it  puts  them  in  a  stronger 
position  and  enables  them  to  earn  larger  margins  of  surplus  in- 
terest in  future  years,  while  at  the  same  time  providing  against 
the  possibility  of  a  future  reduction  in  the  earning  power  of  money. 
By  using  a  higher  rate  of  interest  in  computing  the  reserves  a 
smaller  liability  is  shown  and  vice  versa.  Accordingly  a  reduction 
of  the  interest  rate  means  a  strengthening  of  the  reserves. 

Actual  The  rates  of  interest  actually  earned  have  in  the 

Rates.  past  averaged  much  over  4% ;  but  during  the  last 

twenty  or  thirty  years  there  has  been  a  tendency  towards  reduc- 
tion in  the  interest  on  first  class  investments;  it  was  for  this  rea- 
son that  the  standard  rates  were  reduced.  The  rate  of  interest 
on  an  investment  is  usually  found  by  dividing  a  year's  interest  by 
the  capital  invested ;  but  as  the  funds  of  assurance  companies  gen- 
erally increase  during  the  year,  and  the  interest  earnings  them- 
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selves  help  the  increase,  the  average  rate  earned  cannot  be  obtained 
quite  so  simply.  If  the  interest  earned  in  any  year  were  divided 
by  the  funds  invested  at  the  beginning  of  the  year,  then  those  com- 
panies which  had  a  large  increase  in  their  funds  would  appear 
too  favorably  in  the  comparison.  On  the  other  hand,  if  the  year's 
interest  were  divided  by  the  funds  at  the  end  of  the  year  the  con- 
verse would  hold.  For  measuring  the  interest  earned  by  Life 
Assurance  companies  a  middle  course  is  usually  followed,  and 
the  following  formula  has  been  suggested  as  a  good  basis,  namely: 

2  I 

Average  rate  earned  =  

A+B-I 

In  which  I  represents  the  total  interest  earned  during  the  year ; 

A,  the  funds  at  the  beginning  of  the  year ;  and 

B ,  the  funds  at  the  end  of  the  year. 

The  reason  for  subtracting  I  from  the  denominator  can  be  most 
clearly  shown  by  means  of  a  simple  example:  If  a  fund  of  100  were 
invested  at  the  beginning  of  the  year  at  4%,  then  at  the  end  of 
the  year  it  would  amount  to  104.  If  the  interest  were  merely 
divided  by  the  mean  of  the  funds  at  the  beginning  and  end  of  the 
year,  we  should  divide  4  by  102,  showing  a  return  on  the  invest- 
ment of  less  than  4%,  which  is  known  to  be  incorrect.  To  adjust 
this  error  half  of  the  interest  should  be  deducted  from  the  mean  of 
the  funds ;  or,  when  numerator  and  denominator  are  both  doubled, 
the  entire  year's  interest  is  subtracted  as  in  the  above  formula. 

If  this  formula  be  used,  the  rates  of  interest  earned  by  com- 
panies operating  in  the  State  of  New  York  in  the  several  years 
shown  have  been  as  follows: 

Year.  Average  rate  of 

Interest  earned. 


1880 5 

1885 5 

1890 5 

1895 4 

1900 4 

1905 4 

1910 4 

1915 4 
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Using  the  same  formula,  the  rates  of  interest  which  have  been 
earned  in  Great  Britain  have  been : — 

Year.  Average  rate  of 

Interest  earned. 

1880 4.5 

1885 4-3 

1890 4.2 

1895 4-1 

1900 3-9 

1905 4-0 

J910 4-1 

1914* 4-3 

It  will  be  observed  that  the  reduction  in  the  rate  of  interest  is 
very  noticeable  in  both  countries.  It  has,  however,  taken  place 
to  a  greater  degree  in  the  United  States,  and  there  has  been  a 
tendency  for  the  rates  in  the  two  countries  to  approach  each 
other.  Any  profits  realized  from  investments  have  not  been 
included ;  and  taxes  have  not  been  deducted  from  the  interest 
in  either  case,  although  in  Great  Britain  this  charge  is  definitely 
incurred  against  the  interest  income.  In  the  United  States  the 
taxes,  which  are  heavy,  are  in  some  states  levied  against  the  re- 
serve values  of  the  policies  and  in  others  against  the  premiums 
collected,  the  tendency  in  recent  years  having  been  strongly 
towards  taxing  premiums. 

NATURE  OF  INVESTMENTS. 

Legal  In  the  United  States  and  Canada  assurance 

Requirements.  companies  are  permitted  to  hold  only  certain 
classes  of  investments.  In  some  states  there  are  no  special  pro- 
visions as  to  investments ;  but  in  such  cases  the  Insurance  Com- 
missioner has  generally  a  discretionary  power  and  must  "be 
satisfied".  Naturally  he  adopts  rules  similar  to  those  employed 
elsewhere.  A  brief  summary  may  therefore  be  given  of  the  in- 
vestments authorized  by  the  laws  of  New  York,  as  these  indicate 

*  This  is  the  latest  rate  available.  It  is  computed  from  the  Board  of  Trade  Returns 
published  in  1916,  giving  the  figures  rendered  during  the  year  1915-  Most  of  these  figures 
relate  to  the  calendar  year  1914. 
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generally  the  view  taken  by  legislatures  as  to  the  securities  which 

are  suitable  for  a  Life  Assurance  company.     Prior  to  1906  these 

were  as  follows : 
I 

(a)  Stocks  or  bonds  of  the  United  States  or  of  the  State  of 
New  York. 

(b)  Bonds  of  county  or  incorporated  city  in  the  State  of 
New  York,  not  above  par  or  market  value. 

(c)  First  bonds  or  mortgages  on  improved  real  estate 
worth  50  per  cent  more  than  the  amount  loaned, 
vSubject  to  buildings  being  insured  against  fire. 

(d)  Stocks  and  bonds  of  solvent  institutions  incorporated 
under  the  laws  of  the  United  States  or  of  any  state. 

(e)  Real  estate  acquired  for  certain  defined  purposes  or 
under  foreclosure. 

(f)  Bonds  of  any  city,  incorporated  town,  village,  or 
school  district  of  the  State  of  New  York,  provided 
two-thirds  of  the  directors  approve. 

(g)  Loans  on  Life  policies,  within  the  reserve. 

(h)  Corporations  doing  business  in  other  states  may  in- 
vest in  such  states,  in  conformity  with  the  laws  thereof. 

Additional  restrictions  were  imposed  by  the  new  laws  of  1906. 
Stocks  and  shares  of  all  kinds  are  now  prohibited.  Real  Estate 
cannot  be  acquired  as  an  investment,  and  if  not  required  for  office 
accommodation,  must  be  sold  within  five  years  from  date  of 
acquisition;  Collateral  Trust  Bonds,  issued  on  the  security  of 
stocks,  are  excluded ;  and  all  Syndicate  and  Joint  Account  trans- 
actions (even  for  the  underwriting  of  first  mortgage  bonds) 
are  prohibited.  Securities  must  be  interest-bearing.  Loans  on 
personal  security,  bills,  and  other  obligations  of  like  nature  are 
not  admitted  as  assets;  while,  "Agents'  Balances"  and  "Office 
Furniture"  are  also  excluded. 

Investments       In  Great  Britain  the  situation  as  regards  the  in- 

of  vestment  of  funds  is  entirely  different.     Companies 

British        are  unrestricted  except  by  their  own  constitution 

Companies,  or  charter,  but  the  nature  of  the  investments  must 
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be  fully  disclosed;  the  general  principle  there  followed  is  entire 
freedom  of  action  so  long  as  there  is  complete  publicity  regard- 
ing such  action.  ' '  Freedom  and  Publicity ' '  is  the  slogan  of  British 
insurance  men  on  legislation.  The  result  is  that  Life  Assurance 
companies  in  Great  Britain  have  invested  to  a  considerable 
extent  in  foreign  securities,  particularly  the  bonds  of  foreign 
governments  and  the  securities  of  first  class  railroads,  and  some 
have  even  placed  considerable  portions  of  their  funds  in  mort- 
gages on  real  estate  in  foreign  countries.  Personal  security 
loans,  agents'  balances,  office  furniture,  and  other  assets  of  like 
nature  including  even,  in  the  case  of  some  young  companies, 
expenses  of  organization,  appear  in  their  lists  of  assets.  It  is 
there  usual  to  have  an  independent  audit  of  the  annual  accounts 
of  each  company,  and  a  certificate  granted  by  the  auditor,  who  is 
generally  a  Chartered  Accountant,  or  what  is  known  in  the 
United  States  as  a  Public  Accountant.  He  certifies  that  the 
published  accounts  are  correctly  stated,  and  that  all  his  require- 
ments in  examining  the  statements  have  been  complied  with. 
Several  companies  in  America  have  employed  independent 
experts,  and  it  has  even  been  suggested  that  such  an  audit  should 
be  made  compulsory  by  law;  but  this  suggestion  has  not  met 
with  general  favor  because  of  the  strict  requirements  of  State 
Supervision. 

INTEREST  TABLES. 

For  practical  purposes  printed  tables  of  Compound  Interest 
give  all  the  information  generally  needed  by  a  simple  reference 
and  without  the  trouble  of  calculation.  Accordingly  some  general 
information  is  given  in  this  chapter,  while  the  mathematical 
demonstrations  which  are  necessary  for  a  complete  grasp  of  the 
subject  are  reserved  for  the  next  chapter. 

From  such  tables  any  kind  of  interest  calculation  can  con- 
veniently and  rapidly  be  made,  and  excellent  tables  have  been 
computed  on  several  occasions,  in  particular  those  published  in 
Vienna  by  Professor  Simon  Spitzer.  They  give  each  of  the 
important  functions  from  i  to  lOO  years  at  rates  of  interest  from 
1%  to  15%,  at  intervals  of  |  and  i  up  to  6%,  thereafter  at 
intervals  of  I  and  ^  to  10%,  and  from  10%  to  15%  at  intervals 
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of  1%.     The  figures  are  given  to  eight  decimal  places,  so  that 
very  accurate  calculations  can  be  made. 

When  interest  on  loo  is  payable  half-yearly  at  a  specified  rate 
per  cent,  one  half-year's  interest  is  due  at  the  end  of  six  months, 
and  when  this  has  been  received  it  may  of  course  be  reinvested 
for  the  remaining  six  months  so  as  to  earn  more  interest.  When 
interest  is  payable  quarterly  the  sums  received  are  available  for 
reinvestment  at  the  end  of  each  three  months.  It  is  apparent 
therefore  that  the  receipt  of  interest  half-yearly  or  quarterly 
secures  a  slightly  better  return  than  if  it  were  due  yearly.  The 
reason  for  subdividing  the  published  interest  rates  into  such 
small  intervals  as  those  above  mentioned  is  not  that  those  very 
low  rates  are  either  paid  or  contracted  for  in  practice,  but  simply 
that  calculations  on  half-yearly  and  quarterly  bases  may  be 
readily  made. 

The  tables  commonly  available  are : 

I .  The  amount  of  i  accumulated  for  a  long  period  of  years 
at  various  rates  of  interest. 

The  present  value  of  i  due  any  number  of  years  hence  at 
various  rates  of  interest. 

The  amount  of  i  per  annum  accumulated  for  any  num- 
ber of  years  at  various  rates  of  interest. 

The  present  value  of  i  per  annum  payable  at  the  end  of 
each  year. 

The  annual  payment  for  any  number  of  years  which  i 
will  purchase. 


Practical  If  we  wish  to  find  the  amount  of  lOO  in  ten  years 

Illustration,  at  3H%,  the  result  is  obtained  at  once  from  the 
first  interest  table  above  mentioned  (see  Table  I.  in  the  Appendix) 
under  the  heading  3^%  and  opposite  the  tenth  year.  The 
result  is  141.06.  If  it  be  desired  to  find  the  amount  at  33^% 
payable  half-yearly,  the  result  can  be  obtained  by  referring  to 
the  table  under  i  ^%  opposite  the  twentieth  year,  the  result  being 
141.48.  There  are  really  twenty  compounding  periods  in  ten 
years  when  the  interest  is  payable  half-yearly,  and  each  semi- 
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annual  payment  is  at  the  rate  of  iM%;  hence  it  is  necessary  in 
using  the  table  for  half-yearly  interest  to  take  the  same  amount 
at  one-half  the  rate  of  interest  per  annum,  and  for  double  the 
number  of  periods.  In  like  manner  the  amount  of  lOO  at  3H% 
per  annum  payable  quarterly  would  be  obtained  under  the  table  for 
yi%  opposite  the  year  forty,  there  being  forty  compounding 
periods  in  such  case.     The  result  is  141.69. 

Similar  methods  apply  to  the  present  value  of  any  sum  due 
in  future;  also  to  the  amount  and  present  value  of  annual  pay- 
ments. When  an  annual  payment  is  being  dealt  with,  it  is  neces- 
sary not  only  to  double  or  quadruple  the  number  of  years,  but 
at  the  same  time  to  take  one-half  or  one-quarter  of  the  annuity 
payment  before  multiplying.  An  example  will  most  readily 
illustrate  this:  To  find  the  present  value  of  an  annuity  of  20 
for  ten  years  payable  in  quarterly  instalments  of  5  each,  at  3^% 
interest,  we  must  refer  to  the  table  of  the  present  value  of  i  per 
annum  at  rate  of  interest  j4  %  under  the  period  forty  years,  and 
thereafter  multiply  by  5.  The  result  is  168.14,  as  will  be  seen 
on  reference  to  Table  IV.  in  the  Appendix.  Similar  methods  may 
be  applied  in  the  case  of  other  tables. 

What  sum  must  be  put  in  the  savings  bank  each  half-year  so  as  to 
accumulate $1,000  at  the  end  of  20  years — interest  j}/2%  half-yearly? 

By  Table  III.  in  the  Appendix  we  find  that  ^i.oo  per  annum 
paid  in  advance  for  40  periods  at  i%%  interest  would  amount 
to  $58.236 ;  accordingly  we  have  a  question  in  simple  proportion — • 
if  $1.00  amounts  to  $58,236  in  20  years,  interest  half-yearly  (i.e.j 
in  40  periods)  what  sum  will  amount  to  $1,000;  and  we  have  to 
divide  $1,000  by  $58,236,  finding  that  the  result  is  $17.17  to  be 
paid  into  the  Savings  Bank  each  half  year. 

The  following  is  another  example  common  in  practice  and 
combining  the  use  of  two  tables : 

Find  the  purchase  price  of  a  4%  bond  of  1,000  running  for  ten 
years  with  half-yearly  interest,  so  that  the  purchaser  may  earnj}/2% 
on  his  investment. 
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The  purchaser  receives  two  distinct  benefits: 

(i)   1,000  at  the  end  of  ten  years,  and 
(2)  20  each  half  year  for  ten  years, 
i.e. :  for  20  payments  altogether. 

(i)  The  present  value  of  i  ,000  due  in  ten  years  at 
33/2%.  payable  half-yearly,  is  found  by  re- 
ferring to  a  table  of  z;"  (Table  II.)  at  iM% 
for  a  period  of  twenty  units  of  time,  that  is  : 

10001^^^  =  706.82 

(2)  The  value  of  20  each  half  year  for  ten  years 
(involving  20  payments  altogether)  will  be 

found  under  a  table  of  a (Table  IV.)  at 

iM%,  thatis: ! ^^^-2o1  ""335-o6 

The    Total    Price,    therefore,    which    a    purchaser 
could  afford  to  pay  so  as  to  realize  3^%  would  be i  ,041 ,  88 

QUESTIONS  ON  CHAPTER  IV. 

(i)     What  points  should  be  considered  by  an  actuary  in  fixing  the  rate  of 
interest  to  be  used  in  valuing  the  policy  liabilities  of  a  company? 

(2)  What  are  the  principal  reasons  for: 

(i)  a  rise  in  the  general  interest  rate? 
(2)  a  fall  in  the  general  interest  rate? 

(3)  Mention  the  general  principles  which  should  guide  the  management  in 
making  the  investments  of  a  life  assurance  company. 

(4)  What  figures  do  you  need  to  compute  the  rate  of  interest  earned  by  a 
life  assurance  company  during  any  year? 

(5)  What  are  the  principal  objections  to: 

(i)  the  limitation  of  investments? 

(2)  the  compulsory  sale  of  investments? 

(6)  Why  do  the  investments  of  a  bank  and  those  of  a  life  assurance  company 
differ  materially?     How  do  those  of  a  savings  bank  compare? 

(7)  What  points  would  you  investigate  in  considering  the  following  invest- 
ments:— 

(i)     1st  mortgage  bond  of  railroad; 

(2)  Bond  of  municipality; 

(3)  Bond  of  industrial  company. 

(8)  If  the  market  price  were  high  would  you  consider  it  advisable  to  dispose 
of  a  certain  group  of  securities  and  reinvest?     Give  reasons. 
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(9)  A  6%  mortgage  for  $1,000,  interest  payable  quarterly,  is  repayable, 
in  two  instalments  of  $500  each — first  instalment  due  five  years  hence  and 
second  due  ten  years  hence.  What  price  can  a  purchaser  pay  to  make 
3!/^%  on  the  investment?     (Ans.  $1,162.19.) 

(10)  A  bond  for  $1,000,  repayable  in  ten  years,  bears  interest  at  4%  per 
annum  half-yearly.  A  purchaser  buys  it  at  a  price  to  yield  7%  per 
annum  with  half-yearly  rests.  What  was  the  price  paid ?  (Ans.  $786.82.) 

(11)  A  loan  of  $2,000  is  repayable  by  an  annuity-certain  of  $259  for  ten 
years  containing  principal  and  interest  at  5%.  What  amount  can  a 
purchaser  pay  for  the  loan  to  net  3  3^  %  on  his  investment  ?  (Ans.  $2,154.) 

(12)  A  loan  of  $2,400  is  repayable  by  20  equal  half-yearly  instalments  of 
$120  each,  interest  at  4%  per  annum  being  payable  on  the  balance 
outstanding  at  the  end  of  each  half  year.  For  what  sum  should  the 
loan  be  repaid  on  a  3^%  interest  basis  just  before  the  tenth  instalment 
falls  due?     (Ans.  $1,361.81.) 

(13)  A  mortgage  running  for  3  years  at  6%  is  sold  at  a  discount  of  5%. 
What  rate  of  interest  does  the  purchaser  earn?     (Ans.  7.94%  approx.) 


CHAPTER  V. 

Interest  and  Annuities-Certain. — Technical. 

Rate  per  In  speaking  of  the  Rate  of  Interest  it  is  usual  to  refer 
Unit.  to  the  "rate  per  cent  per  annum"  ;  but  on  investigating 
the  theory  of  the  subject  it  is  more  convenient  to  use  the 
^'  Rate  per  unit  per  annum,  "  which  may  for  convenience  be  repre- 
sented by  the  letter  i.  It  should  be  very  particularly  noticed  that 
when  the  rate  is  5%,  then  i,  the  rate  per  unit,  is  .05;  when  the 
rate  is  2}^%,  i  is  .025,  etc.  It  might  be  still  further  generalized 
by  treating  of  the  rate  of  interest  on  each  unit  invested  for  each 
unit  of  time,  but  a  year  is  a  convenient  time  unit.  If  100  were 
invested  at  5%  for  one  year,  the  total  sum  including  interest 
would  be  105  at  the  end  of  the  year.  Similarly,  if  i  were  invested 
at  rate  i,  the  amount  would  be  (i  +i) ;  and,  if  i  were  taken  at  5%, 
the  amount  would  be  1.05.  In  business  affairs  the  rate  per  cent 
is  always  used,  but  for  mathematical  analysis  the  rate  per  unit 
is  simpler. 


Accumula-  If  i  be  invested  for  a  year  at  rate  i  the  amount 

tion  at  at  the  end  of  the  year  is  (i+i),  and  if  any  other 

Interest.  sum,  P,  were  invested  at  the  same  rate  the 
amount  at  the  end  of  the  year  would  be  P  +  P-J,  or  P  (i  +  i).  The 
letter  P  is  used  as  being  the  initial  letter  of  Present  Value;  but 
the  same  letter  is  afterwards  used  to  denote  Premium,  and  the 
meanings  must  therefore  be  carefully  distinguished:  usually, 
however,  the  letter  has  a  subscript  when  used  to  indicate  a  pre- 
mium— as  P^  or  nVx.  If  at  the  end  of  the  first  year  the  sum 
(i+i)  were  invested  at  the  same  rate,  the  amount  at  the  end  of 
the  second  year  would  be  (i+i)(i+^),  cr  (i+i)^;  similarly,  if 
s  65 
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P  (1+i)  were  invested  for  a  year  it  would  amount  to  P  (1+^)^ 
But  to  assume  an  actual  reinvestment  each  year  is  unnecessary 
w^hen  we  speak  of  Compound  Interest,  where  reinvestment  is 
understood  as  a  matter  of  course.  Therefore  we  may  say  that 
if  I  be  invested  for  three  years  at  rate  of  interest  i  the  amount 
will  be  (l+i)(l+i)(l+i)  =  (1+^)^  and  in  like  manner  if  i  be 
invested  for  n  years  the  amount  will  be  (1+i)".  If  the  sum 
invested  be  P,  the  amount  in  n  years  will  be  P  (1+^')".  If  we 
express  this  accumulated  amount  by  the  letter  S  (the  initial  letter 
of  Sum)  we  may  write  this  result  in  the  form  of  an  equation: 

S  =  P  (1+i)^  (i) 

This  equation  is  of  great  importance.  It  may  be  mathematically 
transformed  as  follows: 

P  =  CW"         (^^ 

Or  again  (1+i)"  =-p- 


«iS  /S\i 

whence  (1+i)     =  \  p"     ^^     \^p"j" 


'iW 


and     i     =     (^)"  —   1  (3) 


g 
Or,  as  (1  +  0"  =        p- 

n  log  (1+^)  =  log  S  —  log  P 

log  S  -  log  P  .  . 

and     n     =  — j ..   ,  -^  (4) 

log  (1+i) 

Students  should  observe  particularly  that  this  equation  (4)  is  an 
actual  division  of  logarithms.  If  the  process  of  dividing  were  to 
be  performed  by  logarithms  the  equation  would  be  expressed: 

log  n  =  log  jlog  S  -  log  P  [   -  log  ]  log  (1+i)  [ 

whence  find  n  by  entering  the  logarithmic  table  inversely;  or 
from  a  table  of  anti-logs. 

If,  therefore,  any  three  of  the  four  quantities,  S,  P,  i,  and  n,  be 
known  the  fourth  may  always  be  found.     For  example:     If  we 
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know  that  for  300  paid  now  the  sum  of  382.88  will  be  received  in 
five  years,  then  to  find  the  rate  of  interest  which  such  a  transac- 
tion would  realize  we  have — 

Present  value P  =  300 

Amount S  =  382 .  88 

Number  of  years ^   =  5 

/S\^ 
The  rate  of  interest.  .  .  i   =  (-5- !«  —  1 

/382.88\i  5 

=  (loo-)     -'  =  Vi-2763-i 
=      1.05  -  1 
=       .05 

Or,  to  use  the  general  phrase,  the  rate  of  interest  is  5%. 
In  practice  such  questions  are  more  frequently  solved  by  the 
use  of  interest  tables. 

Money  One   useful    and    practical    application   of     the 

Doubles  formula  for   finding    n   may   with    advantage   be 

Itself.  discussed,  namely :   to  find  the  time  in  which  money 

will  double  itself  at  Compound  Interest.  In  this  case  if  P  =  i  then  of 
necessity  S  =  2  so  as  to  fulfil  the  conditions,  and  formula  (4) 
becomes 

_  log  2  —  log  1 

""  ~      log(l+i) 

By  using  natural  logarithms  to  the  base  e  we  can  find  a  very  con- 
venient rule,  as  follows: 

loge  2    =    .693 

log,  1  =    o 

log.  (1+i)  =^'(1-  -f +  y  ^^.) 
•693 


n  — 


C-i"-) 
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Now  i  has  a  very  small  value,  and  we  may  therefore  neglect  the 
higher  powers  of  i  in  the  above  formula,  and  write 

n  =  '-^  approximately. 

From  this  result  we  get  the  common  rough  rule:     Divide  6g  by 
the  rate  per  cent. 

Bv  extending  the  above  formula  to  a  second  term  a  more 
accurate  rule  is  obtained: 

Of)    '^  '^ 

=  ^  +  .347 


The  more  accurate  rule  is  therefore : 

To  find  the  time  in  which  money  doubles  itself  at  Compound 
Interest,  divide  6g  by  the  rate  per  cent,  and  add  .jj. 

Results  by  this  rule  would  be  as  follows,  the  exact  times 
being  added  to  show  how  close  the  approximations  are : 

TIME  IN  WHICH  MONEY  DOUBLES  ITSELF  AT  COMPOUND  INTEREST. 

Rate  per  cent.  Approximate  Time  by  rule.  Exact  Time. 

3  23.35  years  23.45 

4  17.60  "  17-67 

5  1415"  14-21 

If  69 . 3  were  used  in  the  rule  instead  of  the  integral  number  69, 
the  approximate  results  would  be  almost  exact  to  the  second 
decimal  place. 

There  are  two  other  symbols  which  are  much  used  in  interest 
calculations,  namely: — ■ 

V  =  the  present  value  of  i  due  one  year  hence ;  and 
d  =  the  discount  on  i  due  in  one  year. 
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The  amount  of  1  in  one  year  being  {l-\-i),  it  follows  that  the 
sum  which,  invested  at  the  beginning  of  the  year,  would  pro- 
duce I  at  the  end  would  be  tt~-,  which  is  the  pres^'^nt  value  of  i 
due  one  year  hence,  and  is  usually  represented  by  the  letter  v. 
The  present  value  of  i  due  n  years  hence  would  be.,  ,  .,  ,  and 
therefore  we  have  the  equations: 

^=1^^   or(l+i)-i  (5) 

^^^  ^"  =  (1+7V«'   ^^  (1+^)"'*        (6) 


DISCOUNT. 

Discount  is  the  name  applied  to  the  charge  made  in  advance 
for  the  use  of  money  to  be  repaid  at  some  future  time.  For 
example,  if  a  man  were  to  sign  a  note  agreeing  to  pay  100  one 
year  hence,  and  a  banker  were  to  buy  this  note  at  5%  discount, 
the  latter  would  pay  95  for  the  note,  and  receive  100  at  the  end 
of  the  year.  Now  it  is  apparent  that  this  transaction  is  different 
from  that  of  charging  interest  at  5%.  The  interest  at  5%  on  the 
95  paid  by  the  banker  would  be  4.75,  so  that  if  he  were  to  receive 
only  99.75  at  the  end  of  the  year  he  would  have  earned  5%  interest 
on  his  money.  As  the  bargain  is  that  he  should  receive  100,  it 
is  evident  that  he  actually  earns  more  than  5%  interest. 


BanKers'  When  the  charge  for  the  use  of  money  is  made  in 

and  the  above  form  it  is  distinguished  by  some  writers  as 

True  "Commercial  Discount,"  or  "Bankers'  Discount"; 

Discount.       while  they  at  the  same  time  speak  of  the  interest  on 

the  sum  actually  paid  as  "True  Discount."     To  illustrate:  the 

/>y  .  ,  •    100 

present  value  or  100  m  one  year  at  5%  mterest  is or  95.24. 

If,  therefore,  the  banker  were  to  purchase  the  note  for  95.24  he 
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would  receive  5%  interest  on  his  outlay,  and  therefore  (100  — 
95.24)  4.76  would  be  called  the  ''True  Discount"  on  100.  It 
is  also  the  interest  at  5%  on  95.24. 

But  it  seems  unnecessary  to  make  this  distinction  between 
"Bankers'  Discount"  and  "True  Discount."  The  real  distinc- 
tion lies  between  Discount  and  Interest;  and,  when  a  banker 
speaks  of  charging  discount  at  5%,  it  should  be,  and  is,  understood 
that  this  differs  from  charging  interest  at  5%.  True  Discount 
has,  however,  been  discussed  in  most  text-books  on  the  subject, 
and  is  represented  by  the  interest  on  the  present  value  of  money. 
The  True  Discount  for  a  single  year  would  be  the  difference  be- 
tween the  sum  of  i  due  at  the  end  of  the  year  and  its  present 
value.     This  is  represented  by  d,  so  that  we  have 

d  =  l-v  (7) 

^  1  +  i  —  1 

l+i 

=TT7       ••■• («) 

=^(rT^:)  -i^  (9) 

From  formula  (7)  we  may  also  write 

v  =  i — d  (10) 

The  formulas  (7)  and  (9)  give  two  distinct  views  of  this  question 
of  discount,  the  former  being  the  "difference  between  the  sum 
due  and  its  present  value,"  and  the  latter  the  "interest  on  the 
present  vahie.  "  In  the  numerical  example  above  discussed  these 
two  formulas  are  illustrated,  because 

100  — 95.24  =  4.76  =  .05  X  9524 

HALF-YEARLY  AND  QUARTERLY  INTEREST. 

The  calculation  of  interest  b}^  using  yearly  intervals  is  a  con- 
venient method;  but  any  other  interval,  or  unit  of  time,  would 
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serve  the  purpose  equally  well.  In  practice  interests  are  most 
frequently  payable  yearly,  half-yearly,  or  quarterly ;  but  though 
thus  payable,  the  rate  is  still  quoted  as  the  "rate  per  cent  per 
annum. "  If  the  rate  of  interest  were  5%  per  annum,  payable 
half-yearly,  the  actual  sums  which  would  fall  due  on  a  loan  of 
100  wculd  be  2.5  at  the  end  of  the  first  half-year,  2.5  at  the  end  of 
the  second  half-year,  and  the  same  amount  at  the  end  of  each 
half-year  thereafter.  Accordingly,  the  simplest  method  of  in- 
vestigating this  question  of  half-yearly  interest  would  be  to  deal 
with  interest  at  the  rate  of  2.5  and  change  the  unit  of  time  from 
one  year  to  one  half-year,  as  was  explained  in  the  last  chapter. 
For  half-yearly  interest  therefore,  if  the  symbols  retain  the 
same  meanings  as  before,  the  formulas  would  become 


s  =  p(i  +  4) 


2n 


_      log  S  —  log  P 
2  log  (1  +  i)' 


Z     =  2 


(I)- -I 


In  like  manner,  if  the  interest  were  computed  at  5%  and  payable 
quarterly  the  actual  payments  would  be  1.25  at  the  end  of  the 
first  quarter,  1.25  at  the  end  of  the  second  quarter,  and  so  forth 
throughout  the  duration  of  the  loan.  This  becomes  equivalent 
to  calculating  interest  at  the  rate  of  1.25,  and  treating  the  unit  of 
time  as  a  quarter  of  a  year.     The  general  formula  would  be 


O+i) 


4  n 

4' 


and  the  others  would  be  similarly  modified. 

The  question  may  be  made  entirely  general  by  assuming  that 
interest  is  payable  m  times  a  year,  when  of  course  any  value  may 
be  given  1;<i  m;  and  the  formulas  become 
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m  n 


s 

P  =       r— — (12) 

log  S- log  P 
w=      — ^. — (13) 

and  i  =  w    -j  (  ^  J^  ~^  t    (h) 

The  extreme  limit  for  the  value  of  m  might  be  taken,  thus  assum- 
ing that  interest  is  payable  continuously  at  infinitesimal  intervals, 
but  the  resulting  formulas  pass  beyond  the  scope  of  this   work. 

NOMINAL  AND  EFFECTIVE  RATES  OF  INTEREST. 

If  interest  be  at  the  rate  of  5%  per  annum,  and  be  payable 
half-yearly,  it  is  at  once  evident  that  on  receiving  payment  of  the 
interest  at  the  end  of  the  first  half-year  the  amount  may  be  re- 
invested for  the  second  half-year,  and  will  itself  earn  more  in- 
terest. Dealing  with  the  same  example  as  before,  if  2.5  be 
received  for  interest  at  the  end  of  the  first  half-year,  and  if  it  be 
re-invested  at  the  same  rate  of  5%  for  the  second  half-year,  there 
will  be  received  .0625  additional  interest,  so  that  the  entire  pro- 
ceeds from  the  100  lent  during  the  first  year  would  not  be  5,  but 
5.0625,  made  up  thus:  2.5  +  2.5  +  .0625.  Although,  therefore, 
the  basis  of  calculation  may  be  5%,  yet  from  the  fact  that  in- 
terest is  payable  half-yearly  the  actual  sum  realized  is  somewhat 
greater.  This  interest  actually  realized  is  generally  called  the 
effective  rate;  while  the  rate  used  for  purposes  of  calculation  is 
called  the  nominal  rate. 

If  the  symbol  j  be  used  for  the  nominal  rate  of  interest,  while 
the  symbol  i  be  retained  for  the  effective  rate,  the  relationship 
between  the  two  may  be  expressed  in  general  terms.  If  interest 
be  payable  m  times  a  year,  the  amount  of  i  at  rate  j  in  one  m 
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part  of  a  year  would  be  M    +  —  |;  in  two  m^^  parts  (l  +  — ) 
and  in  a  full  year  (that  is,  in  m  units)  it  would  be 

\  m) 

Deducting  the  principal  of  i,  we  get  the  actual  interest  realized 
in  a  year,  namely: 

(m)        /  7  \ "» 

^     ={'  +  i)    -1       (':) 

The  formula  may  of  course  be  mathematically  transposed  so 
as  to  express  the  nominal  rate  in  termis  of  the  effective;  but  this 
form  of  the  question  is  seldom  of  practical  value  although  a  good 
exercise  in  algebra.  When  interest  is  payable  half-yearly  the 
above  formula  becomes 


and  when  quarterly 


The  effective  rates  of  interest  corresponding  to  the  nominal 
percentages  most  frequently  in  use  are  as  follows: — • 


NOMINAL    RATES. 

CORRE 

SPONDING    EFFECTIVE 

RATES. 

Yearly. 

Half- Yearly. 

Quarterly. 

2.5 

2.5 

2.516 

2-524 

3.0 

3.0 

3  023 

3-034 

3.5 

3-5 

3531 

3  546 

40 

4.0 

4.040 

4.060 

50 

50 

5  063 

5-095 

6.0 

6.0 

6.090 

6.136 

ANNUITIES-CERTAIN. 

An  Annuity  in  its  literal  sense  is  simply  a  yearly  payment  and 
there  is  a  redundancy  in  the  expression  sometimes  carelessly  used 
"a  yearly  annuity";  but  it  has  gradually  come  to  be'understood 
that  an}^  payments  made  at  periodic  intervals  form  an  annuity, 
and  some  such  contracts  provide  for  monthly  and  even  weekly 


74  LIFE  ASSURANCE  PRIMER. 

payments.  Generally  the  annuity  is  measured  by  the  total  of 
the  payments  throughout  the  year,  that  period  being  used  as  the 
unit  of  measurement.  If  the  annuity  payments  depend  upon  the 
survival  of  any  person  the  contract  is  called  a  Life  Annuity;  and 
if  the  payments  are  to  be  made  for  a  fixed  period,  irrespective  of 
any  life,  it  is  called  an  Annuity-Certain. 

An  Annuity-Certain  implies  an  obligation  to  pay  a  definite 
amount  of  money  each  year  for  a  fixed  period  of  time.  Dealing 
first  with  the  simplest  general  case  under  which  a  payment  of  i 
would  be  made  at  the  end  of  each  year  for  n  years,  we  can  find, 
as  was  done  when  considering  interest  on  a  single  payment,  the 
present  value  and  the  accumulated  amount  of  such  payments. 
The  present  value  is  represented  by  the  symbol  a—,,  where  the 

subscript  n  denotes  the  number  of  years,  and  the  bracket'  ^| 
indicates  that  the  period  is  definite  or  certain.  As  the  series  of 
payments  of  I  each  are  due  at  the  end  of  the  i  st,  2nd ....  years, 
we  have 

a =  V  -\-  v^  -\- v^  -\- -\-  v^ 

Summing  this  geometric  series  we  have 


a — ,  =   V 


\-v" 


(i6) 


Annuity-  The  above  formula  considers  the  first  payment  of 

Certain  the  annuity  to  be  at  the  end  of  the  year ;  but  occasion- 

Due,  ally  the  first  payment  is  made  at  the  beginning.     If 

the  annuity  be  i  for  n  years  with  the  first  payment  due  at  once 
and  the  last  payment  at  the  beginning  of  the  last  year,  then 
the  efi^ect  is  that  the  present  value  will  consist  of  the  full  value 
of  the  first  payment,  followed  by  an  ordinary  annuity  running 
for  one  year  less,  that  is  for  {n—  i)  years.  When  the  annuity 
begins  at  once  it  is  called  an  annuity  due,  and  the  symbol  is  writ- 
ten a-;;-|.     We  therefore  have 
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Deferred  The  first  payment  of  an  annuity  might  also  be 

Annuity-         deferred  for  a  number  of  years.     If  it  were  deferred 
Certain.  for  m  years  the  svmbol  would  be  written     la — ,y 


and  this  means  that  at  the  end  of  m  years  the  value  wotdd  be  a— , . 

In  other  words,  the  first  payment  of  the  annuity  would  be  delayed 
for  yet  another  year,  so  that  when  the  annuity  is  spoken  of  as 
being  deferred  for  m  years  it  is  understood  that  the  first  payment 
will  take  place  at  the  end  of  (m  +  i)  years.  As  the  value  of  the 
annuity  at  the  end  of  m  years  is  a — , ,  the  value  at  the  present 

time  must  be 

=     z;^a— . (18) 


r         =     V  "^  a — , 


This  result  might  have  been  obtained  by  considering  each  pay- 
ment of  the  deferred  annuity  in  the  same  way  as  was  done  with 
the  immediate  annuity,  namely: — 


■r 


=  2;»i+l  -]-  ^w-f  2  _|_ _|_  ^m-\-n 


=  v""  {v  -\-  V^  -\- +  t^") 

=  z;"*  a — \  as  before. 

'I 

Or  we  may  deal  with  it  in  yet  another  way,  which  furnishes  an 
interesting  formula: — ■ 

If  we  add  to  and  subtract  from  this  the  series 

V  -\-  v^  + +z^"* 

the  result  will  not  be  affected  and  we  have 

n — I         =V  -f  l'^  -\-  .  .  .  . -\-  V^  -\-  V^^-'^  _|_     _     _{_  2;»'+« 

—  {v  -\-  v"^  -\- .  .  .  . -\-  V^) 

=  ^^;^  -^^1      (^9) 


m 
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a  result  which  at  once  commends  itself  to  the  reader  as  being 
logical  and  correct. 

If  it  were  desired  that  the  first  payment  of  a  deferred  annuity 
be  made  at  the  end  of  m  years,  instead  of  one  year  later,  the 
formulas  would  be 

a — ^1  —  U     c   ^ 

m\        m  M 


•m  + 


Perpetuity.  In  formula  (i6)  for  the  present  value  of  an  an- 
nuity z;"  becomes  smaller  and  smaller  with  increasing  values  of  n ; 
and,  in  the  limit,  w^hen  n  is  made  infinitely  great  v^  becomes 
equal  to  zero.  We  therefore  have  as  the  value  of  an  annuity  to 
run  for  ever,  known  as  a  perpetuity, 

1 -o         1  ,     , 

G^oc  =    -7—-  or  -T- (20) 

This  result  could  have  been  obtained  by  general  reasoning;  be- 
cause, if  I  be  permanently  invested  at  rate  i,  it  will  produce  i  each 
year  for  ever,  and  therefore  i  is  the  present  value  of  a  perpetuity 
of  i.     By  simple  proportion,  therefore,  the  present  value  of  a 

perpetuity  of  i  must  be  -r ,  as  before. 
't 

The  value  of  a  perpetuity-due  is 


(21) 


Amount  By  a  process  similar  to  that  used  for  the  Present 

of  Value,  the  accumulated  amount  of  an  Annuity-Cer- 

Annuity-  tain  for  n  years  may  be  found,  and  this  is  represented 

Certain.  by  the  svmbol  s  —  .     As  the  first  annuity  payment 

is  made  at  the  end  of  the  first  year,  and  accumulates  at  inter- 
est until  the  end  of  the  n}^  year,  the  amount  of  this  one  payment 
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will  be  (i+i)"-'f;  the  second  payment  will  amount  to  {\-\-iY~^\ 
and  so  on  until  we  come  to  the  last  payment,  which  is  made  just 
at  the  date  the  accumulation  ends,  and  is  therefore  i.  The 
whole  series  of  payments,  therefore,  accumulated  with  interest, 
will  be 

Summing  this  geometric  series  we  have 

_  (l+7)"-l  _  (l+V)"-!  ,. 

=^T|   -(!+,•)_  1    -  I  (22) 

It  will  be  apparent  that  the  result  should  be  the  same  whether 
we  accumulate  each  individual  payment,  or  take  the  present 
value  at  the  commencement  of  the  annuity  and  accumulate  the 
present  value  for  the  period  of  n  years.  We  can  prove  mathe- 
matically that  this  is  so : — • 

\  —  v^ 
The  present  value,  a—,  =  —~. — 

"I  i 

If  this  be  accumulated  for  n  years  the  result  will  be 

-i— ^  X  (1  +  iY  =  ^    ^  ! -,  which  is  S-, 

t  t  j 

In  like  manner  the  present  value  of  the  accumulation  should  be 
the  same  as  the  sum  of  the  present  values  of  all  the  payments. 
The  value  now  of  s due  in  n  years  is 


I  (1  +  lY  I 

1     ' 


(1+i)' 


or  a—,  as  before. 
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CONSTRUCTION    OF   TABLES. 

Continuous  In  constructing  tables  of  interest,  or  for  that 
Process,  matter  in  constructing  general  forms  of  tabular 
matter,  it  is  desirable  to  adopt  what  is  known  as  a  continuous 
process;  that  is,  to  derive  one  value  from  the  value  immediately 
before  it.  The  great  advantage  of  such  a  process  is  that  if  any 
particular  value  be  checked  independently  and  be  found  correct, 
it  is  at  once  known  that  all  values  prior  to  this  specific  value  are 
in  like  manner  correct. 

One  of  the  simplest  examples  of  calculation  by  continuous 
process  is  to  form  a  table  expressing  the  number  of  dollars  equiva- 
lent to  pounds  sterling.  For  example  if  £i  be  equivalent 
to  $4.8665,  and  it  be  required  to  find  the  value  in  dollars  of  £2,  £3, 
etc.,  the  values  can  be  computed  by  multiplication,  but  an  error 
might  be  made  in  any  one  of  these  and  each  would  have  to  be 
separately  checked  to  make  sure  that  the  table  was  correct.  On 
the  other  hand,  if  the  table  were  constructed  hy  addition  and  the 
tenth  value  were  found  to  be  correct,  then  all  must  be  correct. 
The  process  hy  addition  is  to  write  down  the  first  value  4.8665, 
write  the  same  amount  on  a  loose  slip,  add  it  to  the  first  value 
and  obtain  the  second  value  9.7330.  Moving  down  the  slip  of 
paper  so  as  to  cover  the  first  figure,  4.8665  should  now  be  added 
to  9.7330,  giving  the  third  value  14.5995.  In  like  manner,  sub- 
sequent values  are  formed,  until  the  tenth  value  should  appear  as 
48.6650.  If  this  is  the  tenth  value  obtained  by  addition  then  all 
ten  are  conect,  and  no  checking  is  necessary.  Of  course  it  is 
always  possible  to  make  two  balancing  errors ;  but  the  probability 
of  this  occurring  is  just  about  the  same  as  the  probability  of  two 
independent  computers  making  the  same  error. 


Table  In  forming  interest  tables  the  simplest  is  (i  -|-^*)**- 

of  Values  can  be  independently  computed  for  each  year, 

Amounts.  but  it  is  much  better  to  begin  with  the  first  value 
(i+i),  and  form  the  entire  table  by  miiltiplying  the  preceding 
value  by  (i+i).  Then  each  tenth  or  twentieth  value  can  be 
checked  by  direct  calculation  by  means  of  logarithms  or  otherwise. 
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A  numerical  example  of  such  calculation  at  3^%  may  be  of  value, 
contracted  multiplication  being  used : — 

1-035         (1+^')' 

Multiplying  by  .0;^   3105 

*'    .005 5175 

1. 071225     (1+^)^ 

321368 
53561 

I.1087179  (1+^)^ 

332615 
55436 

1. 1475230  (1+^)^ 

344257 
57376 

1. 1876863  (i+i)^ 

356306 
59384 

1.2292553  (l+i)^ 

etc.  etc. 

In  forming  a  table  of  v^  the  final  process  is  exactly  the  same ; 
but,  as  it  is  easier  to  multiply  than  to  divide,  it  is  better  first 
to  calculate  accurately  the  last  value  in  the  table,  and  thereafter 
multiply  constantly  by  (i  +i) .  This  process  is  better  than  begin- 
ning with  the  first  value  and  dividing  by  (i  +7*). 

From  the  foregoing  it  will  be  seen  that  in  calculating  tables 
by  means  of  a  continuous  process  it  is  necessary  to  have: — 

1 .  The  initial  value ; 

2.  A  working  formula;  and, 

3.  A  formula  for  independent  verification. 

Tables  of   s— 1  and  a-^  may  in  like  manner  be  computed  by 

the  continuous  process  by  the  following  formulas: — 

(1  +  i)"  - 1 
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•      n     -L..-\     c  _(l+t)"+l    -(l+i)_      (l-\-i)n+l-l 

•  •   u  -h  ^;    S—    -  .  -  -.  -  1 

whence    s—^        =  (i  +  ^ )  g— |  +  1  (23) 

1  -  v"" 


And  a — ,   = 

n 

.-.    (1  +  i)    a— 


n  1  t 

(1    +   t)    -^"~^ 


t 
1   _  ^«  -  1 


^l=«7r-T, +  1 


whence  a;;^  =  (1  +  ^  )  a— |  -  1  (24) 

The  process  in  the  latter  case  therefore  contemplates  the 
calculation  of  the  last  value  in  the  table,  the  continuous  multipli- 
cation by  (i+i),  and  the  subtraction  of  i  each  time. 

The  above  are  the  simplest  and  most  easily  understood  arith- 
metical methods  for  the  calculation  of  tables;  and  they  are  prob- 
ably sufficient  to  explain  the  nature  of  the  tools  provided  for  the 
professional  workman. 

QUESTIONS  ON  CHAPTER  V. 

INTEREST   AND   ANNUITIES. 

(i)  Define  the  terms  nominal  and  effective  rates  of  interest.  Find  the 
nominal  rate  payable  half-yearly  corresponding  to  an  effective  annua! 
rate  of  .04  per  unit.     (Ans.  .039608.) 

(2)  If  interest  be  at  the  nominal  rate  of  3^%  payable  half-yearly,  in  how 
many  years  will  a  sum  of  money  be  tripled  in  amount?  (Ans.  31  years 
8  mos.) 

(3)  A  banker  discounts  a  bill  for  $1,000  due  in  2  years,  paying  for  it  $907 
What  rate  of  interest  does  he  realize?     (Ans.  5%.) 

(4)  If  the  rate  of  discount  is  4%  per  annum,  what  is  the  corresponding 
nominal  rate  of  interest  payable  quarterly?     (Ans.  4.1%.) 

(5)  Define 

(a)  an  annuity- certain 

(b)  a  perpetuity-due 
and  give  the  formulas  for  each. 


(6) 


Prove  that  ^ttI  =  (1  +«')"<^q- 
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(7)  It  is  agreed  that  the  rent  of  a  house  during  a  period  of  15  years  is  to 
be  $800  per  annum  payable  half-yearly  for  the  first  five  years,  $900 
for  the  succeeding  five  years,  and  $1,000  thereafter.  Assuming  the 
first  payment  to  be  due  at  once,  find  the  present  value  at  33^%  interest 
of  the  entire  series  of  payments.     (Ans.  $10,480.47.) 

(8)  Show  that  the  value   of  a  perpetuity- due   payable  half   yearly  is  ^ 

where/ =  2  -J  1-(1-J)^[  . 

(9)  What  sum  must  be  placed  on  deposit  at  the  beginning  of  each  six  months 
for  10  years  to  amount  to  $1,000  at  the  end  of  that  time?  Assume 
interest  payable  semi-annually  at  3^%  per  annum.     (Ans.  $41.47.) 

(10)  If  a~.  represents  the  value  of  an  annuity-certain  of  one  per  annum  pay- 
able half-yearly  for  71  years  and  7(2)  is  the  nominal  annual  rate  cor- 

(2)  i 

responding  to  the  effective  rate  i,  prove  a-~^  =  a—,  X  -7^  • 

(11)  What  are  the  essentials  of  the  continued  process  of  constructing  mone- 
tary tables? 

(12)  Construct  the  first  10  values  of  a  table  of  (1  -^  «)"  at  5%  interest;  also 
of  a  table  of  ^"^i. 

(13)  Explain  the  method  of  constructing  a  column  of  the  numerical  values 
of  V"  as  recommended  in  the  foregoing  chapter;  and  give  also  any  other 
method  of  doing  so. 

1  1 

(14)  Prove  that  "^  +  t  =  — 7* 
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Probability,   Probabilities  of  Life,  and  Expectation  of 

Life. 

Definition        Probability  is  the  science  of  measuring  chances. 
and  Its  nature  will  be  best  understood  by  means  of  a 

Illustration,  very  simple  example : — If  in  a  bag  there  are  two 
coins  of  exactly  the  same  shape  and  size,  one  copper  and  the 
other  silver,  and  a  person  is  allowed  to  put  his  hand  into  the 
bag  and  take  one  of  the  coins,  it  is  an  even  chance  as  to  whether 
he  takes  the  copper  or  the  silver  coin.  If  there  were  two  copper 
and  two  silver  coins,  it  would  still  be  an  even  chance  as  to  whether 
a  silver  coin  would  be  drawn;  if  on  the  first  drawing  a  copper 
coin  were  taken  out  and  a  second  drawing  were  permitted,  then, 
as  there  would  be  two  silver  coins  and  one  copper  coin  in  the  bag, 
the  chance  of  drawing  a  silver  coin  as  compared  with  the  chance 
of  drawing  a  copper  coin  on  the  second  trial  would  be  as  2  :  i. 


Probability       The  most  convenient  way  of  representing  such 
a  conditions  mathematically  is  by  means  of  fractions, 

Fraction,  and  in  the  last  example  the  probability  of  drawing 
a  silver  coin  would  be  expressed  as  f ,  and  the  probability  of 
drawing  a  copper  coin  as  J.  When  the  contents  of  the  bag  are 
known  and  the  opportunity  is  given  of  drawing  a  coin,  there  is 
a  certainty  of  drawing  either  a  copper  or  a  silver  coin,  represented 
by  the  sum  of  the  two  probabilities :  f  +  i  =  l .  When,  there- 
fore, an  event  is  certain  to  occur,  the  probability  is  represented 
by  I.  This  is  a  convenient  result,  and  one  which  makes  the 
study  of  the  subject  more  easy.  When  the  chances  are  even,  the 
probability  is  written  as  i- 

82 
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Algebraic         Taking  up  algebraically  the  general  case:     If  an 

Definition,    event  can  happen  in  a  ways  and  fail  in  h  ways, 

and  each  of  these  ways  is  equally  likely,  the  probability,  or  the 

chance,  of  its  happening  is  — x~I'  ^^^  ^^  like  manner  the  proba- 

a    i~  0 

bility  of  its  failing  is ■. — r' 

■^  a  -\-  b 

As  the  event  must  either  happen  or  fail,  we  may  represent 
the  probability  of  the  happening  of  the  event  by  i — -r    and 

the    probability    of   the   failing   of    the   event   by    i  —  - — 77-7* 

These  forms  are  mathematical  equivalents  of  the  others,  because 
b  a  -\-  b  —  b  a  , 

a  +  b  a  -^  b  a  -{-  b 

a  a  -\-  b  —  a  b 


a  -\-  b       '    a  -\-  b  a  -{■  b 

Events  are  said  to  be  ''equally  likely"  when  we  have  no 
reason  to  expect  any  one  rather  than  any  other.  For  instance,  in 
the  above  example  we  have  just  as  much  reason  to  expect  a 
copper  coin  to  be  drawn  as  a  silver  one.  But  there  is  another 
meaning  which  may  be  given  to  ''equally  likely" — events  may 
be  said  to  be  "equally  likely"  when  they  recur  with  regularity 
171  the  long  run.  And  the  probability  of  an  event  occurring  in 
such  case  is  the  ratio  of  the  number  of  times  in  which  it  occurs 
in  the  long  run  to  the  sum  of  the  number  of  times  in  which  events 
of  that  description  occur  and  the  number  of  times  in  which  they 
fail  to  occur.  Life  Assurance  Probabilities  are  estimated  by 
finding  the  ratio  of  the  actual  number  of  times  the  event  occurs 
in  a  large  number  of  cases  to  the  whole  number  of  times  in  which 
it  occurs  and  in  which  it  fails. 


Two  The  probability  that  of  two  events,  independent  of 

Independent  each  other,  both  will  occur,  is  the  product  of  their 

Events,      separate  probabilities. 

In  tossing  a  coin  the  probability  of  its  turning  up  a  head  is  an 
even  chance,  or  \ ;  what  is  the  probability  of  turning  up  a  head 
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each  time  in  two  trials?  By  the  above  rule  the  answer  will  be 
I  X  I  =  J.  This  can  be  found  as  follows:  the  number  of  ways  in 
which  the  coin  may  lie  are  four,  namely : 

( 1 )  Head  first  time ;  head  second  time 

(2)  Head     "       "       tail       " 

(3)  Tail       "       "       head     " 

(4)  Tail       "       "       tail       " 

But  only  the  first  of  these  four  w^ays  will  satisfy  the  question, 
and  therefore  the  probability  is  J,  or  as  3:1  against. 

Algebraically  the  question  may  be  treated  thus: — If  the  first 
of  the  two  independent  events  may  happen  or  fail  in  r  ways  alto- 
gether, and  the  second  in  .?  ways,  then  if  these  ways  are  all 
equally  likely,  and  all  independent,  the  total  number  of  possible 
ways  must  be  r  X  s,  because  each  one  of  the  r  ways  may  be  asso- 
ciated with  each  one  of  the  5  ways.  If  a  of  these  ways  would 
fulfil  the  required  conditions  in  the  first  event,  and  h  of  them  in 
the  second  event,  then  the  total  number  of  ways  in  which  both 
conditions  could  be  fulfilled  would  be  a  X  h;  seeing  that,  as  be- 
fore, each  one  of  the  a  favorable  cases  could  be  associated  with 
each  one  of  the  h  cases.     The  probability  of  the  occurrence  of 

both  events  would  therefore  be  — •  or,  what  is  the  same  thing, 

rs 

r         s 

PROBABILITIES   OF   LIFE. 

The  foregoing  simple  definitions  and  general  explanations  of 
Probability  are  sufficient  as  a  foundation  for  the  science  of  Life 
Assurance.  Further  elaboration  would  be  useful  to  students 
who  are  interested  in  the  subject,  but  these  propositions  seem 
to  be  the  essentials  for  an  understanding  of  the  simpler  questions 
which  arise. 


Probability         It  is  necessary  in  life  assurance  transactions  to 

and  take  into  consideration   the   probability '  of  living 

Mortality,      or  dying  in    any   3^ear   and   the   present  value  of 

money   at   interest.     The   probability   of   living  or  of  d34ng  is 
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usually  found  by  means  of  a  mortality  table,  but  the  mortality 
table  and  such  probabilities  are  so  closely  connected  with  one 
another  that  if  the  one  be  known  the  other  can  be  calculated. 
As  a  basis  it  is  sufficient  to  have  either  the  mortality  table  in  the 
form  afterwards  explained,  or  the  probabilities  of  living. 


Mortality  A  mortality  table  has  been  defined  as  an  "instru- 

Tables  ment  by  means  of  which  are  measured  the  proba- 

Used.  bilities  of  life,  and  the  probabilities  of  death."     If 

we  could  trace  100,000  people  from  the  date  of  their  birth  until 
the  date  of  death  in  each  case,  and  record  the  number  dying  in 
each  year  of  age,  and  the  number  living  at  the  end  of  each  year, 
we  should  have  a  "Mortality  Table."  It  is  however  imprac- 
ticable to  trace  any  fixed  group  of  persons  in  such  a  way,  and 
several  practical  methods  have  been  devised  for  arriving  at 
equally  useful  results.  The  important  consideration  is  the 
relative  number  at  each  age  as  compared  with  the  number  alive 
at  the  preceding  age — the  actual  numbers  are  of  little  consequence. 

The  number  living  at  any  age  x  is  represented  by  /  ;  thus 
the  number  living  at  age  10  would  be  /lo,  and  at  age  30,  /30; 
while  the  number  dying  in  the  year  of  age  from  xtox  -\-  1  is  repre- 
sented by  dx,  the  /  and  the  d  being  of  course  the  initial  letters  of  liv- 
ing and  dying.  Thus  f/30  represents  the  number  of  persons  who  die 
between  ages  30  and  31  out  of  /30  persons  w^ho  have  attained 
age  30. 

The  following  schedule  gives  the  form  of  such  a  table,  as 
usually  published.  The  figures  are  those  for  the  youngest  and 
oldest  ages  dealt  with  by  the 
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Probability 

Probability 

Number 

Number 

of  living 

of  dying 

Age. 

living. 

dying. 

a  year. 

within  a  year 

X 

Ix 

dx 

Px 

g.x 

10 

100,000 

749 

99251 

.00749 

II 

99,251 

746 

99248 

.00752 

12 

98,505 

743 

99246 

.00754 

13 

97,762 

740 

99243 

.00757 

14 

97,022 

737 

99240 

.00760 
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Age. 
X 


90 

91 
92 

93 
94 
95 


Number 

Number 

living. 

dying. 

/. 

d. 

847 

385 

462 

246 

216 

137 

79 

58 

21 

18 

3 

3 

Probability                    Pi 

obability 

of  living                         of  dying 

a  year.                      within  a  year 

Px 

2x 

.54545 

45455 

.46753 

53247 

.36574 

63426 

.26582 

73418 

. 14286 

85714 

. 00000                     I 

00000 

As  the  numbers  living  decrease  with  the  increase  in  age,  it 
follows  of  necessity  that  /.v+i  is  less  than  Ix-  The  decrease  is 
caused  solely  by  deaths,  and  therefore 


dx  =  Ix  —Ix+i 
whence  h  =  lx-\-i  +  d, 


(25) 


In  the  same  way  the  deaths  over  any  number  of  ages  may  be 
found  by  deducting  the  number  living  at  the  end  of  the  time  from 
the  number  living  at  the  beginning.  The  deaths  over  two  years 
X  and  x+l  would  be  dx-{-dx-\-i  and  we  have 

Ix  —  lx+2  =  dx-{-  dx-\-i 

and  similarly  for  a  period  of  n  years 

Ix  —  Ix+n  =  dx-\-  dx-\-l  +  dx+2  + +  dx+n-l. 

If  such  a  large  value  be  given  to  n  that  Ix-\-n  falls  outside  the 
limits  of  the  table,  and  is  therefore  equal  to  zero,  we  obtain  the 
formula 


Ix  =  dx  -\-  dx-\-i  +  dx+2  + to  end  of  table 


(26) 


This  formula  does  not  require  proof  because  we  know  that 
every  person  living  must  die,  so  that  the  sum  of  the  deaths  from 
any  age  to  the  end  of  the  table  must  equal  the  number  living  at 
that  age. 
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Numerical  From  the  table  on  the  preceding  page  it  will 
Illustration,  be  observed  that  the  number  living  at  age  10  is 
given  as  100,000.  This  is  called  the  "radix"  of  the  table,  and 
it  is  an  assumed  number.  It  does  not  mean  that  100,000  actual 
specified  persons  were  observed  and  traced  from  age  10  upwards, 
although  the  final  placing  of  the  figures  in  this  form  attains  prac- 
tically the  same  result.  Out  of  the  100,000,  749  died  between 
ages  10  and  1 1 ;  therefore  the  probability  of  dying  in  the  year  is 

749  -^  100,000,  or  .00749. 

The  number  living  at  age  11  is  99,251,  and  therefore  the 
probability  of  living  a  year  is 

99,251   -T-  100,000,  or  .99251. 

The  probability  of  living  a  year  is  expressed  as  px,  so  that  in 
the  case  discussed  pio  equals  .99251 .  p  is  the  initial  letter  of  the 
word  probability,  and  the  probability  of  dying  is  expressed  by 
qx,  q  being  the  next  letter  to  p.  In  accordance  with  the  general 
principles  of  probability,  it  follows  that,  as  one  must  either  live 
or  die, 

px  +  qx=  1  (27) 

Px=  I  -  qx  (28) 

qx=  I-  px  (29) 

The  above  numerical  example  will  be  observed  to  follow  these 
rules. 

Expressing  the  matter  generally,  we  have 

^.  =  ^ (30) 

transforming  this  equation 

PxX  Ix  =  lx-\-l 

and      %^  =  Ix 

The  probability  of  living  for  two  years  is  expressed  as  2px 
and  the  probability  of  living  for  n  years  as  „px.     From  the  table 
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on  p.  85  we  can  readily  deduce  ipio,  because  out  of  100,000 
alive  at  age  10,  98,505  live  for  two  years,  and  therefore  the 
probability  of  living  two  years,  or 

.  98,505         _  ^o-^- 

^  100,000 

The  probability  of  living  two  years  may  be  viewed  as  the 
probability  of  two  independent  events  both  happening,  viz.:  (i) 
that  (x)  will  first  live  one  year,  and  (2)  that  {x-{-l)  will  live  a 
second  year,  and  therefore 


Of 


2px  =  pxX  px+ 1 

course  this  expression  is  the  exact  equivalent  of  —j — 
because     px  X  px+i  =  ^j^  X  7^^ 

Ix  l^x-^- 1 

The  general  expression  for  the  probability  of  living  any  num- 
ber of  years  is  obtained  in  the  same  way  as  the  foregoing,  seeing 
that  Ix+n  persons  are  alive  after  ji  years  out  of  Ix  persons  at  age 
X.  Therefore 

nP.-'y-^ (31) 

ix 


Care  must  be  taken  not  to  confuse  this  expression,  the  proba- 
bility of  living  7j  years,  with  px+n  which  is  the  probability  of 
living  for  one  year  at  age  x-\-n,  that  is, 

Pxi-n    =      ,    (32) 

Probabilities   corresponding   to   the   above,    relating   to   the 
deaths  instead  of  the  numljcrs  living,  are  as  follows: — 
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3«  =  T  (33) 

_  Ix  —  lx+1 

h 

=  I  —  px   as  before. 


dx  +  dxJfi 

Ix 
Ix  —  /.r+2 


mx  =  J 

I'X 


-   —J -l-2px 

I'X 

I  dx  +  dx+i  +  dx  +  2  + +  dx+n-l 

\nqx=   ■ ; 

I'X 

^.v  'x-\-  n 

~      Tx 

=    1-  npx (34) 

n-\\qx  represents  the  probability  of  dying  in  the  w''*  year;  it 
is  therefore  found  by  dividing  the  number  of  deaths  which  take 
place  in  the  n^^  year  by  the  number  alive  at  age  x: — 

n-i\q.x  =  — -J (35) 

i^x 

l'x-\-n  -  1  l'x-\-n 

~^      Ix 

=   n-\px  -   npx         (36) 

Mortality  In  the  practical  formation  of  a  mortality  table, 

Table  probably  the  most  usual  and  effective  process  is 

from  to  deduce  the  probabilities  of  living  at  each  age, 

Probabilities,  and,  assuming  a  convenient  radix  for  the  com- 
mencement of  the  table,  to  multiply  the  values  of  Ix  by  the  suc- 
cessive values  of  px,  thus  forming  the  entire  table.  If  we  have  a 
complete  table  of  values  of  px  we  can  form  the  values  of  the  Ix 
column  as  follows: 

lx+\  =  Ix  X  px     as  above; 

where  h  is  any  number  which  it  may  be  convenient  to  adopt  as 
a  radix.     Having  thus  found  Z^+i  we  obtain 
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4-4-2    =    /.v+l    X  Av-fl 
/v-+3    =    lx  +  2    X   Av  +  2 

and  sc  forth. 

The  probabiHties  at  individual  ages  can  be  formed  from  numbers 
which  are  quite  independent  of  the  numbers  at  other  ages;  and 
this  is  usually  done  in  the  investigation  of  the  mortality  of  life 
assurance  companies.  For  example,  we  may  have  5,000  persons 
alive  at  the  age  of  30  out  of  whom  42  deaths  might  have  taken 
place.  Therefore  the  probability  of  living  a  year  at  age  30  would 
be  .9916.  At  age  25,  on  the  other  hand,  we  might  only  have 
4,000  alive  amongst  whom  32  deaths  had  occurred,  and  therefore 
the  probability  of  living  a  year  at  age  25  would  work  out  as  .  9920 ; 
similarly  for  other  ages,  the  actual  numbers  under  observation 
at  any  age  being  quite  Independent  of  the  numbers  observed  at 
other  ages  when  an  investigation  is  conducted  in  this  manner. 


Select  Lives  It  has  already  been  said  that  the  average  mor- 

and  tality  amongst  persons  who  have  .been  recently 

Probabilities,  examined  for  life  assurance,  and  who  are  there- 
fore ''select"  lives,  is  much  less  than  that  experienced  after  the 
lapse  of  a  few  years  when  the  lives  are  "mixed."  It  follows, 
therefore,  that  the  probability  of  living  a  year  on  the  part  of  a 
select  life  is  greater  than  the  same  probability  for  mixed  lives, 
and  the  probability  of  dying  less.  When  representing  select 
functions  the  age  at  which  selection  took  place  is  placed  in 
square  brackets.  Thus  p[x]  denotes  the  probability  that  a  life 
selected  at  age  x  will  live  one  year.  Any  addition  outside  of  the 
square  brackets  shows  the  period  elapsed  since  the  date  of  selec- 
tion, so  that  p[x]-\-i  denotes  the  probability  that  a  person  who 
was  selected  at  age  x,  but  is  now  aged  a:  + 1,  will  live  a  year.  In 
like  manner,  /[.v]  denotes  the  number  selected  at  age  x,  /[x]+i 
the  number  out  of  l[x\  who  survive  one  year,  and  /[.t]4-«  the  num- 
ber surviving  n  years. 

The  number  of  lives  selected  at  age  x  -\-  n  would  be  stated  as 
/[.v+n].  The  difference  between  l[x]+n  and  l\x^n]  should  be  care- 
fully noted,  but  the  distinction  is  a  clear  on^,  and  the  reason  for  it 
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readily  understood.  The  effects  of  selection  are  not  supposed 
to  be  of  much  importance  after  five  years;  but,  during  the  first 
five  years,  there  is  a  marked  difference  in  the  mortality  rates  of 
those  of  the  same  age  who  have  been  assured  for  different  periods. 
Accordingly,  in  representing  the  numbers  living  amongst  selected 
lives,  six  columns  are  necessary  where  only  one  was  needed  for 
an  ordinary  mixed  or  "aggregate"  table.  The  following  will 
illustrate  the  method  of  tabulation.     It  is  a  brief  extract  from  the 

BRITISH   OFFICES    ANNUITY    EXPERIENCE. 


AGE  AT 
ENTRY. 

YEARS    ELAPSED    SINXE    DATE    OF 

PURCHASE. 

AGE 
ATTAINED. 

0 

]                           2                           3 

4 

5  or  more 

X 

'w 

l[x]+i       /[,.]  +  2        /m+3 

l[xl+4 

I, +5 

*+5 

20 

I 00000 

99738 

99387 

98923 

98349 

97691 

25 

21 

99329 

99064 

98711 

98244 

97665 

97004 

26 

22 

98655 

98388 

98031 

97561 

96978 

96312 

27 

23 

97979 

97709 

97349 

96874 

96286 

95615 

28 

24 

97299 

97026 

96662 

96182 

95589 

949 II 

29 

This  table  illustrates  the  difference  between  I  [x+i]  and  /[x]  +  i. 
It  should  be  noted  that  there  is  no  direct  relationship  between 
/[.,;]  and  /[.t+i];  but  each  has  a  direct  connection  with  the  ultimate 
column;  and  since  l[x]+5  X  px-\-5=hx+i]-\-5  0T,  what  is  the  same 
thing,  /jc+5  X  px-]-5  =  lx+6,the  two  values  l[x]  and  /[x+i]  have  this 
indirect  relationship  through  the  ultimate  values. 

A  similar  table  of  d[x],  d[x]+i,  d[x]-\.2,  etc.,  is  published  and  is 
of  course  convenient,  although  all  these  values  may  be  obtained 
from  the  numbers  living,  because. 

d[x]  =    l[x]    -    /[.vl  +  l  (37) 

^[.v]+l         =    /[.v]  +  l    -    /l.v]  +  2 
d[x+tj]        =    hx]+n     —    l[x+n]+l 

Out  of  l[x]  persons  at  age  x,  i[x]+i  survive  one  year,  and  we 
have  therefore  the  probability  of  living: — 

pi'^=Hf  ••■■• (38) 

whence  p[x\  X  l[x\  =-  /[;cj+i. 
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The  modifications  on  the  other  formulas  for  probabilities 
necessary  to  express  the  values  in  select  functions  can  easily  be 
obtained  and  proofs  of  the  individual  expressions  are  probably 
unnecessary.  Some  of^he  actual  formulas  may,  however,  be 
given  for  ready  reference,  as  follows : — 

^W+„  =  fei     (39) 

^l,+  „]  = 'ij+^i     (40) 

nPU\       =^^        (41) 

l'[x] 

I..2W    =M^=l-„A,j         (42) 

l'[x] 

n-l\q{x]      =  ^^t'^   =  n-lp[x]  -  np[x]  (43  ) 

i[x] 


Joint  The  probability  that  two  lives,  (x)  and  (3'),  will 

Probabilities,  both  survive  a  year  is  the  product  of  two  inde- 
pendent probabilities,  namely : — 

or,  as  it  is  usually  written       =   "^"'"!  '^'^^     ,  (44) 

I'xy 

Ixy  represents  the  total  number  of  pairs  of  persons  which  may  be 
formed  from  /^  of  the  age  x  and  ly  of  the  age  y,  because  each 
person  aged  x  may  be  paired  off  with  each  person  aged  y.  There- 
fore each  one  of  the  Ix  persons  forms  ly  pairs,  and  the  entire  num- 
ber of  Ix  persons  will  therefore  form  IxXly  or  Ixy  pairs.  If  the 
first  death  be  that  of  one  of  the  Ix  persons,  it  will  cause  the  disso- 
lution of  ly  pairs.  At  the  end  of  the  year,  when  the  numbers  of 
persons  would  be  reduced  to  Ix+i  and  /y+i  respectively,  the  total 
number  of  pairs  which  could  then  be  formed  would  be  Ix+i  X 
l^y4i  =  /;c+i:y+i,  and  thcrcforc  the  probability  that  any  one  pair 
out  of  the  original  Ixy  pairs  would  remain  unbroken  would  be 

.  '^ —  as  before. 

I'xy 
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There  are  certain  other  questions  in  probability  involving 
two  lives  which  may  be  of  more  or  less  interest. 

The  probability  that  (x)  will  die  within  n  years,  and  that  (y) 
will  survive,  is  -* 

InQx    X    npy    =    (I    —   npx)   npy    =    npy    —    npxy  (45) 

The  probability  that  both  will  die  within  n  years  is 

l«2^    =     InQx    X    InQy    =    (1    "    npx)    (1    "    n  P  y) 

=    1    —    npx    —    npy   +   npxy  (4^) 

The  probabilit}^  that  one  or  other  will  die  within  n  3^ears, 
but  not  both,  is  the  sum  of  two  probabilities,  namely: 

1.  That  {x)  will  so  die,  and  (3^)  survive;  and, 

2.  That  {y)  will  so  die,  and  (x)  survive.     Therefore  the 
total  probability  sought  is 

\nCix    X    npy   +    U    ?v    X    npx    =    (1    —    np  x)    npy   +    (1    —    npy)   npx 
^^    npy           npxy    ~r    np  x          np  x  y 
=    npx   +   npy    —    2  npxy        (4?) 

The  probability  that  the  last  survivor  of  (x)  and  (>')  will  sur- 
vive n  years  is  composed  of  three  separate  probabilities,  namely: 

1 .  That  (x)  will  survive,  (y)  having  died ; 

2.  That  (3')  will  survive,  (x)  having  died;  and, 

3 .  That  both  (x)  and  {y)  will  survive. 
The  entire  probability  is  therefore 

np'x^  =  npx  X  \nQy  +  npy  X  \nQx  +  npxy 
^^  npx  npxy  l  n  P y  npxy  "T  n  P xy 
=    npx    -\-    npy    —    npxy  (4^) 

It  is  interesting  to  note  the  difference  between  formulas  (47) 
and  (48),  the  verbal  interpretation  of  each  being  very  evident 
from  the  final  form. 

The  same  results  may  frequently  be  obtained  in  other  ways, 
such  as  the  probability  that  the  last  survivor  {i.  e.,  both)  will  die 
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within  n  years;  this  is  evidently  the  complement  of  the  proba- 
bility that  the  last  survivor  will  live  n  years  and  is  therefore 

Uq^    =    1   —   (npx  -}-  npy  —  npxy) 

mathematically  the  same  result  as  before  in  formula  (46). 

Expectation  The  term  ''Expectation  of  Life"  is  one  which  is 

of  Life.  much   used    and   is    frequently   supposed   by   the 

uninstructed  to  be  the  basis  of  actuarial  calculation.  The 
function  has  often  been  erroneously  used  for  calculations  in- 
volving monetary  payments,  and  the  misunderstanding  is  one 
which  it  is  exceedingly  difficult  to  correct.  Writer  after  writer 
on  such  subjects  has  called  attention  to  the  true  situation,  and  yet 
the  error  survives  of  supposing  that  a  calculation  for  a  fixed  period 
equal  to  the  expectation  of  life  will  give  an  accurate  result,  the 
same  as  a  calculation  made  correctly  by  using  the  probabilities 
of  living  each  year  during  life.  By  taking  the  expectation  of 
life  and  calculating  an  annuity  for  this  period  as  a  fixed  term, 
the  result  is  always  greater  than  the  true  value  of  a  life  annuity. 
If  a  similar  method  be  applied  to  the  calculation  of  life  assurance 
premiums  the  result  is  always  too  small. 

"Expectation  of  Life"  means  the  average  number  of  years 
which  persons  of  a  given  age  will  survive.  It  has  no  relation 
whatever  to  the  time  when  any  individual  is  likely  to  die,  nor  to 
the  time  when  death  is  most  probable.  The  individual  may  die 
to-morrow  or  he  may  live  for  50  years,  and  yet  the  expectation 
of  life  for  his  age  may  be  a  period  like  20  or  25  years.  To  find 
the  average  number  of  years  which  persons  of  the  age  x  will 
live,  we  may  consider  a  group  of  Ix  persons.  At  the  end  of  the 
first  year  when  they  have  attained  age  x-\-i  the  number  of 
survivors  will  be  h+i  and  these  persons  will  each  have  lived  one 
year.  At  the  end  of  the  second  year  the  number  of  persons 
alive  will  be  /a.-+2  and  these  persons  will  each  have  lived  for  a 
second  year,  and  so  on,  until  the  limit  of  life  is  reached,  the 
number  surviving  any  year,  say  the  w'^',  being  /;c+m-  The  total 
number  of  complete  years  which  the  Ix  persons  would  live  in  the 
aggregate  r-ould  therefore  be 

lx-\-l  +  lx+2  +  /x+3  + 
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If  this  number  of  years  be  divided  by  the  number  of  persons,  /^, 
in  the  original  group,  we  have  the  average  for  each,  which  is 
called  the  "curtate"  expectation  of  life,  and  is  written  Cx,  namely: 

„    _  ^.v+l  +  /v+2  +  /.v+:^  + .       . 

^*  -  7 (49) 


Complete  The    above    formula    neglects    altogether    the 

Expectation,  fraction  of  a  year  lived  by  each  person  in  the  year 
of  death.  The  deaths  do  not  take  place  at  the  end  of  the  year,  but 
at  intervals  throughout  the  year.  Accordingly,  on  the  average, 
in  the  year  of  death  each  person  will  live  half  a  year.  The  en- 
tire Ix  persons  will  therefore  live  on  the  average  \lx  years  more 
than  is  shown  in  the  above  formula.  To  obtain  a  ''complete" 
expectation  of  life,  therefore,  w^e  must  add  \lx  to  the  numerator 
of  the  above  fraction  and  we  have 


o        _    2    I X    -\-   I  x-\-l    -\-  lx  +  2  +  I  x  +  3   -{- 
C  X    —  "^ 


I    +    ^  X  (50) 


As  above  indicated,  many  persons  confuse  the  term  "Expec- 
tation of  Life"  with  the  most  probable  lijetime;  or  they  suppose 
that  a  person  has  an  even  chance  of  surviving  his  expectation. 
Neither  supposition  is  correct. 


Most  The  "most  probable  lifetime"  must  be  found  by 

Probable  reference  to  the  mortality  table  itself,  by  observing 
Lifetime.  the  age  at  which  the  largest  number  of  deaths  occur. 
The  age  thus  found  represents  the  age  at  which  death  is  most 
likely  to  happen,  and  the  difference  between  that  age  and  the 
present  age  is  therefore  the  most  probable  lifetime.  For  example, 
in  infancy  the  most  probable  lifetime  is  frequently  less  than  a 
single  year.  It  varies  however  in  different  mortality  tables,  and 
after  the  period  of  infancy  is  passed,  the  most  probable  age  at 
death  in  the  various  tables  is  as  follows : — 
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In  the  Northampton  Table  it  is  any  age  from  51  to  61  (say  age  56) 

"    "    Carlisle  "       "    age 74  to  75 

"    "    American  "       "      "    73  to  74 

"    "    Actuaries'  "       "      "    72  to  73 

"    "    New  British  O^^  "       "      "     73  to  74 

At  age  30,  therefore,  by  the  American  Experience  Table  the 
most  probable  lifetime  is. 43  years,  yet  the  complete  expectation 
of  life  is  only  35 . 3  years.  At  age  70  the  most  probable  lifetime  is 
3  years,  while  the  expectation  of  life  is  8 . 5  years. 


Vie  The  Vie  probable,  or  "probable  lifetime,"  is  used 

Probable,  to  denote  the  number  of  years  which  a  person  has  an 
even  chance  of  living.  It  represents  the  difference  between  the 
age  attained  and  the  age  when  the  number  alive  by  the  mortality 
table  at  that  age  will  be  reduced  exactly  to  one-half.  In  other 
words,  if  10,000  persons  are  alive  at  age  x  the  number  of  years 
which  a  person  of  that  age  has  an  even  chance  of  living  is  rep- 
resented by  the  difference  between  his  present  age  and  the  age 
when  only  5,000  out  of  the  10,000  persons  still  survive.  At  age 
30  by  the  American  Experience  Table  the  Vie  probable  is  nearly 
38  years,  and  at  age  70  it  is  nearly  8  years. 

QUESTIONS  ON  CHAPTER  VI. 

(i)     Define  the  symbols  Ix,  dx,  px  and  qx.     Give  as  many  formulas  as  you 
can  connecting  each  symbol  with  each  of  the  others. 

(2)  Express  by  symbols  and  numerically  the  probability  that  a  life  aged  30 

(i)  will  die  at  the  age  of  40.     (Ans.  .00895.) 
(2)  will  die  between  40  and  50.     (Ans.  .097165  ) 

(3)  Prove  that  npx=pxXpx+lXpx-\-2X xp^+n-l. 

(4)  Show  that  the  probability  of  a  life  aged  x  dying  in  the  w'^  year  from 
the  present  time  may  be  expressed  as  n-ipxXqx+n  —  l. 

(5)  Explain  how  the  column  Ix  may  be  constructed. 

(6)  Describe  the  usual  form  of  a  select  mortality  table.      Give  in  terms  of 
the  /  column  the  values  of  q[x],  np[x]-\-l,  n-i\2[x]-\-n,  n\q[x+n]. 

.  Explain  each  verbally. 

(7)  Find  the  probability  (a)  in  symbols,  and  (b)  numerically,  that  of  two 
lives  A  and  B,  aged,  respectively,  30  and  40 
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(i)     Both  survive  ten  years.     (Ans.  .81698.) 

(2)  Both  do  not  so  survive.     (Ans.  .18302.) 

(3)  A  survives  but  B  does  not.     (Ans.  .09715.) 

(4)  A  dies  during  the  first  five  years  and  B  during  the  second 
five  years.     (Ans.  .00237.) 

(8)  Find  the  probabihty  that  of  three  Hves  aged  30,  40  and  50,  respectively, 
at  least  one  will  survive  ten  years.     (Ans,  .998446.) 

(9)  Define : 

(a)  "  Expectation  of  life. " 

(b)  "  Most  probable  lifetime. " 

(c)  "  Vie  probable.  " 

(10)  Write  down  an  expression  for  the  value  of  the  complete  expectation  of 
life  at  age  x  on  the  assumption  of  select  mortality. 

(11)  What  probabihty  is  represented  by  npx  +  npy—  npxy? 
Give  a  verbal  interpretation  of  this  formula. 
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CHAPTER   VII. 

Life    Annuities. 

Contract  The  two  mathematical  factors  which  enter  into 
Considera-  the  computation  of  Hfe  assurance  benefits  are  the 
tionand  interest  on  money  earned  by  the  assurance  corn- 
Benefit,  pany  and  the  mortality  affecting  those  who  take 
policies.  These  two  factors  have  been  investigated  separ- 
ately in  Chapters  V.  and  VI .  Now  we  may  combine  them 
and  consider  actual  contracts.  An  Ordinary  Whole  Life  Policy 
may  be  divided  in  two  parts.  The  first  is  the  consideration 
which  the  applicant  has  to  pay  to  obtain  the  polic}^.  That 
consideration  takes  the  form  of  a  yearly  payment  to  be  made 
throughout  his  life;  it  is  therefore  a  life  annuity  which  he  has  to 
pay.  In  consideration  of  this  payment  he  obtains  the  benefit  of 
assurance  protection  during  his  life,  the  sum  assured  to  be  pay- 
able at  death.  These  two  parts  of  the  assurance  policy  may 
therefore  be  analyzed  separately;  together  they  form  the  com- 
plete contract  between  the  applicant  and  the  company. 

There  are  two  methods  of  examining  questions  in  life  con- 
tingencies, both  of  which  are  correct,  and  which  therefore  bring 
out  the  same  results.  The  one  is  to  deal  solely  with  the  proba- 
bilities of  living  or  dying  and  combine  with  these  the  interest  on 
money:  this  method  may  be  applied  to  the  individual.  The 
other  method  takes  into  consideration  a  group  of  persons,  fol- 
lows them  year  by  year  by  the  mortality  table  as  they  increase 
in  age,  and  divides  the  payment  made  by,  or  to,  the  whole  group 
by  the  number  forming  the  group,  thereby  obtaining  the  average 
payment  for  each  person.  Sometimes  one  method  will  be  used 
and  sometimes  the  other,  but  it  should  be  clearly  understood  that 
either  method  would  produce  the  same  result. 

9a 
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Interest  We  have  already  seen  that  the  probability  of 

^    ,    ,  .,.,       living:  a  year  at  age  x,  represented   by  px,  is  -^. 
Probability  ^     -^  &  1  j  r  ^^ 

Combined.  If  an  obligation  be  incurred  to  pay  i  to  any  person 
of  the  age  x  at  the  end  of  a  year  on  condition  that  he  be 
then  alive,  the  present  value  of  this  obligation  will  be  v,  the 
present  value  of  i  due  a  year  hence,  multiplied  by  the  probability 
of  the  payment  being  made ;  the  entire  present  value  is  therefore 
vpx.  This  general  result  may  also  be  obtained  by  the  group 
method.  If  the  obligation  be  incurred  in  the  case  of  all  the  Ix 
persons,  then  at  the  end  of  the  year  the  total  sum  payable  will 
be  Ix+i,  being  i  for  each  of  the  persons  who  survive.  The  pres- 
ent value  at  the  beginning  of  the  year  will  therefore  be  vh+i; 
and,  if  this  present  value  be  divided  amongst  the  h  persons  alive 
at  the  beginning  of  the  year,  we  have  the  share  of  each : 


=  vpx,  the  same  as  before. 


Pure  In  like  manner  the  obligation  may  guarantee 

Endowment,  the  payment  of  i  to  a  person  provided  he  be  alive 
at  the  end  of  two  years,  and  the  value  of  this  will  be  v^ 2px',  or, 
assuming  again  that  the  obligation  be  entered  into  for  each  of 
the  Ix  persons,  then  the  survivors  being  Ix+2,  the  total  present 
value  will  be  vVx+2  and  the  share  of  each 

vHx+2  o    .  1     r 

—J —  =  v'^2px,  as  before. 

If  the  obligation  be  incurred  for  the  end  of  n  j^ears,  then  as  there 
will  be  Ix+n  survivors  out  of  Ix  persons,  the  net  payment  required 
to  secure  i   to   each   of   the   survivors  will   be  vHx+n,  and  the 

I'"/  -4- 

payment  from  each  will  be  — ~ — -.     This  is  called  a  Pure  Endow- 

ment,  the  single  premium  for  which  is  represented  by  the  symbol 
nEx,  and  therefore 

„E,  =  ?!^^  =  i,»„^. (5,) 

ix 
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Life  A  Life  Annuity  is  simply  a  series  of  Pure  Endow- 

Annuity.  ments  payable  at  the  end  of  each  year,  provided  the 
annuitant  be  then  alive.  It  is  represented  by  the  symbol  ax  and 
we  have  therefore 

ax  =  vpx-\-v~2px-{-v^zpx-]r (52) 

Or,  considering  again  the  purchase  of  a  life  annuity  by  each  one 
of  the  Ix  persons,  we  would  have  for  the  present  value  of  all  the 
payments  to  be  made 

Vlx^-l  +  vVx-^2  +  V^  Ix-\-3  + 

and  the  present  value  in  respect  of  each  of  the  h  persons  would 
therefore  be 

_    Vlx+l  +  V%+2    +  V-  lx+3  + /       N 

O'x J v53/ 

which  is  another  way  of  expressing  the  same  formula  as  that 
given  above.  This  formula  may  be  transposed  in  an  interesting 
and  instructive  manner.  Multiplying  top  and  bottom  of  the 
right-hand  expression  by  Ix+i,  and  taking  v  outside  the  bracket 
in  the  numerator,  we  have 


^    vIx-\-l  (/.-c+l  +  ^h-\-2  +  V^Ix+3  +    •  .  •) 
Ix  X  lx-\-l 

And  as  —^  =  px,  we  may  write  this  expression 


.      /,      ,     vlx+2  +  V    lx+3'+ \ 

ax  =  vpx  [I  +  ^-^ ) 

=  VPx   (1   +  flr+l) (54) 

Whence  the  value  of  an  annuity  at  age  x  can  be  obtained  from  one 
at  age  x  -{-  i  if  we  know  the  probability  of  living  at  age  x  and 
the  rate  of  interest. 


Annuity  When  the  first  payment  under  an  annuity  is  made 

Due.  at  once,  as  in  the  case  of  premiums  on  a  policy  of  as- 

surance, the  symbol  is  expressed  as  Six  and  it  includes  the  imme- 
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diate  payment  in  addition  to  the  usual  future  payments  provided 
hy  ax.     We  therefore  have 

&x  =  l+a^  (55) 

Temporary  But  there  are  many  life  assurance  benefits  which 

Annuity.  do  not  run  for  the  whole  duration  of  life;  and  it  is 
necessary  to  investigate  the  values  of  temporary  annuities.  We 
previously  found  the  value  of  an  annuity-certain  for  w  years  re- 
presented by  the  symbol  a-^.     If  the  temporary  annuity  depend 

upon  a  life  (x) ,  to  terminate  certainly  after  n  years  but  sooner  if 
(x)  should  die,  the  symbol  used  is  a    _ ,  and  we  can  find  the  value 

X  n  I 

from  fundamental  principles  in  the  same  way  as  the  value  of  a 
life  annuity  was  deduced.  If  Ix  persons  all  purchase  annuities  on 
their  lives  of  i  each  to  run  for  n  years  to  those  who  live  so  long, 
then  the  present  values  of  the  several  payments  will  be 

vlx+i  +  vHx+2  +  vHx+3  + +  vHx+„. 

The  total  value  of  these  payments  divided  by  Ix  will  give  the  value 
of  a  temporary  annuity,  namely: — 

vlx+i  +  vHx+2  + +  vHx+„ 


Ix 


(56) 


Deferred  A  deferred  annuity  is  one  which  commences  only 
Annuity.  after  the  lapse  of  a  number  of  years,  payable  if  {x)  be 
then  alive  and  only  so  long  thereafter  as  {x)  may  live.  In  such 
case  the  annuity  is  "entered  upon"  after  n  years,  so  that  the  first 
payment  would  take  place  in  (n  +  i)  years.  If  h  such  annuities 
were  granted,  then,  as  /;c+n+i  persons  would  be  alive  when  the 
first  payments  fall  due,  lx-\-n-\-2  when  the  second  payments  fall 
due,  etc.,  the  present  value  of  all  these  payments  would  be 
z;«+i  Ix+n^i  +  ^"+2  /^^^_^2  + 

and  this  total  divided  amongst  each  of  the  h  persons  would  be 
the  present  value  of  the  deferred  annuity,  viz. : — 

,      _  t;"+i/,.4.n4-i  +t>"+2/v+«+2  + .. 

n\ax  —  7  —     ^    V57/ 


102  LIFE  ASSURANCE  PRIMER. 

Now  it  will  be  observed  that  the  temporary  annuity  consists 
of  those  payments  under  a  life  annuity  which  are  made  in  the 
early  years;  while  the  deferred  annuity  consists  of  those  which 
are  made  later,  and  the  two  combined,  namely, 

Ix  ^x 

make  up  the  annuity  for  the  whole  of  life  as  one  would  naturally 
expect ;  and  therefore  we  have 

ax  =  (lx-^\-{-    n\cix  (58) 

whence      a  x~T\  =  cix  —  n\a  x  (59) 

and      n\ax  =  ax  —  axir\  (60) 

We  may  modify  the  deferred  annuity  in  an  interesting  way 
and  obtain  another  useful  formula: — 

z;«  +1  /,  +„  +1  +v^  +2 1^  ^^+2+ 

n  \(lx    =  1 

I'X 

Multiply  top  and  bottom  of  the  right  side  of  this  expression  by 
IxJ^n  and  take  out  v^  as  a  common  factor,  and  we  have 

I                  ^'"/v+«    ./    Vlx^n+l  +  vHx+n+2  +  •  .  .  . 
n\(lx=    —J X -J 

^  V'lx+n  Vlx+n+l   +l'"7.v+n+2  + 

Ix                                                ^x  +n 
=  V'npxax+n         (61) 

This  shows  that  the  deferred  annuity  on  (x)  is  equal  to  a  life 
annuity  on  {x-\-n)  discounted  to  the  present  time  at  interest  and 
multiplied  by  the  probability  of  (x)  surviving  n  years.  This  re- 
sult might  have  been  obtained  by  direct  reasoning  without  mathe- 
matical demonstration. 


m  Times  All  the  foregoing  annuity  formulas  are  based 

a  Year.  upon  payments  taking  place  once  a  year,  but  fre- 

quently arrangements  arc  made  whereb}^  annuity  payments  and 
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premiums  fall  due  at  semi-annual  or  quarterly  intervals:  under 
industrial  policies,  indeed,  the  premiums  are  collected  weekly.  It 
becomes  necessary,  therefore,  to  investigate  the  value  of  an 
annuity  payable  by  semi-annual,  quarterly,  and  other  instal- 
ments. Dealing  with  the  general  form  of  an  annuity  payable  ni 
times  a  year,  the  symbol  for  this  annuity  is  written  a''f>.  We 
can  obtain  an  approximate  value  as  follows : — 

When  the  first  payment  under  a  life  annuity  is  due  at  once,  its 

value  is  a^,  which  may  be  written 0  |  a^;  =  1  +  a^ 

The  value  of  an  annuity-due  deferred  one  year  is  ^  |  a^c  =  0  +  a* 
The  value  of  an  annuity-due  deferred  one  m^^  part  of  a  year 
would  therefore  be  approximately  in  proportion,  viz. : — 


m  —  I   . 

^^  =  ■ — ;;:, — ^  a^, 

m 


and  similarly 


I            m  —  2.     ~'"- 
2    a*  =  •  +  ax 

m  I 

Suppose  that  we  have  m  annuities  in  all,  the  first  payments  under 

\     2     'X 

which  fall  due  at  the  end  of  — ,  — ,  — ,  etc.,  of  a  year  respectively, 

m  m  m 

then  the  entire  series  of  annuities  will  provide  i  at   the  end  of 

each  m}^  part  of  a  year,  and  the  complete  series  of  values  will  be 

m  times  the  value  of  an  annuity  of  i  payable  in  instalments  of  — . 
The  complete  series  of  values  will  be  as  follows : — 

,s  .m—l.        .m  —  2.        .  m-S  ,  ,        .m  —  m 

ma)^^=ax-\ hflxH hcr^H h +ax-\ — — - 

^  m  m  m  m 

,  m  (m  —  l) 

=  max-\ ■ 

2m 

from  which  we  obtain  an  approximate  formula  for  the  value  of 
an  annuity  payable  m  times  a  year,  namely, 

{m)  ,   m  —  l  f^. 

a\     =  flx  +  — —     (62) 

2  w 
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This  approximation,  although  inaccurate  in  several  minor  par- 
ticulars, is  generally  used  in  practice.  From  it  we  obtain  values 
of  annuities  payable  by  half-yearly  and  quarterly  instalments, 
namely, 

aV  =a.  +  %  (63) 

a^V  =a,  +  y8  (64) 

and  these  values  are  sufficiently  accurate  for  general  purposes. 

COMMUTATION    COLUMNS. 

The  formulas  for  annuity  values  so  far  given  seem  to  involve 
a  great  deal  of  arithmetical  labor  to  obtain  practical  results ;  but 
this  may  be  minimized  in  various  ways — particularly  by  using 
commutation  columns.  In  the  expression  for  the  value  of  a  life 
annuity — 

vh+i  -\-v^l.r+2  + 

ax  = j 

I'X 

it  will  be  observed  that  each  term  would  have  to  be  calculated 
separately.      The  value  of  an  annuity  at  age  x  +  i  would  be 

V  lx  +  2  +  V^  /v  +  3  +  V^  1^  +  4  + 


fl*+l   = 


lx+ 


On  comparing  the  annuity  at  x  +  i  with  the  annuity  at  x  it  will 
be  observed  that  no  two  of  the  terms  are  alike.  Therefore  on 
first  consideration  it  would  appear  as  if  each  term  of  the  annuity 
at  age  x  -\-  i  would  also  have  to  be  computed.  This  would  in- 
volve a  great  amount  of  arithmetic  in  the  calculation  of  annuity 
values,  but  luckily  a  simple  device  avoids  much  of  this  trouble. 
If  we  multiply  the  numerator  and  denominator  of  the  annuity  on 
(x)  by  v^  we  do  not  change  the  total  value,  yet  we  have  the  index 
of  V  in  each  case  equal  to  the  age  of  the  life.  In  like  manner,  if 
we  multiply  the  numerator  and  denominator  of  the  annuity  at 
age  X  +  I  by  v^'^'^,  we  find  that  the  same  condition  holds  and  the 
two  expressions  become 


Gx   = 


and  ax+i 


V^lx 


V^^^lx+\ 
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It  will  be  observed  that  now  the  annuity  ax  contains  all  the  values 
included  in  the  annuity  ax+i,  so  that  when  the  values  have  been 
thus  calculated  for  the  youngest  age  in  the  table,  they  are  avail- 
able for  all  other  ages.  For  this  function  combining  interest 
with  the  number  living  the  symbol  D  is  used,  and  we  have 
Dx       =  v^  l^ 

Dx+l   =V'+^lx+l 

and,  generally,  Dx+„  =  v''+"  Ix+n  (65) 

The  expression  for  the  annuity  now  becomes 

Dx+l  +Dx+2  +  Dx+3  + 


flr     = 


D. 


The  sum  of  the  values  Dx+i  -\-  Dx+2  +  Dx+3  + 

is  expressed  as  equal  to  Nx  when  the  value  of  the  annuity  be- 


comes in  symbols 


ax  = 


~Dx 


<3 


(66) 


This  value  shows  the  origin  of  the  use  of  the  letters  N  and  D: 
they  were  used  as  being  the  initial  letters  of  the  words  ''Numer- 
ator" and  ''Denominator"  in  the  expression  for  the  value  of  an 
annuity.  Functions  of  this  nature  are  called  "Commutation 
Columns, "  because  they  facilitate  the  commuting  or  interchang- 
ing of  values  at  one  age  into  values  at  another. 

The  formation  of   such   columns   will   be  understood   more 
readily  by  a  practical  example  taken  from  the  older  ages  of  the 

AMERICAN    EXPERIENCE    TABLE    3^%. 

Ix  Nx=Dx+l+Dx+2+&C. 


X 

Vx  =  vH 

85 

29.4610 

86 

21.7598 

87 

15-4383 

88 

10.3963 

89 

6.5623 

90 

3-8305 

91 

2.0187 

92 

.9119 

93 

.3222 

94 

.0828 

95 

.0114 

61 

3342 

39 

5744 

24 

1361 

13 

7398 

7 

1775 

3 

3470 

I 

3283 

4164 

0942 

0114 
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The  use  of  the  N  column  in  the  manner  above  explained 
where 

N,  =  D,+i  +  D,+2  +  D,+3  + (67) 

is  that  adopted  by  the  International  Congress  of  Actuaries,  al- 
though it  is  different  from  that  which  has  been  generally  em- 
ployed in  America.  The  practice  in  America  has  been  to  sum  the 
Dx  column  from  x  upwards.  This  is  really  the  more  logical  and 
satisfactory  course  to  pursue,  because  all  the  other  columns  are 
summed  in  that  way,  and  no  advantage  is  gained  by  the  method 
above  outlined  in  the  way  of  convenience.  When  the  values  are 
summed  from  Dx  upwards,  the  N  is  distinguished  by  using 
special  type,  as  follows: 

Kx  =  Dx  +  Av+l  +  Av+2  + (67a) 

In  the  past,  however,  the  same  type  has  been  used  for  the  one 
form  as  for  the  other,  and  great  care  must  therefore  be  exercised 
to  avoid  mistake  when  using  such  tables. 


Select  In  the  case  of  select  life  functions,  the  values 

Forms.  have    generally    and    for    obvious    reasons    been 

summed  from  x  upwards  and  the  form  of  letter  expressing  the 
summation  has  had  the  double  bar  in  the  centre : 

^W  =  ^[.v]  +  A.^]+i  +  ^[.v]+2  + '.  •  .  . (68) 

Where  the  summation  is  from  x  upwards  it  is  called  the  "initial " 
form,  and  where  the  summation  is  from  .r  +  i  upwards  the  "ter- 
minal" form. 

All  of  the  annuity  problems  already  discussed  can  be  solved 
by  the  use  of  commutation  columns,  and  the  expressions  in  that 
form  take  simple  shapes  which  commend  themselves  to  the  reason 
and  fix  themselves  readily  in  the  mind.     We  have  seen  that  an 

annuity  for  the  whole  of  life  can  be  represented  by  ax  =  -77^ 
In  the  case  of  a  temporary  annuity  it  will  be  seen  on  reference 
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to  formula  (56)  above,  that  on  multiplying  the  top  and  bottom 
of  the  expression  by  v^  we  have 

V''+'  Ix+i  +  V"^'  lx+2  + +  I^^+"  Ix+n 

^Dx+r  +  Dx+2  + +Dx+n 

which  is  evidently 

^-|  =    D^^        ^^9) 

In  like  manner,  the  deferred  annuity  is  the  complement  of  the 
temporary  annuity,  namely, 

n\a.  =  -^^-         .: (70) 


D 


Still  another  form  of  annuity  may  be  given  although  it  is  of 
very  little  practical  use,  namely,  the  ''intercepted"  or  deferred- 
temporary  annuity.  n\mCix  represents  an  annuity  on  {x)  to 
commence  after  n  years  and  then  to  run  only  for  m  years — in. 
other  words,  it  runs  from  age  x  -\-  n  to  age  x  -^  n  -]r  m  ii  {x) 
should  be  alive  until  the  latter  age,  and  we  have 

a.  =  ^'+"  -^'+''+-        (71) 


n  I  tn  "^a;  t-x 


In  commutation  symbols  the  Pure  Endowment  is  expressed 

"^^  =  -Df       (7^) 

which  can  be  easily  proved. 

In  the  case  of  an  annuity -due,  as  the  first  payment  would 
be  made  at  once,  then  in  commutation  symbols  it  would  be 
expressed  as 

a.  =  I  +  a.  =  I  +  —  =        p^       =  -j^      (73) 

As  above  mentioned,  the  use  of  commutation  symbols  produces 
expressions  which  are  easy  to  remember  and  simple  in  their  ap- 
pearance.    Nevertheless  it  is  seldom  necessary  in  practical  work 
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to  use  these  functions  for  the  calculation  of  benefits,  because  for 
all  ordinary  tables  the  annuity  values  themselves  are  available. 
In  computing  tables  of  the  annuity  values,  however,  it  is  usual 
and  convenient  to  form  commutation  columns  in  the  first  in- 
stance, and  thereafter  derive  the  final  functions.  Sometimes, 
also,  when  tables  of  temporary  annuities  are  not  available,  the 
commutation  columns  afford  an  easy  means  of  obtaining  the 
required  values. 

QUESTIONS  ON  CHAPTER  VII. 

(i)  By  what  two  processes  may  we  find  the  average  present  value  of  benefits 
depending  on  the  duration  of  a  human  Ufe?  Show  that  they  are  in 
reaHty  the  same. 

(2)  Define: 

(i)  a  pure  endowment. 

(2)  a  hfe  annuity. 

(3)  an  intercepted  annuity. 

Give  the  formula  for  each  in  terms  of  the  numbers  living  and  the  rate 
of  interest. 

(3)  Prove  that  ax  =  vpx{l  +  ax+l)  and  give  a  verbal  explanation  of  this 
formula. 

(4)  How  would  you  construct  a  table  of  life  annuities,  given  the  probability 
of  living  a  year  at  each  age? 

(5)  What  are  "commutation  columns"?  State  in  terms  of  the  D  and  N 
columns  the  values  of  ax,  n\ax,  n\max,  and  a)^' 

(6)  Find  the  approximate  value  of  a^'"^  both  by  general  reasoning  and  by 
mathematical  process. 

(7)  Show  how  to  find  the  value  of  a  life  annuity  on  a  select  life  of  age  x; 
and  state  in  terms  of  commutation  symbols  the  value  of  n|wa[.Y]. 

(8)  What  single  premium  (American  3^2%)  could  be  accepted  in  Heu  of  a 
semi-annual  premium  of  $30  during  life,  at  age  45?  What  net  annual 
premium  payable  for  10  years  only  would  be  equivalent?  (Ans.  i — ■ 
$475.10;  2— $58.15). 

(9)  Given  a  column  of  the  numbers  living  at  each  age  and  the  values  of  y", 
how  would  you  construct  by  a  continuous  process  the  Dx  column? 

(i  o)     Give  a  formula  for  the  net  premium  for  a  20- Year  Endowment  Assurance 
at  age  x,  assuming  that  no  interest  can  be  earned. 


CHAPTER  VIII. 

Net  Premiums. 

The  Net  Single  Premium  is  the  mathematical  equivalent  of  the 
benefit  according  to  the  mortality  table  and  rate  of  interest  em- 
ployed in  the  calculation.  It  is  somewhat  of  the  nature  of  the 
manufacturing  cost  of  goods,  and  must  be  distinguished  from 
the  selling  price  or  premium  actually  charged,  which  will  be 
hereafter  treated.  In  the  preceding  chapter  annuities  were  dis- 
cussed to  an  extent  sufficient  to  explain  the  nature  of  the  payments 
to  be  made  for  a  life  policy.  We  shall  now  proceed  to  obtain 
expressions  for  the  value  of  the  benefit  or  single  premium,  and 
thereafter  find  the  net  annual  premium — which  is  the  equivalent 
annuity.  In  all  these  calculations  it  is  usual  to  assume  that 
premiums  are  paid  at  the  beginning  of  each  year  and  that  claims 
are  paid  at  the  end  of  the  year  of  death.  Yet,  as  a  matter  of 
fact,  claims  are  usually  paid  as  soon  after  the  date  of  death  as 
the  necessary  papers  can  be  completed  (see  Chap.  XII.).  The 
assumption  lends  facility  to  the  calculations,  while  the  mortality 
table  itself  conforms  to  the  same  general  principle. 

Single  The  benefit  under  a  Whole  Life  Policy  will  be 

Premium,  best  understood  by  considering  that  each  one  of  the 
Ix  persons  forming  the  group  at  age  x  effects  a  policy  for  I  on 
his  life.  If  this  be  done  the  number  of  deaths  in  the  first  year 
would  be  dx,  and  the  value  at  the  beginning  of  the  year,  of  the 
claims  by  death  due  at  the  end  would  be  vdx;  the  deaths  in 
the  second  year  would  be  dx-\-i,  and  the  value  of  the  claims  at  the 
beginning  of  the  first  year  would  be  v^  dx-\-i',  similarly  for  subse- 
quent years.  The  total  value  of  all  the  death  claims  would 
therefore  be 
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vdx  -\-  v"-  dx+i  +  v^  dx+2  +  &c. 

If  this  present  value  be  distributed  amongst  the  Ix  persons  we 
shall  have  as  the  share  of  each,  the  value  of  the  benefit  of  the 
assurance  of  i  at  death.  In  technical  language,  we  thus  find  the 
net  single  premium  for  a  Whole  Life  assurance  of  i,  which  is 
represented  by  Ax,  A  being  the  initial  letter  of  the  word 
"Assurance": — 

.          vdx  +  v^  dx+i  +  v^  dx+2  +  ^^  dx+3  +  &c.  ,   ^ s 

Ax  =  j (74) 

This  is  the  value  of  the  benefit  to  the  life  assured,  represented  by 
the  payment  of  i  at  his  death,  and  it  therefore  represents  the 
smallest  single  premium  which  can  be  accepted  by  a  company 
as  the  consideration  for  its  undertaking  such  an  obligation.  In 
making  this  statement  it  is  understood  that  a  true  rate  of  in- 
terest and  a  true  mortality  table  will  be  used,  both  representing 
the  actual  experience  to  be  realized  by  the  company.  The  differ- 
ence which  these  factors  cause  will  be  clear  from  the  fact  that 
looo  ^35  by  the  Northampton  Table  with  3%  interest  is  506.67 
whereas  the  same  value  by  the  American  Experience  Table  with 
4|%  interest  is  only  293.35. 

The  above  formula  may  be  transformed  in  an  instructive 
manner  as  follows: — 


Ax 


vdx  +  v^dx+i  +  v^dx+2  4- 


_   V  {lx  —  lx+\)   +  V"  (lx+l-lx+2)   +  ^^  (lx+2-lx+3)  + 

_  Vlx  +  V^lx+1  +V^lx+2  +•  •    _  vh+1  -\-V^lx+'^+ 

=  v(l  +  — J )  -  ax 

^x 

=  V  (l  +  ax)  ~  ax (75) 

Assurance        This  shows  that  the  value  of  the  sum  assured 

Relationship  payable  at  death  may  be  conveniently  expressed 

to  in  terms  of  an  annuity  payable  during  life,  and  the 

Annuity,      rate    of    interest.     This    formula    again    may    be 


(76) 
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mathematically  transfoniicd  so  as  to  produce  other  expressions 
giving  the  assurance  value  in  terms  of  the  annuity : — 

Ax  =v(l-\-  ax)— ax 

_  1  +  ax  _  1  +  ax  —  ax  —  tax 

~    l+i         ""^  "  1+i 

^  1  —  tax 

1  +i  

=  V  —  dax 

=  1  —  d  —  dax 

=  l-d{l+ax)         (77) 

This  last  formula  is  one  of  great  importance,  and  may  be  ex- 
plained verbally  so  as  to  assist  the  memory.  The  sum  assured 
under  the  policy  is  i,  and  if  it  were  payable  at  once  its  value 
would  of  course  be  i ;  but,  as  it  is  not  payable  until  the  end  of  the 
year  of  death,  it  follows  that  interest  in  advance  for  each  year 
(d  each  year)  must  be  deducted  during  the  lifetime  of  (x).  This 
interest  is  of  the  nature  of  an  annuity-due,  and  its  capitalized 
value  is  represented  by  the  expression  d  (i  -\-  ax),  which,  deducted 
from  the  full  sum  of  i  gives  the  present  value  of  the  payment  due 
at  the  end  of  the  year  of  death. 


Annual  Policies  of  life  assurance  are  very  seldom  effected 

Premiums,  by  single  premium:  the  more  common  form  of 
policy  is  that  by  continued  annual  payments  during  life.  In 
whatever  form,  however,  the  payments  are  received  by  the  assur- 
ance company,  the  net  equivalent  value  must  be  the  same.  If  an 
annual  premium  be  due  at  the  beginning  of  each  year,  it  is,  as 
formerly  explained,  an  annuity-due  payable  by  the  policy-holder 
to  the  company  in  consideration  of  the  obligation  the  company 
incurs.  If  such  net  annual  premium  be  represented  by  Px,  the 
value  of  the  total  premiums  throughout  life  would  be  P^  (1  +  ax), 
and  this  value  must  be  the  equivalent  of  the  obligation  incurred, 
namely  Ax.     We  therefore  have  the  formula: — 

Px(H-aJ  =Ax  (78) 

whence  the  value  of  Px  may  be  derived : — 
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The  general  principle  above  indicated,  that  the  value  of  the 
benefit  must  equal  the  value  of  the  payment,  is  an  important  one, 
and  is  the  fundamental  principle  in  old-line  life  assurance. 
Forge tfulness  of  this  has  been  the  cause  of  much  disappointment 
in  assessment  and  fraternal  assurance. 

It  has  been  shown  that  the  single  premium  may  be  expressed 
in  terms  of  the  annuity  value  and  the  rate  of  interest.  By  trans- 
formation the  annuity  value  may  be  expressed  in  terms  of  the 
single  premium  and  the  rate  of  interest.  For  example,  making 
use  of  formula  (76)  above — • 

_  1  -  iax 

^"  ~  1+i 

we  have        (1  -\-  i)  Ax  =  1  —  idx 

.-.  tax  =  1  -  (1  +  i)  Ax 

,  1  -  (1  +t)  Ax  ..  . 

and       ax  =  ■■ (oo) 

t 

The  annual  premium  Px  may  also  be  expressed  in  terms  of 
annuity  values  or  of  single  premiums,  because  we  have 

p    _      Ax       ^  1  -djl  +ax) 
1 


Or  again 


Px  = 


1  -\-ax 

Ax 


d;         (81) 


j_^i_-  (1  -hi)  Ax 


i  Ax 


(1  +i)  -  (1  +i)Ax 


(82) 


Dividing  numerator  and  denominator  of  the  right  side  by  (i  +i)y 
v/e  place  this  in  a  much  neater  form : — 

^-I^  («3) 
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And  lastly,  we  may  express  the  annuity  value  in  terms  of  the 
premium  from  equation  (81)  above: 

pi. 


P.  +  d  = 


1  +  a, 
1 


1  +  ax 
(l+a.)  {Px-^d)  =  1 

1 


1  +  ax 


Px+d 


an^        ^^  =  P^d-^       (^4) 

It  will  be  seen,  therefore,  that  these  three  functions,  the  an- 
nuity, the  single  premium,  and  the  annual  premium,  are  all 
closely  related  to  one  another.  If  we  know  any  one  and  the  rate 
of  interest  used  for  the  calculation,  we  can  derive  the  other  two. 
It  is  natural  that  they  should  be  so  related,  because  all  three 
benefits  depend  solely  on  the  duration  of  human  life,  and  ter- 
minate or  mature,  as  the  case  may  be,  in  event  of  death.  Ad- 
vantage has  been  taken  of  the  close  relationship  between  annui- 
ties and  premiums  to  compute  tables  from  which,  if  the  value  of 
one  be  known,  the  value  of  the  other  may  be  at  once  found  by 
simple  reference  to  the  table. 

A  verbal  explanation  could  be  given  for  each  of  the  above 
formulas,  and  students  should  satisfy  themselves  not  only  of  the 
mathematical  accuracy  of  the  expressions,  but  also  of  their  rea- 
sonableness. 


Temporary  In  a  manner  similar  to  that  used  for  the  tempo- 

and  rary  annuit3%  the  value  of  a  temporary  assurance 

Deferred  may  be  found,  namely: — 
Assurance. 

^  X  n\  i^  ^«5; 

The  symbol  for  this  may  be  written  either  as  ^  ^  -^  ;  or,  following 
the  principle  applied  to  annuities,  as  \nAx.     The  single  premium 
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for  a  Pure  Endowment  was  expressed  in  formula  (51)  as  nEx; 
but  it  may  likewise  be  represented  by  ^_^1  where  the  i  above 

T\  indicates  that  the  sum  assured  is  payable  only  if  that  term 
should  first  expire;  in  other  words,  only  if  (x)  be  alive  after  n 
years.  In  the  case  of  the  term  assurance  the  i  is  above  the  x,  in- 
dicating that  (x)  must  die  within  the  n  years  in  order  that  the 
sum  assured  shall  be  payable. 

The  deferred  assurance  is  little  used  in  practical  transac- 
tions, but  it  may  be  given  here  for  the  sake  of  completeness, 
namely : — 


n 


A. 


V^+^dx+n  +V''-^^dx+n+l    + 


_  V"  Ix  +n         Vdx+n  +  v'^dx+n+\    + 

Ix                                                        Ix  +  n 
=   Z;"  npx  Ax+n  . (86) 


Endowment  An  Endowment  Assurance  provides  for  the 
Assurance,  payment  of  the  sum  assured  either  at  death  within 
n  years  or  on  survivance  of  that  period,  and  it  consists,  therefore, 
of  the  temporary  assurance  above  mentioned  combined  with  a 
pure  endowment  to  provide  the  amount  in  event  of  survivance. 
These  two  benefits  are  mutually  exclusive,  because,  if  the  sum 
assured  become  payable  under  the  term  portion,  the  endowment 
is  not  payable;  while,  on  the  other  hand,  if  the  endowment  be 
payable  on  survivance,  the  term  assurance  would  have  expired  in 
normal  course.  The  combination  of  the  two  gives  the  single 
premium  for  an  endowment  assurance,  namely: — 

A   _^  =Ai^  +  nE,       (87) 

X    n\  X  n  I 

Or  what  is  the  same  thing : — 

A       =^1  _,  +A    1 

X  n\  X    H  \  X   n\ 

To  express  the  temporary  assurance  and  the  endowment  as- 
surance in  terms  of  annuity  values,  let  us  first  investigate  formula 
(85)  for  the  value  of  a  temporary  assurance: 
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/ii-         vd  X  +  v^dx+]  4-  v^dx+2  +  .  .  .  .   +  V^dx+n-l 

j^xn\    = 

=  ^  i^x-lx+l)+V^  (lx+l—lx+'J)+ +  V"  (Ix+n-l—lx+n) 

Ix 
^  vlx  +  V^lx+1  +    .  .    +t;"4+„-i   _  vlx+l+V%+2+  .  .  +V''lx+n 
Ix  I'X 

=  v{l-{-ax «-^T-|)  -  (ixT\  ^  (88) 

Now  if  we  add  to  the  above  expression  the  value  of  a  pure  en- 

1)^  I    4- 

dowment  maturing  in  n   years,  namely,  — f~~^^  we  shall  only 

l-x 

cancel  the  last  term  of  the  second  annuity,  that  is 

—cLx  TTI  H 7 —  =  —  dx  ;r=^i 

We  therefore  have 

A  x~;r\  =  V  {I  +  ax  r^|)  -  ax  ;^~i|      (89) 

which  is  obviously  correct,  because  the  first  expression  on  the 
right  side  of  this  equation  provides  i  at  the  end  of  each  year  on 
which  a  person  enters  for  n  years,  and  the  second  expression 
subtracts  i  for  each  year  a  person  survives,  but  only  for  (n  — i) 
years.  Accordingly,  if  he  should  enter  on  any  year  and  not  sur- 
vive it,  the  sum  of  i  would  be  free  for  payment  under  the  tempo- 
rary assurance,  while  if  he  should  survive  the  last  year,  the  sum 
of  I  would  likewise  be  free,  because  there  is  no  deduction  under 
the  second  annuity  for  that  year. 

From  the  last  equation  we  can  obtain  another  expression 
which  is  more  useful,  as  follows: — 

Ax  r"i=  v{i  -\-  ax  ^=r|)  —  cLx  7^=n 
=  v  -\-  V  axi{=Ti  —  axii==r\ 
=  1  -d  -  (1  -v)  flx-^=i| 
=  l-d  (l+a:c^)       (90) 

The  form  of  this  expression  is  similar  to  that  of  formula  {77)t 
and  the  same  kind  of  verbal  reasoning  may  be  applied  to  it. 
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Other  We  may  now  pass  to  the  computation  of  annual 

Annual  premiums  for  limited  payment  policies,  term  assur- 
Premiums.  ances,  etc.  If  a  Whole  Life  policy  be  taken  by 
annual  premiums  limited  to  n  payments,  the  value  of  the  sum  as- 
sured payable  at  death  remains  the  same,  but  the  premiums  fall 
due  over  a  shorter  period;  therefore  the  premium  during  such 
shorter  period  must  be  larger  so  that  the  aggregate  payments 
may  equal  the  benefit.  In  such  circumstances  the  net  premium 
is  represented  by  the  symbol  nPx,  and  the  total  value  of  the  net 
premiums  is  found  by  multiplying  the  annual  payment  by  a  tem- 
porary annuity  for  n  years.     The  equation  is: 

nPx  (1  +ax;r:T-|)  =  Ax 

From  this  the  value  of  the  premium  may  be  deduced,  namely : — ■ 

1  +  a;c^r=^| 

The  method  of  obtaining  annual  premiums  for  other  classes 
of  policies  is  similar.  The  annual  premium  for  a  temporary  as- 
surance on  (jc)  is  obtained  from  the  following  equation: — 

Pi-(l+a.7r^|)  =  ^Iti 

X  n\  I  J 

whence  Px^  =  7-7 izz       (92) 

In  like  manner  the  premium  for  a  pure  endowment  payable  on 
the  expiry  of  71  years,  provided  (x)  be  then  alive,  is 

■n.    ^  AxT\  V"nPx  r      \ 

Px-i  =  ,    I   ^,  ^'^  ,  or  /  (93) 

1  1    +  flx  n-li  I    -r  dx  «-li 


Lastlv,  the  annual  premium  for  an  Endowment  Assurance  pay- 
able in  n  years  or  at  previous  death  is 

I  1    +   Oj;  „-l| 
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Semi-Annual       The  premiums  thus  far  dealt  with  have  been  on 

and  a  yearly  basis,  but  frequently  they  are  payable 

Quarterly,   semi-annually    or   quarterly.     In   such   cases   the 

annuity  value  must  be  suitably  adjusted  in  terms  of  formulas 

(63)  and  (64). 

PJ.2)  represents  the  total  amount  each  year  when  providing  for 
two  semi-annual  payments;  that  is,  the  premium  each  half  year 
would  be  J  P'^p.     Therefore  we  have: — 

Pf  (I  +  a(f)  =  A, 

whence  from  formula  (63)  P^^)  =         ""  -     (95) 

and  in  like  manner  for  a  policy  by   quarterly  premiums   the 
formula  would  be 

-Pi^'  =  774^         (96) 


These  results  show  that  double  the  semi-annual  premium  will 
exceed  the  normal  annual  premium  Px  and  likewise  that  four 
times  the  quarterly  is  greater  than  twice  the  semi-annual  pre- 
mium. As  the  result  of  actual  calculation,  it  is  found  that  the 
theoretic  addition  necessary  to  the  annual  premium  in  obtaining 
semi-annual  payments  is  about  2%,  and  for  quarterly  payments 
about  3%.  The  theoretic  addition  only  takes  account  of  two 
elements: — (i)  the  possibility  that  part  of  the  premium  may  be 
lost  in  the  year  of  death;  and  (2)  loss  of  interest  which  takes 
place  through  delay  in  payment  of  part  of  the  premium.  On  an 
annual  basis  the  premium  would  be  paid  in  full  at  the  beginning 
of  the  year  of  death,  whereas  on  a  true  semi-annual  or  quarterly 
basis  part  of  the  premium  might  remain  unpaid  at  the  date  of 
death;  and  interest  on  so  much  of  the  premium  as  is  not  paid  at 
the  beginning  of  the  year  is  lost  annually. 


General  In  practice  there  is  a  third  influence  which  is  of 

Practice,  considerable  importance,  namely,  the  additional  ex- 
pense incurred  in  collecting  premiums  twice  or  four  times  a  year 
instead  of  gnc^  only.     Until  recent  years  the  general  rule  in 
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America  was  to  add  4%  to  the  annual  rate  and  thereafter  divide 
by  2  to  obtain  the  semi-annual  premium;  and  to  add  6%  to  the 
annual  rate  and  thereafter  divide  by  4  to  obtain  the  quarterly 
premium.  These  additions  are  larger  than  are  in  theory  required 
for  true  semi-annual  and  quarterly  premiums  leaving  out  of  ac- 
count the  additional  expense.  Moreover  in  practice  the  common 
custom  is  to  use  semi-annual  or  quarterly  payments  as  being 
instalments  of  annual  premiums,  and  provide  that  in  event  of 
death  before  the  fuU  year's  premium  had  been  paid,  any  semi- 
annual or  quarterly  instalment  then  unpaid  should  be  deducted 
from  the  sum  assured  at  settlement.  A  more  liberal  practice  now 
prevails,  and  the  semi-annual  and  quarterl}^  premiums  actually 
charged  bear  a  much  closer  relationship  to  the  amounts  which  the 
formulas  indicate. 


Sum  Assured  The  theory  of  assurances  so  far  investigated 
Payable  has  proceeded  on  the  assumption  that  sums  as- 
Immediatelyj  sured  are  payable  at  the  end  of  the  year  in  which 
death  takes  place.  In  this  connection  let  us  consider  the  simplest 
case  of  a  term  assurance  for  one  year  where 

.i_        vdx 

It  will  be  seen  that  the  claims  dx  are  discounted  at  interest  for 
a  complete  year,  and  therefore  the  single  premium  provides  that 
the  sum  assured  shall  be  payable  only  at  the  end  of  the  year. 
It  was  at  one  time  the  custom  to  pay  sums  assured  in  this  way, 
that  is,  on  the  average,  six  months  after  death.  But  with  the 
tendency  towards  broadening  the  view  of  life  assurance,  the 
practice  has  arisen  of  paying  claims  immediately  after  death,  or 
at  least  so  soon  as  the  proofs  can  be  completed  and  the  title  of 
the  claimant  shown  to  be  satisfactory.  If  sums  assured  are 
considered  as  payable  at  the  moment  of  death,  and  if  it  be  as- 
sumed that  deaths  on  the  average  take  place  at  equal  intervals 
over  the  year,  then  it  is  apparent  that,  as  compared  with  the 
theory  so   far  investigated,  the   practical  result   of  immediate 
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payment  after  death  will  be  a  loss  to  the  company  of  six  months' 
interest  on  the  average.  To  provide  for  payment  of  claims  at 
death  the  above  stated  formula  would  become 


=  (1  +  i)i  Al-j-^ 


When  the  sum  assured  is  payable  at  the  moment  of  death  the 
assurance  symbol  has  a  bar  placed  above  it  as  shown.  The  sin- 
gle premium  for  an  ordinary  assurance  payable  at  the  moment 
of  death  would  become 

Ax  =  (1  +  iy-Ax      (97) 

because  in  every  case  provision  has  to  be  made  for  half  a  year's 
interest.     The  annual  premium  would  be  similarly  modified: — 

(^)P.*  =  (1  +i)'-Px      (98) 

The  situation  is  different,  however,  in  the  case  of  Endowment 
Assurances,  because  the  only  portion  of  the  benefit  affected  by 
the  early  payment  of  claims  is  the  assurance  portion.  The 
endowment  portion  is  not  affected  by  the  payment  of  death 
claims  immediately  when  they  arise,  because  the  formula  already 
provides  that  the  endowment  shall  be  definitely  paid  at  the  end 
of  n  years.     We  have  seen  that 

Ax'n'\    ^^         x'n'\      I     -^xlTl 

and  accordingly    AxT^  =  (1  +  i)^  ^It^  +  Axlr^        (99) 

As  a  matter  of  fact,  claims  cannot  be  paid  actually  at  the 
moment  of  death.     There  is  always  more  or  less  delay  in  submit- 

*  The  use  of  i<x>)Px  appears  to  be  a  slight  departure  from  the  system  of 
notation,  as  explained  in  the  Appendix,  but  it  is  necessary  because  Px  rep- 
resents the  premium  payable  at  infinitesimal  intervals,  whereas  (.'^)Px  ex- 
presses the  premium  payable  annually  for  an  assurance  due  at  the  moment 
of  death. 
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ting  proofs,  and  allowance  for  this  should  be  made.  For  example^ 
if  the  average  lapse  of  time  be  i  month  after  death,  then  the  loss 
of  interest  is  for  5  months  and  the  value  becomes 

(1+i)-^,; 
other  formulas  being  similarly  adjusted. 


Assurance        It  will  be  observed  that  as  in  the  case  of  the 
Commuta-   annuity,  the  formulas  above  given  for  single  pre- 
tion         miums  would  involve  much  arithmetical  work  in 
Symbols,     calculating   the   values    at    various  ages;   but  by 
adopting  the  same  device  as  that  used  in  connection  with  an- 
nuities, and  forming  assurance  commutation  columns,  much  of 
the  labor  is  avoided.      If  the  numerator  and  denominator  of  the 
expression  for  the  single  premium  be  multiplied  by  v^,  we  have 

v^+^d,  +  "c;-^-+2^.,+i  + 

and  if  v^^'^  dx  be  represented  by  Cx,  and  v^'^-dx^i  by  Cx+i,  and  so 
forth  ((?  being  the  letter  next  to  D),  then  we  have 

A     —  ^x  -}-  Cx+i  -\-  Cx+2  -\- 

And  if  the  series  of  values  of  C  be  summed  and  represented  by 
M,  so  that 

Mx  =  Cx  +  C,  +1  +  G+2  +  &c (100) 

then  we  have  for  the  single  premium  the  simple  expression 

^'  =  d: ('«') 

It  is  probably  unnecessary  to  go  through  the  form  of  de- 
ducing expressions  in  commutation  symbols  for  other  assurance 
benefits.     The  results  may  be  stated  as  follows: — 
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^,_  -  M,~M^+^       (,^2) 


X  n\ 


D, 


^^-j  =  ^^^ZLi^±^l±.      (:o4) 

By  using  the  annuity  and  the  assurance  commutation  sym- 
bols in  conjunction  we  obtain  convenient  expressions  for  annual 
premiums,   namely : — 

=  iv:r,        (^^5) 

=  iV._i-iv,+„_,         ('°^) 

1  iV;c-l  —  iV;C+n-l 

P.nr         N:._,-N.^n-V  ^'""^^ 

It  is  for  such  calculations  that  the  inconvenience  in  the  form  of 
the  N  column  is  made  apparent.  When  the  initial  form  is  used 
the  expressions  are  simpler: — 


Px 


Nx 


Mx 

«^^  =  Nx  -  Nx+n       ^^' 


QUESTIONS  ON  CHAPTER  VIII. 

(i)     Define  the  term  "net  premium".     State  and  illustrate  the  relationship 

existing  between  single  and  annual  premiums. 
(2)     Prove  that  Ax=  va.x—  ax. 
also  Ax  =  l  —da.x. 

Give  a  verbal  explanation  of  these  formulas. 
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(3)  Give  a  formula  for  ax  in  terms  of  (i)  Ax  and  (2)  Px.  Explain  each 
verbally, 

(4)  State  the  difference  between  a  pure  endowment  and  an  endowment 
assurance.  Give  formulas  for  the  single  and  annual  premiums  for 
each  in  terms  of  commutation  symbols. 

(5)  What  is  the  formula  for  an  annual  premium  payable  m  times  a  year 
for  an  Ordinary  Life  Policy? 

How  are  semi-annual  and  quarterly  premiums  calculated  in  practice? 
Why  does  the  method  used  in  practice  differ  from  the  mathematical 
formula? 

(6)  State  the  meanings  of  the  symbols 

Ax,Fx,  (°°'P:c  and  ^""^Px. 
What  is  the  value  of  the  single  premium  for  an  assurance  on  a  life  aged  x, 
assuming  that  a  period  of  two  months  will  elapse  between  the  date  of 
death  and  payment  of  the  sum  assured? 

(7)  Show  that  Mx  =  vi^x-  N'x-hl- 

(8)  Calculate  by  the  American  Experience  Table  with  3! %  interest  the 
net  annual  premium  per  $1,000  at  age  25  for: 

(a)  Twenty  Year  Endowment  assurance.     (Ans.  $39.14.) 

(b)  Ten  Year  Temporary  assurance.     (Ans.  $8.10.) 

(c)  Twenty  Year  Pure  Endowment  by  ten  premiums.     (Ans. 

$50.36.) 

(d)  Twenty  Payment  Life  assurance  with  sum  assured  payable 

at  moment  of  death.     (Ans.  $22.92.) 

(9)  A  Double  Endowment  assurance  is  one  under  which  i  is  paid  at  death 
if  within  n  years  or  2  on  survivance  of  n  years.  Find  the  net  annual 
premiums  at  ages  25  and  35  for  $1,000  payable  at  death,  or  $2,000 
maturing   after    15   years.     (Ans.    25=  $100.94.     35=  $100.79.) 

(10)  What  rate  of  interest  is  involved  when  A  =  .34328  and  P  =  .01768. 
(Ans.  3^%.) 

(11)  If  the  single  premium  for  an  Endowment  assurance  maturing  in  20  years 
is  $496.65,  and  the  temporary  annuity  for  19  years  at  the  same  age  is 
12.087,  find  the  annual  premium  and  the  interest  rate.     (Ans.  $37.95: 

4%.) 

(12)  If  a^  =  14.356  at  4%  interest,  find  the  single  and  the  annual  premiums 
to  assure  $1 ,000.     (Ans.  $409.39.     $26.66.) 

(13)  What  is  the  net  annual  premium  (American  3^%)  at  age  30  for  an 
Ordinary  Life  policy  payable  in  ten  equal  annual  instalments  of  $100 
each,  the  first  instalment  due  at  death?  What  is  the  commuted  value 
at  death?     (Ans.  $14.80.     $860.77.) 

(14)  A  policy  is  issued  with  the  condition  that  on  the  death  of  the  assured 
the  amount  is  to  be  retained  for  i  o  years,  the  company  paying  interest 
thereon  at  the  rate  of  7%  per  annum.  If  such  a  policy  be  taken  on 
the  Twenty  Year  Endowment  plan  at  age  30,  and  the  company  can 
count  on  earning  35%,  what  is  the  net  American  3^%  premium  per 
$1000.     (Ans.  $51.01.) 


CHAPTER  IX. 

Expenses,  Loadings  and  Extra  Premiums. 

The  previous  chapter  dealt  only  with  net  premiums  and  their 
calculation  and  did  not  touch  upon  the  actual  premiums  which  have 
to  be  paid.  But  life  assurance  companies  incur  considerable  ex- 
pense in  maintaining  their  organization,  in  writing  new  assurances, 
and  in  collecting  the  premiums  falling  due  from  time  to  time.  Legis- 
lators tax  the  premiums  on  an  average  about  2%  and  thus  make 
life  assurance  a  source  of  State  Revenue.  Many  of  the  companies 
also  make  returns  to  the  policy-holders  of  surplus;  and  such 
returns  have  become  a  recognized  part  of  the  system,  being  more 
fully  discussed  in  Chapter  XIL  To  the  net  premiums,  therefore, 
there  is  added  what  is  called  "loading"  to  provide  for  such  ex- 
penses, for  surplus,  and  for  other  contingencies  such  as  unexpected 
losses  or  adverse  fluctuations.  It  is  necessary  that  the  premiums 
charged  be  sufficient :  it  is  better  to  have  them  too  large  than  too 
small;  because,  when  they  are  greater  than  is  absolutely  essential, 
an  adjvistment  is  made  in  the  surplus  distribution,  or  a  better 
dividend  is  earned  for  the  stockholders  of  a  company  issuing  only 
non-participating  policies;  whereas,  if  premiums  are  too  small, 
irretrievable  loss  may  result. 


Examples  In  order  to  understand  better  the  problem  be- 

of  fore  us  in  the  loading  of  premiums,  it  is  desirable 

Net  to  have  a  general  idea  of  the  relative  magnitude  of 

Premiums,  net  premiums  for  different  ages  and  classes  of  poli- 
cies. The  following  schedule  gives  the  net  premiums  by  the 
American  Experience  Table,  with  3!%  interest: — 
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AMERICAN     EXPERIENCE     TABLE  3|%. 

wSpecimen  net  Premiums  per  i,ooo. 

kind  of  policy.                             age  20.  age  40.  age  60. 

Term  Assurance,  5  yrs 7.64  9.91  30.15 

"           ''          20  " 8.09  13.23  49.66 

Ordinary  Life,  Continued  Payments.      13.48  23.50  56.83 

"      Thirty               "      ...       16.53  25.42  56.87 

"      Twenty            "      ...      20.72  30.75  59.85 

"      Ten                   "      ...      34.23  4978  83.59 

Endowment  Assurance,  30  yrs 24.18  28.18  56.91 

20    "      38.90  41.18  61.65 

10    "      ....      86.30  87.58  99.51 
Joint  Life  Policy,  Continued  Payments 

(two  lives  both  same  age) 21.61  35-45  87.50 

Survivorship  Assurance,   life   assured 
aged  20  in  each  case — counter  life 

as  given  at  top  of  column 10 .  80  8 .  90  7 .  80 

Usual  It  will  be  seen  that  the  basis  formed  by  the 

Expenses  net  premium  in  each  case  is  very  variable.  The 
Incurred.  outlays,  apart  from  claims  and  surrender  values, 
incurred  by  a  life  assurance  company  have  to  be  met  by  an  addi- 
tion or  loading  to  these  net  premiums.  The  usual  expenses 
consist  of : — 

(i)  Salaries  of  officials  and  rents  at  Home  Office  and 
branches ; 

(2)  Commissions  to  agents  on  first  premiums  and  on  re- 
newal premiums ; 

(3)  Medical  expenses  for  the  examination  of  new  risks, 
for  the  reinstatement  of  lapsed  policies,  and  for  ad- 
vice relative  to  settlement  of  death  claims ; 

(4)  Clerical,  mailing,  and  printing  expense,  for  new  poli- 
cies, for  notifying  policy-holders  that  their  premiums 
are  due,  and  for  collecting  premiums; 

(5)  Travelling,  furniture,  stationery,  etc. ; 

(6)  Taxes  imposed  by  State  Legislatures;  and 

(7)  Expenses  in  settlement  of  death  claims,  and  other  in- 
cidental outlays. 
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Investment  expenses  are  usually  taken  care  of  by  the  interest 
income,  a  rate  of  interest  being  assumed  in  premium  calculations 
which  can  be  earned  net,  after  meeting  such  outlays.  The  com- 
missions payable  and  the  taxes  are  usually  represented  by  a  per- 
centage of  the  premiums.  These  expenses,  therefore,  vary  in 
amount  according  to  the  age  of  the  applicant  and  the  kind  of 
policy  which  may  be  taken.  The  outlays  for  writing  policies, 
medical  examinations,  mailing  notices,  settling  claims,  and  in 
general  the  Home  Office  expenses,  depend  more  largely  upon 
the  number  of  policies  issued  or  outstanding;  such  expense  can 
therefore  be  more  accurately  computed  on  the  basis  of  each 
$1 ,000  of  sums  assured. 

Constant  If  a  constant  addition  were  made  to  the  net  pre- 

Addition  mium,  such  as  5  for  each  1,000  assured,  the  loading 

Loading.  on  a  Five  Year  Term  policy  would  be  heavy  at  the 

younger  ages  in  proportion  to  the  premium,  while  the  loading 
on  a  Ten  Year  Endowment  policy  would  be  only  a  very  small 
proportion  of  the  premium.  In  the  first  case,  there  would  be  a 
provision  for  expenses  at  young  ages  of  about  40%  of  the  full 
premium,  whereas  in  the  second  the  expense  provision  would 
le  less  than  6%.  It  will  be  seen  from  the  above  that  part  of  the 
expense  is  quite  independent  of  the  amount  of  the  premium. 
But  the  commissions  are  most  frequently  paid  as  a  percentage  of 
the  premium;  and  taxes  are  assessed  in  like  manner,  while  there 
are  other  charges  which  depend  almost  entirely  upon  the  amount 
of  the  premiums  collected.  The  constant  addition  to  the  pre- 
mium does  not  make  adequate  allowance  for  these,  and  accord- 
ingly it  is  now  seldom  recommended. 

Percentage  On  the  other  hand,  if  a  percentage  addition  to 
Addition  the  net  premium  were  adopted,  such  as  30%  of  the 
Loading.  premium,  then  the  cash  loading  on  a  Five  Year 
Term  policy  at  age  20  would  be  only  2.29;  at  age  60  for 
the  same  class  of  policy  it  would  be  9.05 ;  on  an  Ordinary  Life 
policy  by  Continued  Payments  at  age  20  it  would  be '4.04, 
whereas  at  age  60  the  loading  would  be  17.05;  and,  lastly  on  a 
Ten  Year  Endowment  at  age  60  it  would  be  29.85.      Such  load- 
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ings,  it  will  be  seen,  woiild  vary  from  2.29  to  29.85  for  each  1,000 
assured,  according  to  the  kind  of  policy  and  age  of  the  life  as- 
sured. Such  policy-holders,  therefore,  as  might  enter  at  the 
older  ages  by  this  system  of  loading  would  be  paying  a  much 
greater  cash  addition  over  the  net  rates  than  those  entering  at 
the  younger  ages.  Moreover,  a  percentage  loading  like  30%, 
added  to  a  Ten  Year  Endowment  policy,  would  provide  much 
more  than  is  required,  and  it  would  make  the  premium  rate  most 
unattractive  to  any  applicant.  The  system  of  percentage  load- 
ing is  just  as  objectionable  as  that  of  constant  cash  additions;  be- 
cause the  actual  expenses  are  not  confined  solely  to  the  one  class 
or  \o  the  other,  but  include  both.  Some  modification  or  com- 
promise is  necessary  as  between  the  two. 

Customary  Notwithstanding  the  above  objections,  it  is  a 
Method.  common  custom  in  the  United  States  to  add  a 
fixed  percentage  to  Ordinary  Life  premiums  for  all  ages.  A 
partial  adjustment  of  the  equities  as  between  young  and  old 
entrants  takes  place  in  the  method  of  surplus  distribution.  If 
the  percentage  be  33.3%,  then  in  forming  Limited  Payment 
Life  and  Endowment  Assurance  rates  the  common  rule  is  to  add 
16.6%  of  the  net  rate  for  the  particular  kind  of  policy  and  16.6% 
of  the  Ordinary  Life  net  premium.  For  example,  taking  the 
net  premium  rates  at  age  40  as  given  above,  the  loaded  rates 
would  be  obtained  as  follows:  — 

Ordinary  Life,  Net  Rate 23.50 

Add33.3%  (say  i) 7-83 

Office  Rate,  Continued  Payments 31-33 

20  Payment  Life,  Net  Rate 30.75 

Add  J 5.13 

Add  J  of  Whole  Life  Rate 3.91 

Office  Rate,  20  Payments 39-79 

20  Year  Endowment,  Net  Rate 41.18 

Add  J 6.86 

Add  i  of  Whole  Life  Rate 3.91 

Office  Rate,  20  Year  Endowment 51  •95» 
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The  effect  of  the  above  method  is  somewhat  similar  to  that 
of  adding  a  percentage  of  the  premium  and  a  constant  for 
each  1 ,000  assured :  it  makes  an  adjustment  at  least  as  between 
different  classes  of  policies.  But  this  method  does  not  adjust 
equitably  the  premium  rates  as  between  young  and  old  entrants 
although  the  practical  results  are  better  than  theory  promises. 

Constant  The  two  methods  of  (i)  constant  addition,  and 

and  (2)    percentage  addition,  are   each   incomplete   in 

Percentage,  themselves,  but  they  are  to  a  great  extent  comple- 
mentary, so  that  a  combination  of  the  two  systems  yields  good 
average  results  and  still  retains  the  advantage  of  simplicity.  The 
percentage  provides  for  an  increasing  cash  loading  according  to 
the  magnitude  of  the  net  premium  used  as  the  basis,  whereas  the 
constant  secures  an  adequate  allowance  for  administration  ex- 
penses, which  depend  to  a  greater  extent  upon  the  sums  assured 
written  and  remaining  in  force.  For  example,  premium  rates 
which  on  the  average  would  prove  satisfactory  might  be  com- 
puted by  adding  a  constant  of  4  for  each  1,000  and  thereafter 
15%,  as  follows: — 

Continued  Payment  Net  Rate,  age  40  .  .       23.50^ 
Add  Constant  of 4.00 


Addi5% J^;^5 


27.50 

75 

38 


Office  Premium  by  Continued  Payments  3 1 .63 . 

The  following  table  gives  the  premium  rates  which  would  be 
obtained  by  adopting  this  uniform  rule  throughout  the  same 
classes  of  policies  for  which  net  premiums  were  given  in  the 
preceding  table : — 

AMERICAN   EXPERIENCE   3^%   PREMIUM, 

With  Loadings:  Constant  4  per  1,000,  plus  15%. 

Specimen  Premiums  per  1,000,  Loaded 
kind  of  policy. 

age  20  age  40  age  60 

Term  Assurance,  5  yrs 13-39       16.00         39.27 

"  "         20  " 13.90       19.81         61.71 


AGE   20 

AGE  40 

AGE  60 

20.I0 

31.63 

69.95 

23.61 

33.83 

70.00 

2843 

39.96 

73.43 

43.96 

61.85 

100.73 

3241 

37.01 

70.05 

49-34 

51.96 

75.50 

[03.85 

105.32 

119.03 
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Specimen  Premiums  per  1,000,  Loaded 
kind  of  policy. 

Ordinary  Life,  Continued  Payments. .. 
"      Thirty 
"      Twenty 
"      Ten 
Endowment  Assurance,  30  yrs. .  . . 

20'" 
10    " 

Joint    Life    Policy,     Continued  Pay- 
ments, (two  lives  both  same  age)..  .  .     29.45       45.36       105.23 
Survivorship  Assurance,  life  assured 
aged  20  in  each  case — counter  life 
as  given  at  top  of  column 17.02       14.84         13-57 


Rule  It  is  not  right  to  apply  rigidly  any  rule  like  the 

Not  Always  above  in  all  circumstances  and  to  all  classes,  be- 
Applicable.  cause  it  is  frequently  necessary  to  give  consideration 
to  special  questions  of  mortality  or  expense  which  may  affect  in- 
dividual forms  of  policies.  In  order  to  illustrate  this,  reference 
may  be  made  to  the  class  of  survivorship  assurance.  Frequently 
the  older  life  is  a  female,  and  as  the  mortality  amongst  females 
at  the  older  ages  is  much  lighter  than  that  amongst  males,  it  fol- 
lows that  the  net  premium  rates  for  a  survivorship  policy  when 
sex  is  taken  into  consideration  are  entirely  different  from  those 
deduced  from  a  general  table  for  male  lives  only,  like  the  Ameri- 
can Experience.  The  finer  distinctions  of  this  nature  relate 
more  strictly  to  the  province  of  the  actuary,  and  need  not  be  dis- 
cussed at  length  here. 

The  percentage  addition  is  made  for  the  purpose  of  meeting 
charges  which  are  greater  or  less  according  to  the  magnitude  of 
the  premium.  Commissions  to  agents  are  usually  allowed  as  a 
direct  percentage  of  the  premiums  collected,  and  such  commis- 
sions continue  for  a  period  of  years  as  a  charge  against  each 
renewal  premium ;  collection  fees  and  taxes  are  similarly  computed. 
If  the  expenses  which  are  in  proportion  to  the  premiums  amount 
i/^  1 0%  in  all,  then  in  making  provision  for  these  it  is  not  sufficient 
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to  add  merely  10%  to  the  net  rate;  but  the  question  is  to  add 
such  an  amount  that  when  10%  is  deducted  the  result  will  be 
the  net  figtire.  For  example,  if  we  begin  with  a  net  premium  of 
100,  and  if  10%  of  this  be  added,  the  result  will  be  no.  Then  if 
expenses  of  10%  are  incurred  the  net  premium  actually  received 
will  only  be  99  (that  is,  1 10  —  1 1).  We  should  therefore  treat  the 
question  as  one  of  proportion,  and  state  it  thus: — 

90  :  100  ::  100  :  x 

Whence  x  =  ■ =iii.ii,  from  which  if  10%  be  deducted  the 

net  premium  will  remain  at  100. 

We  usually  speak  of  a  percentage,  but  of  course  it  is  the  same 
thing  if  we  consider  a  fixed  ratio  addition  per  unit.  Thus  10% 
would  be  .  I  per  unit,  5%  would  be  .05  per  unit,  etc.  Therefore  in 
making  provision  for  expenses  of  the  nature  of  a  percentage  of 
the  premium,  it  is  necessary  to  divide  by  .9  when  the  expenses 
are  10%,  or  by  .95  if  the  expenses  are  5%. 

To  express  algebraically  the  loaded  premiums  by  means  of  a 
constant  and  percentage : — If  P  represent  the  net  premium,  c  the 
constant,  and  r  the  ratio  addition  per  unit,  the  formula  for  the 
full  premium  is 

P'=-T^{P    +   C)  (109) 


Initial  One  of  the  principal  items  of  expense  is  that  con- 

Expense,  nected  with  procuring  new  applications  and  writing 
new  business.  Those  w^ho  need  life  assurance  do  not  flock  to  the 
companies  and  clamor  for  protection  against  early  death.  On 
the  contrary,  agents  of  the  companies  have  to  educate  the  people 
and  prove  to  them  that  life  assurance  is  desirable.  It  is  generally 
considered  that  the  expense  of  writing  new  assurance  will  equal 
the  first  premiums  from  the  new  applicants.  Subsequent  pre- 
miums, usually  called  "renewals, "  are  subject  to  charges  for  col- 
lection, but  the  general  expense  applicable  to  renewal  premiums 
is  much  less  than  that  chargeable  against  the  new  premiums. 
Account  should  be  taken  of  this  fact  in  scientific  loadiiL<y  and 
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this  may  be  done  by  calculating  the  average  expense  for  new 
business,  K,  and  forming  the  loaded  premiums  thus: — 

Continued  Payments,  P'x  =  --. ( —^ h  <^  )        . .  .  (i  lo) 

Limited  Payments,  nP'x  =  :; (—^ \-  c]        . .  . .  (iii) 

i  —  r  \       a  — I         / 

with  the  proper  modifications  for  other  classes  of  policies. 


Participating  The  formulas  for  loading  premiums  so  far 
Loadings,  discussed  have  been  for  participating  policies, 
and  provide  a  margin  more  than  sufficient  for  the  average 
expenses  incurred  by  a  well  managed  company.  But  the  spirit 
of  mutuality  as  between  policy-holders,  who  in  so  many  com- 
panies have  a  recognized  right  to  receive  their  protection  at  the 
lowest  possible  cost,  is  maintained  by  returning  in  dividends  that 
part  of  the  loading  which  experience  afterwards  may  prove  to 
have  been  unnecessary.  In  making  the  fundamental  assumptions 
of  rates  of  mortality  and  interest  for  premium  calculations, 
caution  demands  that  safe  assumptions  shall  be  made  since 
contracts  extend  for  such  long  periods;  the  general  principle 
has  therefore  been  widely  supported  that  premiums  should  be 
large  enough  to  guarantee  payment  of  the  sums  insured  even 
under  adverse  circumstances  and  without  any  possible  shadow  of 
doubt. 

Sprague's  A  formula  which  for  many  years  has  been  quoted 

Formula.        as  a  standard  for  non-participating  business  was 
published  by  Dr.  Sprague  in  1880,  viz. : — 

P'.  =  1.0-5  (^M  +  ^  +  -00125)  ....  (1 12) 

This  is  on  the  basis  of  each  unit  assured;  on  the  basis  of  each 
1,000  of  assurance  the  formula  would  become: — 
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1.075  (1000  ^[.v]  H ^^  +  1.25  ) 

\  ^[xi  / 

which  shows  that  there  is  a  provision  for  initial  expense  of  10 
spread  over  the  duration  of  the  contract,  a  constant  of  1.25  per 
1,000,  and  to  all  of  this  a  percentage — 7i% — for  renewal  and 
other  expenses.  The  principles  of  this  formula  have  been  very 
generally  approved. 

The  original  suggestions  implied  that  a  true  mortality  table 
should  be  used,  that  the  interest  rate  should  be  the  highest  which 
reasonable  caution  could  approve  and  that  initial  commissions 
should  be  a  fixed  quantity  in  relation  to  the  sum  insured — not  a 
percentage  of  the  first  premium  as  is  common  in  America. 

Select  or  In  Great  Britain  premium  calculations  are  gener- 

Aggregate  ally  made  from  select  tables,  the  basis  being  the  net 
Tables.  select  premium  for  the  risk.  The  effect  of  this 
method  is  to  give  to  the  life  assured  the  benefit  of  the  light  mor- 
tality rates  during  the  early  years  of  the  assurance,  whether  the 
selection  in  any  particular  company  is  equal  to  the  average  or  not. 
Where  the  selection  is  below  the  average,  the  net  premiums 
calculated  in  this  way  become  inadequate.  In  America,  on  the 
other  hand,  the  table  most  frequently  used  for  all  ordinary  classes 
of  policies  is  the  American  Experience,  the  standard  table  pre- 
scribed by  statute  for  valuation  purposes. 

This  table  represented  the  mortality  of  insured  lives  some 
fifty  years  ago  after  the  early  period  of  selection  had  passed.  It 
is  generally  understood  that  the  rate  of  mortality  has  improved, 
and  this  may  be  caused  partly  by  sanitary  conditions  and  more 
knowledge  of  the  rules  of  health,  but  probably  to  a  still  greater 
extent  by  improved  selection  on  the  part  of  the  companies. 
Anyhow,  the  premium  rates  of  the  American  Experience  Table 
are  amply  sufficient  to  meet  all  ordinary  circumstances,  net 
premiums  being  larger  than  those  which  are  perhaps  strictly 
necessary.  By  using  an  ultimate  table  of  this  type  the  reduced 
cost  in  the  early  years  from  careful  selection  is  used  as  a  natural 
offset  to  the  expense  incurred  in  writing  business,  and  any  addi- 
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tional  surplus  from  this  source  is  then  available  for  distribution  to 
policy-holders  generally. 

There  is  one  class  of  policy  to  which  an  aggregate  table  is 
scarcely  suited,  i.  e.,  term  assurance  for  a  short  period  where  the 
right  to  renew  is  withheld.  For  such  a  contract  select  tables 
should  be  employed.  In  the  case  of  a  policy  for  temporary 
purposes,  granting  protection  for  one  year  only,  the  net  risk  in- 
curred at  an  average  age  is  probably  no  more  than  60%  of  the 
net  rate  for  one  year  term  assurance  by  the  American  TaVjle, 
even  after  taking  into  consideration  the  fact  that  the  mortality 
on  policies  of  this  class  is  unusually  heavy. 

EXTRA     PREMIUMS. 

Health  Sometimes  it  is  found  that  an  applicant  for  life  as- 

Under  surance  is  not  quite  up  to  the  standard  of  health 

Average.  required  to  place  him  on  the  books  as  a  good  average 
life,  and  yet  it  might  be  a  hardship  if  he  should  he  unable  to 
obtain  the  assurance  protection  he  desires.  For  example,  a 
young  man  whose  father  or  mother  may  have  died  of  consump- 
tion, and  whose  personal  physique  is  a  good  average  without 
being  unusually  robvist,  is  not  vSuch  a  good  risk  on  the  average  as 
one  whose  parents  both  lived  to  a  good  old  age.  Or  another  man 
may  have  a  strained,  or  a  smoker's  heart,  not  immediately  dan- 
gerous. Nevertheless  in  many  cases  such  persons  prove  entirely 
healthy,  although  on  the  average  a  thousand  of  such  applicants 
would  show  a  heavier  death-rate  than  a  thousand  first  class  lives. 
Yet  they  should  be  able  to  obtain  the  assurance  protection  re- 
quired without  difficulty  at  rates  suitably  adjusted  to  their 
circumstances. 


Occupation  Or  again,  there  are  certain  occupations,  such 
Hazardous,  as  work  on  railroads,  or  military  or  naval  ser- 
vice, in  which  the  "average  mortality  is  higher  than  that  of 
other  less  hazardous  occupations.  In  cases  of  this  kind  it  is 
frequently  desirable  to  issue  a  policy  at  a  special  premium  rate. 
For  many  occupations  the  extra  premiums  can   be  calculated 
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with  considerable  accuracy,  and  a  common  practice  is  to  add  a 
fixed  sum  for  each  1,000  assured,  treating  these  extra  premiums  as 
sufficient  to  meet  the  extra  hazard.  In  the  case  of  extra  risk 
arising  from  physical  infirmity  or  family  history,  the  question  is 
much  more  difficult,  because  it  depends  to  a  certain  extent  on  the 
experience  and  judgment  of  the  medical  officer. 


Fixed  There  are  three  systems  of  dealing  with  the  extra 

Extra.  hazard,  all  of  which  have  their  own  peculiarities. 

The  first  is  that  already  mentioned  for  hazardous  occupation, 
viz.,  adding  an  extra  to  the  annual  premium.  This  does  not 
usually  take  into  consideration  the  class  of  policy  which  is  being 
issued,  and  the  extra  reqtiired  for  one  kind  of  policy  may  be 
different  from  that  necessary  for  another.  For  example  the 
extra  required  for  a  20  3^ear  Term  Policy  is  quite  different  from 
that  on  a  20  year  Endowment  Assurance,  because  the  risk  oil  the 
latter  kind  of  policy  is  a  decreasing  quantity,  reduced  each  year 
by  the  growing  policy  value,  as  explained  more  fully  under  the 
heading  "Cost  of  Assurance"  in  Chapter  XI.  Accordingly,  the 
extra  premium  for  hazardous  occupation  should  be  graded  accord- 
ing to  the  class  of  policy  taken,  the  heaviest  rate  being  charged 
for  a  term  policy,  a  somewhat  lower  rate  for  ordinary  life,  and 
much  lower  for  a  short  period  endowment  assurance,  that  is  on 
the  understanding  that  the  hazard  neither  increases  n  ir  decreases 
but  remains  always  the  same. 


Rating  The  second  is  what  is  known  as  ' '  rating  up  " ;  and 

Up.  this  is  usually  employed  in  the  case  of  impairment 

of  health,  or  weak  family  history.  An  applicant  of  the  age  of  x 
may  in  such  cases  be  treated  for  assurance  purposes  as  of  the  age 
of  {x-\-n).  If  the  impairment  were  slight,  a  young  man  of  the  age 
of  25  might  be  accepted  for  assurance  at  the  rates  applicable  to 
cizG  30,  and  his  policy  thereafter  treated  as  if  he  were  five  years 
older  than  his  actual  age;  the  surrender  values  and  other  benefits 
being  those  for  age  30  at  entry.  Sometimes  the  surrender  values 
and  other  benefits  are  given  as  if  for  age  25  at  entry;  but  this 
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does  not  seem  just,  nor  in  accordance  with  the  spirit  of  the  ''rat- 
ing up. "  This  system  is  not  popular  although  it  is  freely  used. 
In  spite  of  all  apparent  flaws  an  applicant  thinks  that,  with  the 
extra  care  he  takes  of  himself,  his  chances  of  old  age  are  as  good  as 
those  of  other  people.  Optimism  of  this  kind  is  natural,  it  is 
right,  and  it  helps  to  bring  about  longevity.  To  be  treated  as  ten 
years  older  than  the  real  age  is  repugnant  to  human  nature; 
accordingly  the  lien  S3^stem,  next  explained,  is  more  attractive, 
since  it  rewards  those  who  prove  themselves  to  be  average  risks. 
Moreover,  some  men  whose  ages  are  rated  up  do  live  to  extreme 
old  age,  although  the  average  may  be  less  healthy.  Therefore, 
while  the  mortality  tables  provide  for  persons  living  to  the  age  of 
about  100,  a  few  people  rated  up  ten  or  fifteen  years  might 
nominally  appear  older  than  the  oldest  age  in  the  table. 


Lien  The  third  system  is  to  issue  a  policy  for  the  sum 

Against  applied  for  at  the  ordinary  rate  of  premium  for  the 

Policy.  age  of  the  applicant,  but  to  stipulate  that  in  event 

of  death  during  the  first  year  a  certain  fixed  sum  should  be  de- 
ducted from  the  face  value  of  the  policy ;  in  event  of  death  during 
the  second  year  a  smaller  sum  would  be  deducted,  and  so  on,  until 
after  n  years  {n  frequently  being  taken  as  the  Expectation  of 
Life)  the  sum  assured  would  be  payable  in  full  on  death  taking 
place.  This  third  method  is  capable  of  many  modifications,  and 
may  be  applied  to  almost  any  form  of  policy ;  but  the  deduction 
in  the  first  year  is  often  large.  In  the  case  of  an  applicant  with  a 
serious  impairment,  which  might  nevertheless  be  adjusted  by 
means  of  an  extra  premium  or  by  rating  up  the  age  for  a  consider- 
able number  of  years,  the  lien  method  under  a  whole  life  policy  is 
frequently  inapplicable,  because  the  deduction  from  the  sum 
assured  in  the  early  years  may  actually  exceed  the  face  value. 
In  theory,  as  mathematical  equivalents,  this  condition  is  correct ; 
it  is  easy  to  find  by  algebra  the  equivalent  lien.  But  in  practice 
such  a  policy  would  not  appeal  to  the  applicant,  nor  could  the 
excess  of  the  lien  over  the  value  of  the  sum  assured  be  collected 
in  event  of  early  death,  although  such  collection  would  be 
necessary  in  order  to  fulfill  the  theory. 
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Moreover,  this  s^^stem  is  entirely  unfair  and  unsatisfactory 
in  the  case  of  certain  peculiar  impairments  which  make  them- 
selves felt  in  the  later  years  of  life,  such  for  example  as  a  family 
history  of  cancer  or  gout  or  a  tendency  towards  obesity  in  the 
applicant.  The  system,  therefore,  only  applies  satisfactorily 
to  whole  life  policies  when  the  risk  of  extra  mortality  is  slight,  is 
immediate,  and  is  likely  to  be  a  decreasing  quantity. 

Lien  System      But  this  system  may  be  applied  with  great  effect, 
and  and   so  as   to   meet   nearly   all   circumstances,  if 

Endowments,  imposed  upon  endowment  assurances.  Nearly 
all  the  foregoing  objections  disappear  when  the  endowment  as- 
surance policy  is  used.  If  the  extra  risk  be  deferred,  a  short- 
period  policy  can  be  issued  without  lien.  On  the  other  hand,  if 
the  risk  be  immediate,  as  in  the  case  of  a  young  man  with  a  family 
history  of  consumption,  and  only  an  average  physique,  or  a  per- 
sonal history  of  appendicitis,  a  long-period  endowment  assurance 
running  for  as  much  as  thirty  years  or  even  more  can  be  issued 
with  a  lien  to  cover  the  immediate  extra  hazard.  Still  further, 
if  the  extra  be  a  constant  quantity,  a  decreasing  lien  over  the 
entire  duration  of  the  endowment  period  furnishes  practically  the 
equivalent  of  a  fixed  extra  when  the  increasing  policy  value,  and 
therefore  the  decreasing  mortality  risk,  is  kept  in  mind. 

Foreign  Another  common  cause  for  charging  an  extra 

Residence,  premium  is  foreign  residence.  Such  cases  are 
treated  differently  by  different  companies.  By  many  the  treat- 
ment is  the  same  as  that  for  hazardous  occupations,  but  some 
companies  have  special  premiums  for  tropical  and  for  sub-  or  semi- 
tropical  countries,  with  the  rates  varying  according  to  age  and 
class  of  policy.  Such  rates  are  obtained  after  investigating  the 
mortality  found  to  prevail  in  such  districts.  The  correct  system 
is  to  have  a  mortality  table  applicable  to  the  particular  district  in 
which  the  business  is  being  written,  and  deduce  therefrom  the 
premium  rates  for  different  classes  of  policies.  But  the  material 
necessary  for  following  this  course  is  not  available,  and  accord- 
ingly approximations  more  or  less  rough  have  to  be  adopted. 
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Varied  This  S3"stem  would  be  properly  applied  also  m 

Hazards.  the  case  of  occupation  extras;  but  here  again  the 
subdivisions  would  be  so  numerous  and  intricate  that  the 
method  is  scarcely  practicable.  Moreover,  the  same  general 
occupation  may  be  affected  by  entirely  different  rates  of  mor- 
tality in  its  different  branches.  Consider,  for  example,  the 
occupation  of  "miner".  Under  this  class  we  may  have  a  tin 
miner,  a  copper  miner,  an  ironstone  miner,  a  coal  miner,  or  other 
kinds  of  miners,  all  of  whom  are  affected  by  different  rates  of 
mortality,  the  risk  of  accident  and  disease  in  their  several  occupa- 
tions being  quite  distinct.  Indeed  even  the  subdivided  form  of 
coal  miner  is  not  sufficiently  definite ;  because  we  find  that  those 
who  work  in  hard  coal  and  anthracite  mines  are  subject  to  differ- 
ent mortality  rates  from  those  mining  soft  coal.  Analogous  re- 
marks apply  to  many  other  occupations,  and  therefore  the  rough 
approximate  method  is  the  only  one  which  in  the  meantime  is 
feasible. 


Doctrine  Throughout  all  questions  of  actuarial  science  it 

of  must  be  borne  in  mind  that  the  doctrine  of  average 

Average.  applies,  and  that  the  lives  must  be  placed  in  broad 
general  classes.  Sub-divisions  must  not  be  over-magnified 
or  the  general  principles  forgotten,  because  after  all  the  funda- 
mental purpose  of  life  assurance  is  to  protect  those  who  do  not  prove 
equal  to  the  average,  although  their  prospects  may  be  equally  good 
at  the  time  the  application  is  made.  Accordingly,  there  has  been 
a  broad-minded  tendency  on  the  part  of  many  companies  to  issue 
contracts  as  free  from  petty  restrictions  as  it  is  possible  to  make 
them.  If  an  applicant  is  of  safe  occupation  in  a  healthy  district, 
and  has  no  intention  at  the  time  of  changing  his  occupation  or 
going  to  an  unhealthy  climate,  most  companies  now  issue  a 
policy  free  from  all  restrictions  as  to  residence,  travel,  and  occu- 
pation. This  is  done  on  the  general  principle  that  a  compara- 
tively small  number  of  persons  do  take  up  hazardous  occupations 
or  go  permanently  abroad.  Such  cases  may  be  included  in  the 
broad  average  and  any  additional  risk  afterwards  incurred  treated 
as  part  of  the  average  mortality.     It  is  on  this  principle  that 
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general  investigations  of  mortality  amongst  assured  lives  are  now 
made.  The  latest  British  Experience,  described  in  Chapter  III., 
included  all  lives  resident  in  Great  Britain  at  the  time  the  policies 
were  taken,  and  if  those  persons  afterwards  proceeded  to  an 
unhealthy  climate  and  died  there,  their  deaths  were  nevertheless 
included.  Premiums,  therefore,  calculated  from  such  a  table 
already  provide  for  extra  risks  incurred  in  this  way. 

The  tendency  amongst  life  assurance  companies  is  to  get  rid 
of  restrictions  and  petty  technicalities,  and  issue  policies  regard- 
ing which  there  will  be  no  question  whatever  when  the  time  comes 
for  payment  of  the  claim.  Although  this  system  may  make  the 
contract  slightly  more  expensive  for  the  policy-holder  of  unusual 
health  and  of  first  class  occupation  with  a  good  family  record, 
yet  there  is  no  doubt  whatever  that  the  system  is  the  best  in  the 
end  both  for  policy-holders  and  for  Life  Assurance  Companies. 

QUESTIONS  ON  CHAPTER  IX. 

(i)  The  premium  paid  by  a  policy-holder  consists  of  the  net  premium  and 
loading.     What  is  the  necessity  of  this  "loading"? 

(2)  Mention  some  expenses  which  vary  directly  with  a  change  in  the  pre- 
mium, and  others  which  are  independent  of  the  premium. 

(3)  What  objections  can  be  offered  to  loading  net  premiums  by : 

(a)  a  constant  addition, 

(b)  a  percentage  addition. 

(4)  Would  you  recommend  charging  a  smaller  rate  of  loading  on  policies 
of  large  amount  than  on  policies  of  small  amount?  Give  reasons 
fully. 

(5)  Deduce  a  formula  for  the  premium  at  age  x  for  an  Ordinary  Life  policy 
which  would  provide  an  initial  expense  of  2%  on  the  sum  assured  and 
also  10%  of  all  premiums  after  the  first.  Calculate  this  premium  at 
age  35  by  American  3^%.     (Ans.  23.18.) 

(6)  Deduce  a  formula  for  the  premium  at  age  x  for  a  20  Payment  Life  policy, 
the  expenses  being  75%  of  the  first  premium,  7^%  of  each  renewal 
premium,  and  a  constant  of  $1.00  per  $1,000  of  sum  assured  on  first 
and  renewal  premiums.  Calculate  the  premium  at  age  35,  American 
3h7c-     (Ans.  32.45-) 

(7)  Mention  some  of  the  principal  reasons  why  some  applicants  for  life 
assurance  are  classed  as  "sub-standard.  "     Give  illustrations. 

(8)  An  applicant  may  be  able  to  secure  a  standard  policy  on  the  Endowment 
Assurance  form  but  not  on  the  Ordinary  Life  form.  What  reason  might 
be  suggested  for  this? 
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(9)     Mention  three  methods  of  treating  sub-standard  appHcants  for  life 
assurance,  and  give  an  illustration  of  each. 

(10)  A  company  has  been  asked  to  remove  an  extra  premium  on  renewed 
medical  examination  after  a  number  of  years.  Would  you  recommend 
that  this  be  done?     Give  reasons. 

(11)  It  was  formerly  a  general  practice  to  charge  an  extra  premium  on  female 
lives.     Why  is  such  an  extra  premium  no  longer  thought  necessary? 

(12)  What  are  the  main  resulting  differences  between  basing  premiums  on 
select,  or  on  ultimate  tables,  respectively? 

(13)  Discuss  the  pros  and  cons  of  the  legal  restriction  of  the  expenses  of  a 
life  assurance  company  to  the  premium  loadings. 


CHAPTER  X. 

Extension    of    Commutation    Columns — Return    of    Pre 
MiuMS — Joint  Lives,  etc. 

In  this  work  it  is  intended  to  deal  only  with  the  simpler  forms 
of  life  assurance;  but  there  are  some  elaborations  which  are  so 
common  in  every- day  practice  that  even  an  elementary  book 
would  be  incomplete  if  they  were  entirely  omitted.  In  particular 
such  a  question  as  the  return  of  premiums  in  event  of  death  is 
important,  as  this  has  been  made  a  specialty  by  one  or  two 
companies.  Policies  on  two  or  more  lives  are  also  common,  while 
such  transactions  as  reversionary  annuities  are  easily  under- 
stood, although  they  pass  a  little  beyond  the  usual  elementary 
scope.  This  chapter  will  therefore  take  up  two  or  three  of 
these  miscellaneous  subjects  in  order  to  show  at  least  how  the 
questions  should  be  approached. 


Return  To  deal  in  the  first  place  with  the  return  of  pre- 

Premiums.  miums  in  event  of  death  within  the  first  n  years  of 
the  assurance,  it  will  be  readily  seen  that  this  is  a  form  of  increas- 
ing assurance.  Sometimes  the  full  premiums  are  returned  in 
event  of  death  during  a  limited  time,  and  sometimes  a  proportion 
only.  If  the  premium  be  P  then  the  sum  assured  payable  at 
death  during  the  first  year  will  be  increased  by  the  one  pre- 
mium paid;  in  the  second  year  it  will  be  increased  by  two  pre- 
miums, that  is  2  P;  in  the  third  year  by  3  P;  and  so  forth,  increasing 
for  each  of  the  n  years,  after  which  the  face  value  only  will 
be  payable.  In  order  to  deal  with  a  problem  of  this  kind  in  a 
simple  way  it  is  necessary  to  investigate  an  extension  of  the 
commutation  columns. 
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The  column  Mx  was  formed  by  the  summation  of  the  column 
Cx  and  the  same  process  might  be  repeated  a  second  time,  when 
the  result  would  be  as  is  shown  by  the  following  schedule : — 

Mx      =  G  +  C.+  x  +  G+2  + 

Mx+^    =  C.+  :    +    G  +  3   + 

Mx4-,  =  G+2  + 

&c.     =  &c. 

Adding  these  values  we  get 

Mx+  Mx^.  +  ....=Cx  +  2  Cx+i  +  3Cx+2+ 

If  we  write  the  left  side  of  the  above  equation  as  equal  to 
Rx,  we  have 

Rx  =  Mx  +  Mx+i  +  Mx+2  + (113) 

/  =  Cx  +  2Cx+.  +  3Cx+2+ (114) 

=  v^-^'dx  +  2v^+'dx+,  -i-3i^-^'dx+2  +....(115) 


Increasing  This  last  form,  when  divided  by  Vx,  shows  that 

Assurance.  Rx  would  provide  i  at  the  death  of  each  of  the  dx 
persons;  2  at  the  death  of  each  of  the  dx+i  persons;  and  so  on, 
increasing  the  sum  assured  by  i  each  year.  Accordingly,  if  we 
divide  Rx  by  vHx,  or  Dx,  we  have  the  single  premium  for  an  as- 
surance on  each  of  the  Ix  persons  commencing  at  i  and  increasing 
by  I  each  year  so  long  ds  (x)  lives : — 


(M).  =  |- 


/ 


where    (TA)    represents   an   increasing  assurance.      The   corre- 
sponding annual  premium  would  be 

If  we  subtract  Rx-{-n   from  Rx  we  shall  have  the  following 
result : 
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R,  -R,+„  =  M,  +  M,+  ,  +  ....+  M,+  n  +  M,+n+i  +  .  .  .  . 

Mx  =  Cx  +  Cx+i  +  Cx+2  +....+  Cx+n  +  Cv+M+i  +  etc. 
Mx-\-i  =    +  Cv+i  +  Cv+2  +  ....  +  Cx+n  +  Cv+„+i  +  etc. 
etc.         etc.  etc.         etc. 

Mx-\-n    =  +   Cx+n  +   Cx+n+i  +  etC. 

=   Cv    +  2  C;c+i   4-  3  Cx+2  +   .  .   +  «  C:c+n  +  W  Cx+n+i 

+  ..    (116) 

which  shows  that  the  assurance  would  be  continued  after  age 
X  -\-n  for  the  amount  to  which  it  had  then  increased,  but  that  the 
annual  increase  in  the  assurance  would  no  longer  take  place.  In 
order,  therefore,  that  we  may  have  an  assurance  increasing  for 
n  years  and  thereafter  reduced  to  the  original  figure,  as  in  the  case 
of  the  return-premium  policies,  we  must,  at  the  end  of  n  years, 
not  only  subtract  Rx-\-n  but  also  subtract  riMx+n,  which  will 
cancel  all  terms  from  age  x-{-n  onwards  in  the  above  expression.. 
If  we  express  the  annual  premium  for  a  return-premium  policy 
by  the  s^^mbol  P  {VA)x,  where  {VA)  stands  for  "varying  assur- 
ance,"  we  shall  have: 

w 
Value  of  the  net  premiums  =P  ( VA)x  X -~- 

Value  of  the  benefit  =  ~- +  P  (vA)J^'-^'+"-"  ^^'+'' 

■L^x  -Dx 

But  the  value  of  the  net  premiums  must  equal  the  value  of  the 
benefit,  and  accordingly  we  have 


,        ,...,.., 


M 
whence  P(F^)x=' 7^ ^ t^ ;..  ..      (n?) 

^  Nx-   {Rx-Rx+n-n  Mx+n)  ,.  '^ 


Premium  The  above  method  deals  with  the  question  as  one 

Return        of  theory,  in  which  the  net  premium  only  is  fotind, 

in  Practice,    and  the  net  premium  returned  to  the  policy-holder. 

Policy-holders  generally  know  nothing  about  net  premiums  and 
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deal  only  with  the  premiums  they  have  to  pay,  called  gross  pre- 
miums; indeed,  no  reference  is  made  in  the  policy  contract  to  any 
premium  other  than  the  gross.  Moreover,  after  the  premium- 
return  period  expires,  it  is  usual  to  reduce  the  annual  premium  to 
that  for  an  ordinary  policy  taken  at  the  original  age.  The  prac- 
tical question  therefore  differs  from  the  theory.  It  reduces  itself 
to  calculating  the  additional  payment  necessary  for  providing 
the  premium-return  feature,  so  as  to  leave  the  ordinary  policy 
on  its  original  basis.  If,  therefore,  the  gross  annual  premium  for 
a  Whole  Life  policy  be  represented  by  P'x,  and  if  the  net  addi- 
tional premium  for  the  return  feature  be  represented  by  P,  and 
if  the  loading  on  this  net  addition  be  in  the  ratio  k,  so  that  the 
total  addition  to  the  ordinary  premium  would  be  P  (i  +^),  then 
in  calculating  P,  the  net  additional  premium,  we  have  to  provide 
for  the  return  during  n  years  of  the  total  annual  premium  of 
P'x  +  P  ( I  +  ^) .     This  may  be  done  as  follows : — 

The  value  of  the  total  net  additional  payments         ■«,-        vj- 
m  the  n  years  would  be -^         ^  • 

The  benefit  for  premium-return  would  be 

Rx     —Rx+n  —  n  Mx-\-n 


lp^  +  p(I+^)[ 


D, 


By  equating  the  payment  and  the  benefit  we  may  solve  for  P  as 
follows : — 


l^x-  Wx+n  (   „,       ,     -n,.    ,    .^)     Rx  -  Rx+n-n  M-. 


x+n 


whence 

p  ^  P'x(Rx-Rx+n-nMx+n) .^^. 

iWx-Nx+n)    -{l+k)    (Rx-Rx+n-nMx+n)""^  ^ 

The  above  question  is  taken  up  in  some  detail,  as  it  affords  a 
good  illustration  of  the  extension  of  commutation  columns  and 
the  more  difficult  problems  which  may  arise  in  connection  with 
life  assurance.  Many  variations  can  be  made  on  a  problem  of 
this  kind,  seeing  that  it  may  be  applied  in  the  case  of  Limited 
Payment  or  Endowment  Assurance,  and  in  other  circumstances. 
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Bonus  Increasing    assurances    are    common    in    Great 

Additions.  Britain,  where  bonuses  are  frequently  allocated  in 
the  form  of  an  addition  to  the  sum  assured  for  each  year  the 
policy  is  in  force.  If  the  rate  of  this  annual  addition  for  a  whole- 
life  policy  be  h,  then  we  have  as  the  net  premium  P  to  provide 
for  an  assurance  commencing  at  I  and  increasing  by  h  for  each 
annual  premium  paid : — 

-      p^  M,        bR, 

Many  other  bonus  problems  can  be  solved  in  a  similar  way. 


Increasing  The  annuity  commutation  column  Nx  may  be 

Decreasing  summed,  forming  a  column  Sx,  bearing  the  same 
Premiums,  relationship  to  Nx  which  Rx  bears  to  Mx.  This 
column,  Sx,  would  enable  us  to  solve  problems  involving  an 
annual  increase  or  decrease  in  the  premiums.  Contracts  of  this 
nature  are  seldom  issued  and  there  is  no  need  to  elaborate  this 
part  of  the  subject  which  is  discussed  fully  in  more  advanced 
Text-Books. 


Complete  The  annuity  values  in  Chapter  VII.  were  investi- 

Annuities.  gated  on  the  understanding  that  the  last  payment 
would  be  the  regular  periodic  sum  which  the  annuitant  might 
live  to  receive:  no  proportion  would  be  paid  from  the  date  of 
such  periodic  payment  to  the  exact  date  of  death.  But  some- 
times it  is  desired  that  such  proportion  be  paid,  and  the  sum  then 
payable  (on  the  assumption  that  deaths  occur  at  equal  intervals 
over  the  year)  would  average  half  of  the  annual  payment,  and 
this  sum  would  be  due  at  the  moment  of  death.  The_present 
value  of  this  additional  payment  would  therefore  be  ^  Ax,  that 
is  the  single  premium  to  assure  i  payable  at  the  moment  of 
death ;  and  the  total  value  of  the  complete  annuity  is 

dx  =  ax  +  lAx 

.     =ax-\-iAx(i+iy^ (119) 

If  the  annuity  were  payable  half-yearly,  then  in  like  manner,  on 
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the  assumption  that  deaths  occur  at  equal  intervals  over  each 
half-year,  the  proportionate  payment  to  the  date  of  death  '^voirld 
on  the  average  be  J.  Accordingly,  the  half-yearly  annuity  wit]\ 
proportion  to  date  of  death  would  be 

The  general  algebraic  expression  if  the  annuity  were  payable  7H 
times  a  year  would  be 

2  m 

=  a.  +  "^  +  -^I.  (I  +iy^         (120) 

2  w         2  m  ^       ^ 

The  expression  (i  +i)h,  which  gives  the  amount  of  i  in  half  a 
year  at  compound  interest,  may  be  written  as  approximately 

equal  to  (i  +  2),  which  is  the  amount  of  i  in  half  a  year  at  simple 

interest:  the  difference  between  the  two  for  a  short  term  is  very 
small  and  may  be  ignored. 

JOINT     LIVES. 

Annuities.  In  Chapter  VI.  probabilities  were  investigated  re- 

lating to  two  lives  in  combination,  and  expressions  given  for  the 
probability  that  both  (x)  and  (3^)  would  live  n  years.  By  combin- 
ing with  these  probabilities  the  present  value  of  money  we  can 
obtain  a  simple  expression  for  the  annuity  to  continue  so  long  as 
(x)  and  (3^)  survive,  namely: — 

axy  =  Vpxy  +  V''  2pxy  +  V^  3pxy+ 

^Vl_x  +  ,:y  +  ,   -\-  vHx+2:y+2   + (l2l) 

*xy 

It  should  be  observed  particularly  that  this  annuity  is  payable 
only  while  both  (x)  and  (y)  are  alive;  it  terminates  with  the  first 
death  of  the  two.  This  form  of  annuity  is  commonly  required  in 
connection  with  joint-life  assurances  where  the  sum  assured  is 
payable  at  the  first  death,  but  in  the  purchase  of  annuities  the 
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more  frequent  form  furnishes  a  payment  until  the  death  of 
the  survivor,  these  annuities  being  occasionally  purchased  for  the 
benefit  of  husband  and  wife.  The  value  of  this  can  be  easily  ex- 
pressed, as  it  consists  of  a  payment  during  the  lifetime  of  (x)  to 
continue  so  long  as  he  lives,  a  similar  payment  during  the  life- 
time of  (y)  less  a  payment  while  both  are  alive,  since  the  annuity 
during  the  joint  lifetime  remains  exactly  the  same  as  it  is  during 
the  lifetime  of  the  survivor.  The  formula  for  this  annuity  is 
therefore  written: — 

a^  =  ax+ay—axy  (122) 

The  same  process  may  be  applied  to  three  or  more  lives,  but 
the  circumstances  under  which  such  contracts  are  desirable  are 
comparatively  rare.  To  facilitate  calculation,  commutation  col- 
umns for  two  or  more  lives  can  be  formed,  and  in  other  respects 
the  investigations  are  similar  in  their  nature  to  those  for  single 
lives. 

Joint  It  is  clear  that  the  verbal  reasoning  explaining 

Assurances,  formtila  (77)  is  true  w^hether  there  be  one  life  only 
or  two  or  more  joint  lives,  and  accordingly  we  can  by  using  a 
similar  formula  obtain  the  single  premium  for  an  assurance 
payable  on  the  first  death,  namely : — 

Axy  =  I  -  d{i-\-axy)  (123) 

The  corresponding  annual  premium  is 

which  may  be  expressed  conveniently  in  terms  of  annuities  thus: 

Pxy=    ^      ,  \        -d  (125) 

Reversionary         The  Reversionary  Annuity  provides  an  income 

Annuity.         to  {x)  after  the  death  of  (y),  and  involves  a  joint 

life  function.     In  this  case  {x)  would  receive  no  benefit  during 

(y)'s  survivance,  and  would  get  nothing  whatever  if  he  should  die 
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in  the  lifetime  of  (y) .  The  value  of  this  annuity  is  the  difference 
between  two  annuity  values — one  on  the  life  of  (x),  and  one  on 
the  joint  lives  of  (x)  and  (y),  that  is: — 

ayx=ax  —  axy  (126) 

The  annuity  payments  to  (x)  provided  by  ax  would  be  entirely 
cancelled  during  the  joint  lifetime  of  (x)  and  (y)  by  the  subtrac- 
tion of  axy  Thereafter  they  would  be  left  free  for  (x)  after  {y)'s 
death.  If  (x)  were  to  die  first,  then  the  two  annuities  would 
simultaneously  terminate,  as  is  proper  in  the  circumstances. 
Arithmetical  examples  of  such  annuities  may  be  an  aid  to 
proper  understanding.  The  value  of  an  annuity  of  i  on  a  single 
life  at  age  30  (American  Experience  si%)  is  18.605.  The  Joint 
Annuity  for  two  persons  aged  30  and  60  would  be  9.31 1 .  There- 
fore an  annuity  of  i  to  a  person  of  age  30  after  the  death  of  an- 
other aged  60  would  be  9.294.  A  single  life  annuity  at  age  60 
would  cost  10.032,  and  therefore  a  reversionary  annuity  to  (60) 
after  (30)  would  cost  .721 — a  small  sum,  because  the  chance  of  a 
person  of  60  surviving  a  person  of  30  is  small.  For  the  protec- 
tion of  any  individual,  for  example  a  son  making  provision  for 
his  mother  or  father,  this  form  of  transaction  when  understood 
is  excellent;  but  it  is  far  from  popular,  because  most  persons 
who  effect  policies  of  assurance  object  to  the  possibility  of  losing 
all  that  is  paid  in — forgetting  that  for  this  very  reason  they  pay 
so  much  less. 

QUESTIONS  ON  CHAPTER  X. 

(i)     If  Sx  =  Nx  +  Nx  +  i  +Nx+2+ 

where  Nx  =  Dx  +  i  +  Dx-\-2  + 

show  that      Rx  =  vSx-i  —  Sx. 

(2)  Give  an  expression  for  the  net  annual  premium  limited  to  20  years  for 
an  Ordinary  Life  policy  with  return  of  all  gross  premiums  paid  in  event 
of  death  within  the  20  years,  the  gross  premium  being  25%  in  excess 
of  the  net. 

(3)  Show  that  the  gross  annual  premium  at  age  20  for  a  Pure  Endowment 
payable  at  age  40  with  return  of  all  gross  premiums  paid  in  event  of 
previous  death,  is         ^ . 

I  —  R  20  —  R40  —  20  M_4o  f,    I   M 
N  20  —N  40 
where  k  is  the  percentage  loading,  and  P  is  the  gross  premium  without 
return. 
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(4)  What  is  a  "  complete  annuity  "  ?  Find  an  approximate  value  for  ax  Til 
in  terms  of  commutation  symbols. 

(5)  Give  a  formula  for  axy\  and  show  that 

axy  =  vpxy  (i  +  a^  +  i  :  y  +  i) 

(6)  Give  a  formula  for  the  net  annual  premium  for  an  assurance  payable  on 
the  death  of  the  last  survivor  of  two  lives,  (x)  and  (y).  What  expense 
would  be  incurred  in  connection  with  the  issue  of  such  a  contract  in 
addition  to  the  usual  expenses  on  single  life  cases? 

(7)  Suggest  a  formula  for  Joint  Life  commutation  columns,  and  illustrate 
the  formula  in  the  case  of  an  annuity  on  (x)  and  (y) ;  also  the  single 
premium  for  the  assurance  of  the  same  lives. 

(8)  In  calc  lating  the  premium  for  a  reversionary  annuity  to  a  widow  after 
the  death  of  her  husband,  would  you  employ  the  same  mortality  table 
for  both  lives? 

(9)  Give  a  formula  for  the  present  value  of  an  annuity  payable  during  the 
joint  lives  and  the  lives  of  the  survivors  and  survivor  of  three  lives^ 
ages  20,  40  and  60. 

(10)     Draft  a  form  of  policy  for  such  last  survivor  annuity. 


CHAPTER  XI. 

Valuation  of  Policy  Liabilities. 

As  the  life  assured  under  a  policy  grows  older  the  date  for 
payment  of  the  sum  assured  approaches,  because  "the  young  may 
die,  but  the  old  must.  "  The  liability  for  payment  of  the  sum  as- 
sured therefore  increases.  Moreover,  with  increasing  age  the 
value  of  the  premiums  still  to  be  received  by  the  company  be- 
comes less,  unless  the  premiums  increase  under  a  Renewable 
Term  contract.  In  the  extreme  limit,  when  the  life  assured  has 
attained  the  oldest  age  in  the  mortality  table,  the  sum  assured  is 
just  about  to  fall  due  and  the  future  premiums  are  worth  practi- 
cally nothing.  At  that  time  therefore  the  company  must  have 
the  sum  assured  in  hand  so  as  to  be  in  a  position  to  pay  the 
claim.  The  fund  for  this  purpose  is  accumulated  gradually  dur- 
ing the  currency  of  the  policy,  and  hence  it  is  that  life  assurance 
companies  on  the  old-line  plan  must  hold  large  funds  with  which 
to  meet  the  obli":ations  under  their  contracts. 


** Reserve"  The  liability  under  these  obligations  is  often 

Misleading  spoken  of  as  the  "reserve",  but  this  is  an  unfor- 
Word.  tunate  use  of  the  word.  The  fund  held  by  the 
company  is  an  ascertained  liability;  it  is  not  a  provision 
against  possible  or  unforeseen  losses.  The  same  word  is  used  in 
the  accounts  of  other  corporations  to  denote  a  fund  held  in 
addition  to  the  known  HabiHties  as  a  further  protection.  In 
Banking  it  means  the  cash  assets  ready  for  immediate  calls. 
The  liabilities  of  an  assurance  company  are  of  a  nature  similar 
to  bank  deposits,  though  in  one  important  respect  they  differ: 
they  are  held  for  the  general  protection  of  all,  and  should  not  be 
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considered  as  belonging  to  individuals,  like  bank  deposits.  The 
total  liability  represented  by  the  assurance  fund  is  correct  on  the 
average,  but  in  indi\'idual  cases  it  may  prove  either  insufficient 
or  excessive.  The  death  of  a  policy-holder  may  at  once  increase 
the  liability  in  his  individual  case  from  a  sum  like  $500  to  as  much 
as  $10,000,  this  increase  being  met  out  of  the  general  fund.  The 
words  "policy  value"  are  therefore  used  herein  to  denote  the  lia- 
bility under  any  particular  policy,  and  this  has  the  further  advan- 
tage of  adhering  more  closely  to  the  notation  where  the  letter  V 
is  used,  being  the  initial  letter  of  the  word  "Value". 


Whole-Life  We  have  seen  that  when  a  policy  is  first  taken, 

Policy         the  mathematical  value  of  the  future  net  premiums 
Value.        is  exactly  equal  to  the  value  of  the  sum  assured 

P.v(l+a,)=^. 

But  as  the  life  assured  grows  older,  and  as  the  annual  premium 
payable  under  an  ordinary  life  policy  remains  the  same,  the  value 
of  the  future  premiums  becomes  less,  while  with  increasing  age 
the  value  of  the  sum  assured  becomes  greater  as  the  date  when 
payment  must  be  made  approaches.  Accordingly,  the  equation 
no  longer  holds,  but 

Px  (1  +ax+n)  <A^+„ 

The  difference  between  the  two  sides  of  this  expression  is  the  net 
value  of  the  policy  after  n  years.  It  is  the  average  sum  which  the 
company  should  have  in  hand  as  liability  under  a  policy,  so  that 
it  may  continue  to  provide  the  same  protection  without  increas- 
ing the  premium  with  advancing  age.  This  net  value  is  ex- 
pressed as  „  Vxy  and  we  therefore  have 

nVx    =  A.,+n    -  Px   (I   +  a^+n)        (127) 

This  is  called  the  prospective  method  of  valuation  because  it  looks 
entirely  to  the  future.  Ax  +  n  is  the  value  of  the  liability  for  sum 
assured  to  be  paid,  while  P^  (1  -\-  ax  +n)  is  the  value  of  the  future 
premiums  to  be  received.     The  general  principle  applies  to  all 
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forms  of  policies,  that  the  difference  between  the  increased  value 
of  the  sum  assured  and  the  decreased  value  of  the  future  pre- 
miums represents  the  policy  value.  Another  method  of  ob- 
taining policy  values  is  known  as  the  retrospective  method,  and 
consists  in  accumulating  the  net  premiums  paid  under  the  con- 
tract and  deducting  therefrom  the  accumulated  claims  by  death. 
Needless  to  say  the  results  are  exactly  the  same  when  net 
premiums  are  used. 


Mathematical  The   above  formula  may  be   transformed 

Transformations,  mathematically  and  stated  in  other  ways,  the 
study  of  which  is  both  interesting  and  instructive.  As  the  an- 
nual premium,  the  single  premium,  and  the  annuity  value  can 
each  be  expressed  in  terms  of  the  others,  we  can  therefore  in 
like  manner  give  the  policy  value  in  terms  of  any  one,  or  any  two, 
of  these  functions  as  well  as  all  three : — 

nVx   =  Ax+n   -  Px{l-{-  ax-^n) 

=  P;c  +  n  (1   +  ax  +  n)    -  Px{l   -{•  dx+n) 

=    (Px+n-P.)    (1   +ax+n)  (128) 

The  foregoing  formula  shows  that  the  policy  value  is  equal  to 
the  difference  for  the  remainder  of  life  betw^een  the  net  premium 
which  a  person  at  the  attained  age  x  -\-  n  would  pay,  and  the  net 
premium  which  he  actually  has  to  pay  through  having  entered 
at  age  x,  a  sensible  explanation. 

Again,  as  (1  4-  ax+n)  =  15 rii      (See  formula  84) 

■Tx+n  -r  a 

'                                        P       -P 
wehave  nVx  =  %;+"  _^7     (129) 

giving  the  value  of  a  policy  in  terms  of  annual  premiums  with  the 
rate  of  interest.  This  shows  also  that  the  value  of  the  policy  is 
dependent  upon  the  ratio  of  increase  in  the  premium  payable  for 
a  Whole  Life  Policy  as  between  ages  x  and  x  -\-  n. 

Another  interesting  expression  is  obtained  as  follows: — 
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As       Px^n   (1   +  Ox-+«)    =  ^.v+« 


1  +  G.v-f-«      -    p 


+  H 


A     A. 

and  we  have  nVx  =  Ax+n  -  PxX  —^ 

■Lx+n 

=  ^'+"(^-^)    .••(130) 

The  expression  inside  the  brackets  represents  the  portion  of  the 
sum  assured  which  has  been  already  purchased  by  the  premiums 
paid  between  ages  x  and  x-\-n.  If  a  person  of  the  age  x-^n  were 
to  approach  an  assurance  company  and  offer  to  pay  a  premium 
of  Px  only,  the  sum  assured  to  which  he  would  be  entitled  would 

Px 

be  -5-^-;  he  would  not  be  entitled  to  the  full  sum  assured  of  i, 

but  only  to  this  proportion  of  it.     Therefore,  when  a  person  has 

the  right  to  continue  his  policy  at  age  x+n  for  the  premiimi  of 

Px,  it  follows  that  the  sum  assured  actually  purchased  by  his  past 

p 
payments  must  be  1  —  p  ""  ,  as  above.     This  is  a  formula  for  the 

paid-up  value  after  n  years,  and  the  single  premium  to  provide 

this  paid-up  policy  is  of  course  Ax+n  (1—  „   ""   ),  which  is  also 

\  Px+n/ 

the  net  value  of  the  ordinary  life  policy. 

To  write  the  whole  expression  in  terms  of  annuities,  we  have — • 

nVx  =  Ax+n  -Px{l-^ax+n) 

=  l-d{l-Vax+n)-  (y^^  -  ^)  ( 1  +  ax+n) 
=  1  -  (f  (1+ a.+.)  -  i±^  +  ^  (1 -f  «,'+„) 

^     \    O^x 
I  +  ax+n  ,  s 

=  '-~T+^        ('3.) 

dx  —  dx+n  .V 

=  1+^  ('32) 

This  is  a  useful  formula,  which  is  used  frequently  for  computing 
tables  of  policy  values,  and  from  which  isolated  policy  values 
may  be  conveniently  calculated.     It  shows  that  the  decrease  in 
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the  annuity  value  caused  by  increasing  age  is  responsible  for  the 
fact  that  a  policy  value  is  necessary. 


Other  Exactly  the  same  theories  may  be  applied  to  find 

Classes.  the  policy  value  for  other  classes  of  assurance.     For 

the  Limited  Payment  policy,  where  r  represents  the  number  of 
years  during  which  premiums  were  to  be  limited,  we  have 

n:rVx  =  Ax-irn—rPx  (1 +a;c+n:r  -  w- 1  )         (l33) 

1 

As  there  are  only  r  —  7i  premiums  still  payable,  and  one  of  these 
is  just  due,  the  annuity  takes  the  form  as  given.  When  n  be- 
comes equal  to  r,  the  policy  is  paid-up  for  life  and  we  have 

r  :r  V x  ^^  ■^x-\-r 

which  is  evidently  as  it  should  be. 

For  an  Endowment  Assurance  running  for  r  years  the  value  is 

nVxF\=Ax-\-n:r'^-Px7](l+ax-\-n:r'^^^:^}^)  •  •  •  (l34) 


Terminal  All  the  foregoing  values  are  what  are  known  as 

and  "Terminal  Values,  "  i.  e. : — the  value  of  the  policy  at 

Mean  the  date  when  a  premium  is  due,  and  just  prior  to 

Values.  payment  of  the  premium.     If  the  value  be  calcu- 

lated at  the  same  date  but  after  the  premium  has  been  paid,  it  is 
called  the  "  Initial"  value,  and  is  equal  to  the  terminal  value  plus 
the  net  premium  just  paid ;  i.  e. : — 

Initial  Value  )           xr    .  -n  /       \ 

aflern  years]     ="^'+^^         ^'35) 

In  the  valuation  of  a  Life  Assurance  Company,  policies 
are  valued  at  one  fixed  date,  usually  December  31st.  As  they 
have  been  issued  at  intervals  throughout  the  year,  some  of  them 
having  the  policy  year  rtmning  from  January,  others  from  Febru- 
ary, and  so  on,  terminal  values  are  not  applicable  on  December 
31st.     It  might  be  possible  to  compute  the  value  of  each  policy 
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to  the  nearest  month,  or  even  with  extreme  accuraey  to  the  exact 
day.  But  this  would  be  a  tedious  operation,  and  as  policies  are 
issued  at  all  times  during  the  ycr.r  \\ith  probably  as  many  in  the 
beginning  as  towards  the  end,  the  assumption  is  made  in  America 
that  on  the  average  they  are  issued  about  the  middle  of  the  year. 
The  common  practice,  therefore,  is  to  use  on  December  31st  what 
are  known  as  "Mean  Values".  The  Mean  Value  is  simply  the 
average  between  the  initial  and  terminal  values  as  above  explained. 
For  an  ordinary  Whole  Life  policy,  therefore,  we  can  express 

Mean  Value  for  w'^  year         =  >^-i  ^^^^  +  Pv  +  n  F^  .  .  (136) 

and  the 
Mean  Value  for  n  +  l^''  year  =  -"^^  + -^-^+ ^+1^^ 

For  valuation  purposes  tables  of  Mean  Values  have  been  com- 
puted, and  they  are  almost  invariably  employed.  To  compute 
such  mean  values  it  is  usual  first  to  calculate  the  terminal  values, 
so  that  the  study  of  terminal  values  is  much  the  more  important; 
and,  moreover,  terminal  values  are  properly  adopted  for  surrender 
and  loan  calculations  and  for  other  general  purposes  where  indivi- 
dual policies  are  concerned,  because  such  calculations  are  made 
as  at  the  date  of  renewal  which  is  also  the  end  of  the  individual 
policy  year. 


Net  The  equation  connecting  the  value  of  the  sum 

Valuations,     assured  with  the  value  of  the  premiums,  viz.: 

assumes  that  all  three  functions,  Ax,  Px,  and  ax,  are  based  upon 
the  same  mortality  table,  and  taken  at  the  same  rate  of  interest ; 
and,  when  this  is  so,  the  equation  holds  rigidly.  But  the  pre- 
miums actually  payable  under  any  policy  are  not  the  net  pre- 
miums, but  loaded  or  gross  premiums.  If  the  "loading "  over  the 
net  premium  be  represented  by  k,  then  the  value  of  the  future 
gross  premiums  would  be  {Px+k)  (i+a:^),  and  this  is  no  longer 
equal  to  the  value  of  the  sum  assured  at  the  date  the  policy  is 
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taken,  but  is  in  excess.  The  excess  value  k  (i+a^c)  represents 
the  provision  for  future  expenses  and  surplus,  apart  from  savings 
which  may  accrue  from  interest  earnings  exceeding  the  rate 
assumed,  from  favorable  mortality  experience,  etc. 

Sometimes  the  net  premiums  which  form  the  basis  for  the 
gross  premiums  have  been  taken  from  a  different  mortality  table 
and  at  a  different  rate  of  interest  from  that  used  in  valuation. 
Nevertheless  the  custom  in  ascertaining  policy  liabilities  is  to 
take  the  single  premium,  the  annuity,  and  the  net  premium,  all 
from  the  same  mortality  table  and  at  the  same  rate  of  interest. 
In  the  insurance  laws  it  is  usual  to  neglect  the  question  of  load- 
ing, on  the  ground  that  companies  are  at  liberty  to  charge  what 
premiums  they  consider  right,  and  future  loadings,  whatever 
they  may  be,  are  needed  for  meeting  future  expenses.  The  only 
restriction  is  that  the  premium  must  be  sufficient,  in  the  case  of 
old-line  assurance,  to  provide  the  net  benefit. 


Contract  The  net  premium  method  of  valuation  was  first 

Premium        introduced  to  correct  abuses  which  had  crept  into 

Ignored.  the  practice  of  policy  valuations,  because  several 
companies  under  the  laws  in  force  about  the  middle  of  last  cen- 
tury made  practically  no  provision  whatever  for  future  expenses,, 
but  took  credit  for  the  entire  gross  premiums  to  be  received  in 
future. 

It  will  be  readily  seen  that  the  effect  of  using  a  gross  premium 
in  formula  (127)  is  to  reduce  the  Reserve  or  Policy  Value  by  the 
discounted  amount  of  all  the  future  loadings.  The  net  premium 
method  does  not  take  into  consideration  in  any  way  the  gross 
premium  under  the  contract;  and,  in  terms  of  the  valuation  laws 
in  America,  no  account  is  taken  of  the  contract  premium  so  long 
as  such  premium  is  equal  to,  or  greater  than,  the  net  premium. 
The  method,  therefore,  does  not  take  into  consideration  one  of 
the  principal  factors  connected  with  the  contract  as  it  exists 
between  the  policy-holder  and  the  company.  The  sum  assured 
is  a  guaranteed  amount,  and  the  gross  premium  is  a  fixed  quan- 
tity for  any  specific  contract.  On  the  other  hand  the  net  pre- 
mium is  theoretic,  depending  upon  the  mortality  table  and  rate 
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of  interest  employed.  Of  course  some  provision,  and  a  fiill  and 
adequate  provision,  must  be  made  for  future  expenses  in  the 
valuation  of  a  life  assurance  company.  One  certain  way  of 
doing  this  is  to  employ  the  actual  contract  premiums,  reduced  by 
such  allowance  for  future  expenses  as  may  be  amply  sufficient; 
but  it  is  open  to  several  objections,  one  of  them  being  that  the 
value  of  the  premiums  may  be  greater  than  the  value  of  the  obli- 
gation for  payment  of  the  sum  assured,  and  in  that  case  the 
policy  would  have  a  negative  value.  In  other  words,  the  policy 
would  appear  as  an  asset  of  the  company  instead  of  a  liability, 
and  such  assets  cannot  be  considered  good  because  the  policies 
might  lapse  at  any  time,  and  these  assets  would  thereby  be  lost. 
Again,  if  the  contract  premiums  closely  correspond  with  the  net 
premiums,  then,  by  employing  the  latter  for  ascertaining  policy 
liabilities,  an  insufficient  provision  for  the  future  may  be  made. 
If  there  is  a  large  margin  between  the  contract  and  the  net  pre- 
miums, the  use  of  the  latter  in  valuation  might  bring  out  apparent 
weakness  in  the  case  of  a  company  actually  strong,  healthy,  and 
vigorous.  The  question  is  hedged  round  by  difficulties  on  all 
sides  and  should  have  expert  treatment  depending  upon  the 
individual  circumstances.  But  whatever  may  be  the  best 
system  for  arriving  at  the  true  liabilities,  the  fact  must  not  be 
forgotten  that  Statutes  in  America  at  the  present  time  provide 
for  the  use  of  net  premiums. 


Expenses  Although  the  contract  premium  is  left  out  of 

and  account  in  valuation,   various  devices  have  been 

Valuation.  used  for  making  allowance  for  the  great  difference 
in  expense  between  the  first  and  renewal  years.  It  was  shown 
in  Chapter  VII.  that  initial  expenses  are  necessarily  high,  also 
that  this  fact  is  frequently  taken  into  consideration  in  calculating 
premiums.  To  attain  strict  accuracy,  the  method  of  valuation 
should  properly  and  logically  follow  the  method  of  premium  cal- 
culation; the  gross  premium,  the  net  premium,  the  loading,  and 
the  guarantees  in  the  policy  should  all  form  part  of  the  calcula- 
tion, due  consideration  being  given  to  the  reasons  for  making 
additions  to  the  net  premiums,  whether  for  initial  expense,  for 
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renewal  expense,  or  for  dividends  or  bonuses.  But  this  would 
have  the  effect  of  making  the  valuations  unduly  intricate,  and 
simpler  methods  have  accordingly  been  devised. 


Preliminary  Term     One  of  these  methods  is  to  assume  that  all 
Valuation.  the  first  year's  premium  is  used  in  initial  ex- 

penses and  risk,  treating  that  year  as  furnishing  term  assurance 
only.  The  policy  is  then  renewed  one  year  later  under  the  form 
chosen  by  the  applicant,  and  the  regular  policy  values  commence 
with  the  second  year.  For  example,  if  a  policy  were  taken  at 
age  35  by  annual  premiums  for  life,  the  first  year's  premium 
would  be  for  term  assurance,  the  net  premium  for  which  by  the 
American  Experience  Table  at  3i%  is  8.63  per  thousand,  and 
the  Whole  Life  Policy  would  go  into  effect  at  age  36,  at  which 
age  the  net  premium  for  a  Whole  Life  Policy  is  20.55.  Accord- 
ingly, if  the  contract  premium  were  $27.00,  the  loading  in  the 
first  year  would  be  $18.37,  and  in  subsequent  years  $6.45.  This 
method  therefore  has  the  effect  of  providing  a  larger  loading 
the  first  year,  and  a  smaller  loading  afterwards.  The  policy  con- 
tracts are  written  in  such  a  way  as  to  show  that  this  is  the  inten- 
tion of  the  parties. 

When  the  same  principle  is  applied  to  Limited  Payment 
Policies  and  Endowment  Assurances,  there  are  serious  objec- 
tions to  this  plan,  because  the  allowance  for  first  year's  expenses 
then  becomes  extravagant.  It  involves  the  assumption  in  the 
case  of  a  short  period  Endowment  Policy  that  a  premium  of  as 
much  as  100  for  each  1,000  assured  would  be  paid  for  one  year's 
temporary  assurance;  or  that  the  loading  for  expenses  in  that 
premium  is  $91.37  as  compared  with  $18.37  i^  the  above  ex- 
ample of  a  Whole  Life  Policy.  The  allowance  for  the  initial 
expense  is  therefore  much  too  great.  In  writing  an  Endowment 
Policy  the  commissions  and  charges  should  exceed  by  only  a 
very  small  sum  the  expense  of  writing  a  Whole  Life  Policy.  If 
therefore  $18.37  P^^  thousand  is  a  reasonable  expense  for  writing 
Whole  Life  Policies,  the  same,  or  but  little  more,  should  be 
allowed  for  writing  Endowment  Assurances. 
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Modified  To  overcome  the  objections  to  the  preHminary 

Preliminary    term  method  above  outHned,  it  has  been  suggested 
Term.  that,  as  the  preliminary  term  plan  is  satisfactory 

and  makes  a  reasonable  allowance  in  the  case  of  Whole  Life 
Policies,  the  same  allowance  should  be  made  for  other  classes. 
If  therefore  $18.37  P^r  thousand  were  considered  the  proper 
expense  provision  in  the  one  case,  the  same  amount  should  be 
provided  for  Limited  Payments  and  Endowment  Assurances. 
Under  this  plan  the  Whole  Life  premium  at  any  age  forms  the 
measure  of  the  expense  which  can  be  incurred  at  that  age  for 
Limited  Payment  and  Endowment  Assurances;  the  expense 
allowance  is  therefore  an  increasing  amount  according  to  the 
age  of  the  applicant.  This  principle  was  recognized,  although 
not  to  its  full  extent,  by  the  recommendations  of  the  "Committee 
of  Fifteen",  a  Committee  of  Governors  and  Insurance  Commis- 
sioners, who  met  in  conference  in  1906  with  the  aim  of  introducing 
better  insurance  laws,  and  bringing  the  laws  of  the  different 
States  into  harmony.  They  recommended  that  the  preliminary 
term  method  must  be  "modified"  for  all  Endowment  Assurances 
and  for  all  Limited  Payments  where  the  premiums  are  less  than 
twenty.  For  Twenty  Payment  Policies  and  those  having  a 
longer  premium-paying  period,  the  full  preliminary  term  method 
was  permitted.  Since  that  Committee  rendered  its  report  the 
laws  of  many  States  have  been  amended,  some  of  them  adopting 
the  Committee's  recommendations  and  others  introducing  changes 
and  modifications  to  meet  real  or  imaginary  local  conditions. 
The  work  of  the  Committee  of  Fifteen  is  usually  warmly  com- 
mended by  thoughtful  students  of  Life  Assurance,  its  general 
principles  being  in  the  best  interests  of  the  business  and  the 
people. 


Select  and  Still  another  suggestion  has  been  made  for  meet- 

Ultimate      ing  the  same  conditions,  a  suggestion  of  importance 
Valuation,     adopted  by  the  Legislature  of  the  State  of  New 
York.     The   scientific   principle   involved   is   that   a   benefit   is 
conferred    upon    a    company    by    introducing    new    applicants 
amongst  the  older  policy-holders  through  the  light  mortality  of 
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the  ne\^  for  several  years,  as  well  as  their  sharing  the  general 
expense.  The  latter  advantage  is  an  incident  in  the  expansion 
of  all  businesses ;  the  former  is  peculiar  to  life  assurance,  and  that 
benefit  may  therefore  reasonably  form  a  measure  of  the  expense 
which  a  company  is  justified  in  incurring.  Moreover  the  expen- 
diture will  be  made  good  to  the  company  within  a  few  years  since 
the  net  premium  allows  for  a  higher  death  rate  than  experience 
indicates  in  the  early  years  of  the  policies  (see  Chapter  III.).  The 
special  method  of  valuation  consists  in  allowing  a  company  to 
take  credit  at  once  for  the  savings  in  mortality  due  to  effec^i^^^e 
medical  selection.     The  New  York  Statute  reads: 

"The  legal  minimum  valuation  of  all  contracts  issued 
"on  or  after  the  first  day  of  January,  nineteen  hundred 
"and  seven,  shall  be  in  accordance  with  the  select  and 
"  ultimate  method,  and  on  the  basis  that  the  rate  of  mor- 
"tality  during  the  first  five  years  after  the  issuance  of  said 
"contracts  respectively  shall  be  calculated  according  to 
"the  following  percentages  of  the  rates  shown  by  the 
"American  experience  table  of  mortality,  to  wit, 
"  1st  insurance  year  50  per  centum  thereof, 
"2d  insurance  year    65  per  centum  thereof, 
"3d  insurance  year    75  per  centum  thereof, 
"  4th  insurance  year  85  per  centum  thereof,  and 
"  5th  insurance  year  95  per  centum  thereof. " 

The  difference  between  the  mortality  of  the  American  Experi- 
ence Table,  and  the  select  mortality,  as  represented  by  the  above 
percentages  during  the  first  five  years,  is  discounted  and  credited 
to  the  company  as  an  offset  against  the  reserves.  Premiums  are 
computed  by  the  American  Experience  Table  which  is  an  ultimate 
mortality  table,  and  the  liability  for  the  sum  assured  and  the 
relative  asset  (namely,  the  value  of  the  future  premiums)  are 
computed  by  the  use  of  select  functions.  The  formula  for  val- 
uation during  the  first  five  years  is  therefore: — 

nVx=A  [.r]+  n—Px3i[x]  +  n 
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This  method  gives  very  satisfactory  results  and  at  the  same  time 
makes  a  reasonable  allowance  for  first  year's  expenses.  After 
five  years  the  policy  values  are  the  same  as  if  the  device  had  not 
been  employed. 

COST    OF    ASSURANCE,    OR    DEATH    STRAIN. 

When  a  death  occurs  the  sum  assured  forms  a  disbursement 
by  the  company;  but,  on  the  other  hand,  the  liability  for  the 
policy  value  disappears,  the  policy  being  taken  ofE  the  books; 
and  after  a  policy  has  been  for  a  long  time  in  force  this  released 
liability  is  often  quite  a  large  proportion  of  the  sum  assured. 
A  claim  by  death,  therefore,  has  a  varying  effect  upon  the  re- 
sources of  the  company  according  to  the  magnitude  of  the  policy 
value  which  is  a  liability  cancelled,  relative  to  the  face  value  paid. 
In  the  case  of  an  Endowment  Assurance  policy  nearing  maturity, 
death  causes  a  very  small  proportionate  strain  on  the  resources 
of  the  company,  because  it  only  means  the  payment  of  the  sum 
assured  a  short  time  earlier  than  would  otherwise  be  the  case. 
The  actual  strain  on  the  funds  of  the  company  should  be  meas- 
ured, therefore,  not  by  the  sums  assured  becoming  claims,  but  by 
the  difference  between  such  sums  assured  and  their  policy  values. 
It  may  happen  that  the  claims  by  death  appear  severe,  but,  on 
account  of  their  occurring  chiefly  amongst  old  policy-holders,  the 
strain  on  the  company  may  be  comparatively  light.  The  true 
sum  at  risk  is  represented  by  the  difference  between  the  face 
value  payable  at  death  and  the  policy  value  held  by  the  company, 
and  therefore  the  "Cost  of  Assurance"  at  any  age  should  be 
measured  by  this  difference.  If  5  represent  the  sum  assured,  and 
V  the  policy  value,  we  have  as  the  cost  of  assurance  the  general 
formula : — 

Cost  of  Assurance  =  qx  (S — V) 

This  function,  called  the  "Cost  of  Assurance"  in  America,  is 
•usually  referred  to  in  Great  Britain  as  the  "Death  Strain", 

Numerical  A  numerical  example  will  make  the  above  more 
Illustrations,  clear.  If  a  policy  be  taken  out  on  the  Whole  Life 
Plan  at  age  35,  the  company  will  in  ten  years  accumulate  a  reserve 
of  $136  (American  Experience  3J%).     This  amount  is  held  as  a 
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liability  under  the  policy  contract.  If  death  were  to  occur  in 
that  year  the  sum  assured  of  $1,000  would  be  paid,  but  the  Ha- 
bility  for  the  policy  value  of  $136  would  be  cancelled.  The  net 
amount  taken  from  the  general  mortality  fund  of  the  company 
would  therefore  be  only  $864.  If  the  same  policy  ran  for  ten 
more  years  the  policy  value  would  be  increased  to  $311,  and  the 
net  payment  at  death  after  that  time  would  only  be  $689. 

Therefore  the  true  cost  of  assurance,  or  mortality  cost,  is 
measured,  as  above  indicated,  not  by  the  face  value  of  the  sum 
assured  but  only  by  the  net  amount  withdrawn  from  the  mor- 
tality fund  in  event  of  death.  This  net  amount  varies  greatly 
according  to  the  kind  of  policy  under  consideration.  Under  a 
Twenty  Year  Endowment  Assurance  taken  at  age  35  the  policy 
value  at  the  end  of  ten  years  would  be  $396.  The  net  payment 
at  death  in  that  year  would  therefore  be  only  $604,  as  against 
$864  under  a  Whole  Life  Policy.  At  the  end  of  the  fifteenth 
year  the  Endowment  Policy  value  would  be  $664  and  the  net 
mortality  payment  $336.  At  the  end  of  the  twentieth  year  the 
policy  value  is  $1,000,  so  that  in  event  of  death  during  that  year 
the  company  would  have  no  strain  whatever  on  the  mortality 
fund  on  account  of  such  death. 

QUESTIONS  ON  CHAPTER  XL 

( 1 )  Define  the  symbol  «  Vx ;  give  three  formulas  for  its  value,  and  prove  their 
equality. 

(2)  Give  a  verbal  explanation  of  two  of  the  formulas  in  the  preceding 
question. 

(3)  What   is  the  difference  between  the  "Prospective"  and  the  "Retro- 
spective" methods  of  calculating  policy  values? 

(4)  Prove  that  the  value  at  the  end  of  10  years  of  a  20  year  Endowment 
contract  taken  at  age  30  is  _ 

I  _   I  +  a  40  :  qI 
I   +  a  30  :T^ 

(5)  In  the  following  formula,  for  the  reserve  value  of  a  policy  at  the  end  of 
n  years:-        nV  =  Ax  +  n—P  {i  +  ax  +  n)  +  i^^^^^l^ 

Vx+n 
P  is  the  net  premium  for  a  particular  contract. 
TTx  is  the  net  premium  on  the  Ordinary  Life  plan. 
Prove  that  the  formula  holds  for 

(i)     an  Endowment  Assurance  policy. 
(2)     a  Limited  Payment  Life  policy. 
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(6)  Explain  the  terms  "Mean",  "Terminal"  and  "Initial"  policy  values. 
Under  what  circumstances  should  each  be  used? 

(7)  What  do  you  understand  by  a  net  premium  valuation?     Explain  the 
advantages  and  weaknesses  of  the  net  premium  system. 

(8)  What  are  negative  policy  values?     Give  instances  of  how  they  may  arise. 
Should  such  values  be  used  in  practice? 

(9)  State  the  main  characteristics  of — 

(i)     The  Full  Preliminary  Term  method  of  valuation. 

(2)  The  Modified  Preliminary  Term  method. 

(3)  The  Select  and  Ultimate  method. 
Why  were  these  methods  suggested? 

(10)  Give  a  formula  for  the  net  annual  premiums  for  a  Ten  Year  Endowment 
policy  on  the  Modified  Preliminary  Term  plan;  (a)  First  Premium,  and 
(b)  Renewal  Premiums. 

(11)  Show  that  by  the  Select  and  Ultimate  Alethod  credit  is  taken  at  the 
outset  on  a  select  basis  for  the  difference  in  value  between  the  Ultimate 
and  Select  net  premiums. 

(12)  What  method  of  valuation  would  be  appropriate  as  a  test  of  solvency  of 
a  life  assurance  company? 

(13)  Define  the  term  "Cost  of  Assurance."  Show  that  the  value  of  a  life 
policy  n  years  in  force  increased  by  the  net  premium  then  due  and  by 
interest  for  one  year  at  the  valuation  rate,  provides  the  terminal  reserve 
of  the  next  year,  also  the  cost  of  assurance  for  the  year. 

(14)  Calculate  the  15th  year's  cost  of  assurance  per  $1,000  (American  3^%) 
on  a  Life  policy  taken  at  age  30,  under  which  premiums  are  paid-up. 
(Ans.$5.89). 


CHAPTER  XII. 

Settlements  and  Surplus. 

The  settlement  contemplated  when  a  policy  is  taken  is  the 
settlement  to  be  made  when  death  occurs,  or  when  an  Endow- 
ment Assurance  matures.  But  a  great  many  policies  terminate 
in  other  ways,  quite  a  large  proportion  ceasing  at  the  end  of  the 
first  year  of  the  policy  through  lapse.  The  expenses  incurred  in 
obtaining  the  application,  conducting  the  medical  examination, 
and  issuing  the  policy  as  explained  in  Chapter  IX.  are  heavy, 
and  companies  do  not  pay  any  surrender  values  if  policies  lapse  at 
the  end  of  the  first  year.  After  the  first  year,  however,  expenses 
are  smaller,  and  it  is  generally  understood  that  the  light  mortality 
arising  through  the  selection  of  healthy  lives  will  enable  a  com- 
pany to  make  good  its  initial  expense,  and  set  aside  the  regular 
policy  value  from  the  premiums  received,  in  a  period  of  about 
five  years  from  the  date  of  issue  of  a  policy.  Accordingly,  in 
event  of  lapse,  sometimes  after  the  second  year  but  more  fre- 
quently after  the  third,  an  equitable  surrender  value  is  allowed 
in  cash  or  in  paid-up  assurance  or  extended  assurance. 

Legal  Insurance  laws  in  the  United  States  provide  that 

Surrender  the  policy-holder  must  be  allowed  an  equitable  pro- 
Values,  portion  of  the  policy  value  of  his  own  contract,  and 
various  enactments  have  been  passed  to  protect  his  interests. 
In  most  instances  the  true  situation  has  been  recognized,  that  the 
full  policy  value  does  not  belong  to  individual  policy-holders,  as 
was  mentioned  in  the  last  chapter,  and  the  laws  accordingly  allow 
companies  to  make  a  deduction  from  the  full  policy  value,  called 
a  "surrender  charge,"  when  policy-holders  decide  to  withdraw. 
The  law  of  the  State  of  New  York  prior  to  1906  read: 
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"Whenever  any  policy  of  life  insurance  *  *  *  after 
"being  in  force  three  full  years,  shall,  by  its  terms,  lapse 
"or  become  forfeited  for  the  non-payment  of  any  premium, 
"*  *  *  the  reserve  on  such  policy  computed  according 
"  to  the  American  experience  table  of  mortality  at  the  rate 
"of  four  and  one-half  per  cent  per  annum  shall,  on  demand 
"made,  with  surrender  of  the  policy  within  six  months 
"after  such  lapse  or  forfeiture,  be  taken  as  a  single  pre- 
"mium  of  life  insurance  at  the  published  rates  of  the  cor- 
"poration  at  the  time  the  policy  was  issued,  and  shall  be 
"applied,  as  shall  have  been  agreed  in  the  application  or 
"policy,  either  to  continue  the  insurance  of  the  policy  in 
"force  at  its  full  amount  so  long  as  such  single  premium 
"will  purchase  temporary  insurance  for  that  amount,  at 
"the  age  of  the  insured  at  the  time  of  lapse  or  forfeiture, 
"  or  to  purchase  upon  the  same  life  at  the  same  age  paid-up 
"insurance  payable  at  the  same  time  and  under  the  same 
"conditions,  except  as  to  payments  of  premiums,  as  the 
"original  policy." 

The  law  further  provided  that  the  policy  contract  could  spe- 
cify which  one  of  these  two  methods  must  be  chosen,  and  in- 
structed that  the  net  surrender  value  should  in  no  case  be  less 
than  two-thirds  of  the  entire  policy  value  computed  by  the  above 
rules. 

But  the  new  laws  enacted  in  1906  in  New  York  introduced  an 
entirely  different  principle  and  provided  that,  although  no  claim 
for  value  might  be  made,  nevertheless  an  equitable  value  must 
be  held  to  the  credit  of  the  policy-holder,  and  after  further 
amendments  the  law  now  (1912)  reads: 

"  If  any  policy  01  life  insurance  (other  than  a  term  policy 
"for  twenty  years  or  less),  issued  on  or  after  January  first, 
"nineteen  hundred  and  seven,  by  any  domestic  life  insur- 
"ance  corporation,  after  being  in  force  three  full  years 
"shall  by  its  terms  lapse  or  become  forfeited  by  the  non- 
"  payment  of  any  premium  or  any  note  therefor  or  any 
*'loan  on  such  policy  or  of  any  interest  on  such  note  or 
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loan,  the  reserve  on  such  polic}^  computed  according  to 
the  standard  adopted  by  said  company  in  accordance 
with  section  eighty-four  of  this  chapter,  together  with 
the  value  of  any  dividend  additions  upon  said  policy, 
after  deducting  any  indebtedness  to  the  company  and 
one-fifth  of  the  said  entire  reserve,  or  the  sum  of  two 
and  fifty-one  hundredths  dollars  for  each  one  hundred 
dollars  of  the  face  of  said  policy  if  said  sum  shall  be 
more  than  the  said  one-fifth,  shall  upon  demand  not 
later  than  three  months  after  the  date  of  lapse  with  cur- 
render  of  the  policy  be  applied  as  a  surrender  value  as 
agreed  upon  in  the  policy,  provided  that  if  no  other 
option  expressed  in  the  policy  be  availed  of  by  the  owner 
thereof,  and  if  the  policy  itself  does  not  direct  what 
option  shall  become  operative  in  default  of  selection  by 
the  owner,  the  same  shall  be  applied  to  continue  the 
insurance  in  force  at  its  full  amount  including  any  out- 
standing dividend  additions  less  any  outstanding  indebt- 
edness on  the  policy  but  without  future  participation 
and  without  the  right  to  loans,  so  long  as  such  surrender 
value  will  purchase  non-participating  temporary  insur- 
ance at  net  single  premium  rates  by  the  standard  adopted 
by  the  company,  at  the  age  of  the  insured  at  the  time  of 
lapse  or  forfeiture,  provided  in  case  of  any  endowment 
policy  if  the  sum  applicable  to  the  purchase  of  temporary 
insurance  shall  be  more  than  sufficient  to  continue  the 
insurance  to  the  end  of  the  endowment  term  named  in 
the  poHcy,  the  excess  shall  be  used  to  purchase  in  the 
same  manner  pure  endowment  insurance  payable  at 
the  end  of  the  endowment  term  named  in  the  policy  on 
the  conditions  on  which  the  original  poHcy  was  issued, 
and  provided  further  that  any  attempted  waiver  of  the 
provisions  of  this  paragraph  in  any  application,  policy 
or  otherwise,  shall  be  void,  and  provided  further  that 
any  value  allowed  in  lieu  thereof  shall  be  at  least  equal 
to  the  net  value  of  the  temporary  insurance  or  of  the 
temporary  and  pure  endowment  insurance  herein  pro- 
vided  for.      The  term  of  temporary  insurance  herein 
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provided  for  shall  include  the  period  of  grace,  if  any. 
In  every  case  where  a  contract  provides  for  both  insur- 
ance and  annuities,  the  foregoing  provisions  shall  apply 
only  to  that  part  of  the  contract  which  provides  for  in- 
surance, but  every  such  contract  containing  a  provision 
for  a  deferred  annuity  on  the  life  of  the  insured  only 
(unless  paid  for  by  a  single  premium)  shall  provide  that 
in  the  event  of  the  non-payment  of  any  premium  after 
three  full  years'  premiums  shall  have  been  paid,  the 
annuity  shall  automatically  become  converted  into  a 
paid-up  annuity  for  such  a  proportion  of  the  original 
annuity  as  the  number  of  completed  years'  premiums 
paid  bears  to  the  total  number  of  premiums  required 
under  the  contract." 


Massachu-  In  the  State  of  Massachusetts  the  law  gov- 

setts  Surren-  erning     domestic     companies     {i.e.,     companies 

der  Values.  incorporated  in  the  State  of  Massachusetts) 
provides  that 


"After  three  full  annual  premiums  have  been  paid  on  any 
"policy  of  life  or  endowment  insurance  issued  by  a  do- 
"mestic  insurance  company  after  December  thirty-first, 
"nineteen  hundred  and  seven,  the  holder  thereof,  within 
"thirty  days  after  any  default  in  the  payment  of  a  sub- 
"  sequent  premium,  may  elect,  by  a  writing  filed  with  the 
"company  at  its  home  office,  (a)  to  surrender  the  poHcy 
"and,  with  the  written  assent  of  the  person  to  whom  it  is 
"made  payable,  receive  its  value  in  cash,  or  (b)  take  paid- 
"up  insurance  which  shall  be  participating  if  the  policy  is 
"on  a  participating  basis,  payable  at  the  same  time  and 
"on  the  same  conditions  as  in  the  original  contract,  or 
"  (c)  have  the  insurance  continued  in  force  from  the  an- 
"niversary  date  last  passed  for  its  face  amount  including 
"  any  outstanding  dividend  additions  and  less  anyindebt- 
"edness  thereon,  or  secured  thereby,  but  without  the  right 
"to  loans.     The  cash  value  shall  be  the  reserve  on  the 
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**  policy  at  the  end  of  the  last  policy  year  for  which  the 
"premium  was  paid  in  full,  plus  a  proportionate  part  of 
*'the  increase  in  the  cash  value  at  the  end  of  the  succeed- 
"ing  year  if  any  instalment  not  less  than  a  quarterly  in- 
"stalment  of  the  premium  for  that  year  has  been  paid, 
*'and  of  any  dividend  additions  thereto,  computed  on  the 
*' mortality  and  interest  assumption  upon  which  the  com- 
'*pany  elects  to  reserve  as  prescribed  by  the  laws  of  this 
"commonwealth,  less  a  surrender  charge  of  not  more  than 
"five  per  cent  of  the  present  value  of  the  future  net  pre- 
"miums  which  by  its  terms  the  policy  is  exposed  to  pay 
"in  case  of  its  continuance,  computed  upon  the  aforesaid 
"mortality  and  interest  basis,  and  less  any  existing  ii?- 
"debtedness  to  the  company  on  the  policy  or  secured 
"thereby.  The  company  may  reserve  the  right  to  defer 
"the  payment  of  such  cash  value  for  not  exceeding  sixty 
"days  after  the  application  therefor  is  made.  The  term 
"for  which  the  pohcy  w^ill  be  continued  or  the  amount  of 
"the  paid-up  policy  will  be  such  as  the  cash  value  will 
"purchase  as  a  net  single  premium  at  attained  age  of  the 
"insured  according  to  the  mortality  and  interest  basis 
"heretofore  designated.  But  in  case  of  an  endowment 
"poHcy,  if  the  simi  appHcable  to  the  purchase  of  tem- 
"  porary  insurance  shall  be  more  than  sufficient  to  continue 
"the  insurance  to  the  end  of  the  endowment  term  named 
"in  the  policy,  the  excess  shall  be  used  to  purchase  in  the 
"same  manner  non-participating  paid-up  pure  endow- 
"ment,  payable  at  the  end  of  the  endowment  term  on 
"the  same  conditions.  If  the  holder  shall  not  within 
"thirty  days  from  default  surrender  the  policy  to  the 
"company  for  cash  as  provided  in  option  (a)  or  elect,  by 
"a  writing  filed  with  the  company  at  its  home  office,  to 
"take  extended  insurance  as  provided  in  option  (c)  the 
"insurance  will  be  binding  upon  the  company  from  the 
"date  of  default  without  any  further  stipulation  or  act  as 
"provided  in  option  (b).  The  paid-up  or  extended  insur- 
"ance  granted  by  the  terms  of  the  policy  shall  have  a 
"cash  value  which  shall  be  its  net  value  less  any  indebt- 
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"edness  to  the  company  on  account  of  such  poHcy  or 
"secured  thereby,  and  the  holder  thereof  may,  by  giving 
"a  notice  of  sixty  days  and  furnishing  to  the  company  the 
"■written  assent  of  the  person  to  whom  the  poHcy  is  pay- 
'  *  able,  claim  and  receive  in  cash  such  surrender  value  at 
"the  date  of  the  application  therefor. 
"Every  such  policy  which  by  its  own  terms  has  become 
"paid-up  shall  have  a  cash  surrender  value  which  shall  be 
"its  net  value,  less  not  more  than  five  per  cent  of  one  net 
"annual  premium  on  a  ten-payment  life  policy  at  the  age 
"of  entry  of  the  insured,  and  less  any  indebtedness  to  the 
"company  on  such  policy  or  secured  thereby,  and  the 
"holder  of  any  such  paid-up  policy  may  surrender  the 
"same  and  claim  and  recover  from  the  company  within 
"sixty  days  of  the  application  therefor  the  surrender  value 
"in  cash  upon  furnishing  the  company  with  the  written 
"assent  of  the  person  to  whom  the  policy  is  payable. 
"On  policies  of  prudential  or  industrial  insurance  on  which 
"the  premiums  are  paid  weekly  and  are  not  more  than 
"fifty  cents  each,  the  surrender  value  shall  in  all  cases  be 
"payable  in  cash,  which  shall  be  a  legal  claim  for  not  more 
"than  two  years  from  the  date  of  lapse  and  be  payable 
"within  sixty  days  after  the  demand  therefor.  Within 
"ninety  days  after  the  lapse  of  any  policy  which  has  a 
"surrender  value  and  upon  which  settlement  has  not  been 
**  made,  the  company  shall  send  a  notice  thereof  to  the  last 
"known  address  of  the  holder  of  said  polic}^  which  notice 
"shall  state  the  amount  of  the  surrender  value  of  said 
"policy.  The  affidavit  of  any  officer,  clerk,  or  agent  of 
"the  company  or  any  one  authorized  to  mail  such  notice, 
"that  the  notice  required  herein  has  been  duly  mailed  by 
"the  company,  shall  be  presumptive  evidence  that  such 
"notice  was  duly  given." 


Surrender  The  laws  of  the  various  States  dififer  materially 

Charge.         in  prescribing  the  values  which  must  be  allowed  to 

policy-holders,  although  there  is  now  a  tendency  towards  uni- 
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formity,  the  most  common  legal  rule  being  that  companies  may 
deduct  from  the  policy  value  a  surrender  charge  not  greater  than 
22%  of  the  face  value  of  the  policy.  This  rule  is  effective  in 
many  States.  It  makes  an  ample  allowance  to  recompense  the 
company  for  initial  outlays,  especially  since  values  are  not  com- 
pulsory at  all  until  after  the  policy  has  been  three  years  in  force. 
The  State  of  Louisiana  prescribes  a  maximum  surrender 
charge  of  20%  of  the  reserve  value  and  this  is  one  of  the  important 
exceptions.  When  a  policy  has  ?jeen  in  force  for  several  years, 
this  20%  is  greater  than  the  surrender  charge  of  2^%  of  the 
face  value  above  mentioned,  but  in  the  early  years  under  life 
policies  a  larger  value  has  to  be  guaranteed  under  the  Louisiana 
law  than  under  the  laws  of  other  states.  Decisions  in  the  courts 
of  Kentucky  have  been  given  to  the  effect  that  any  value  under  a 
policy  may  be  claimed  at  any  time  within  five  years  from  the 
date  of  lapse,  irrespective  of  any  stipulation  in  the  policy  contract 
to  the  contrary. 


Liberal  The  result  is  that  the  common  practice  is  a  good 

Practices.  deal  more  liberal  than  the  requirements  of  law. 
Many  companies  now  allow  a  surrender  value  in  the  second 
year,  and  when  they  carry  full  reserves  generally  make  a  sur- 
render charge  of  $15  per  $1,000,  or  even  less,  instead  of  the  $25 
per  $1,000  allowed  by  the  law.  When  companies  value  their 
obligations  on  the  Preliminary  Term  or  other  modified  plan,  the 
necessities  of  competition  compel  them  to  allow  surrender  values 
which  take  advantage  of  even  a  smaller  surrender  charge  than 
that  above  indicated. 


Non-  The  general  meaning  of  the  expression   "non- 

Forfeiture,  forfeiture"  is  that  the  value  of  a  policy  is  not  for- 
feited or  lost  on  default  in  payment  of  any  premium.  There  are 
several  different  ways  of  accomplishing  this  result,  all  of  which 
are  spoken  of  as  non-forfeiture  provisions.  One  form  provides 
that  the  sum  assured  is  at  once  reduced  in  amount  and  paid-up 
assurance  granted.     This  paid-up  assurance  is  usually  on  the 
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.same  form  as  the  original  policy,  except  that  no  further  pre- 
miums are  payable;  and,  in  arriving  at  the  amount,  the  policy 
value  available  is  used  as  a  single  premium  to  purchase  such 
amount  of  reduced  assurance  as  the  value  will  provide.  This  is 
the  form  of  the  Massachusetts  law  and  is  now  also  a  permissive 
form  in  New  York.  Another  form  of  non-forfeiture  provision 
continues  the  policy  for  its  full  face  value  as  "extended  assur- 
ance." In  that  case,  the  available  policy  value  is  applied  to 
purchase  temporary  assurance  protection  for  the  face  value  of 
the  policy  for  such  time  as  the  risk  can  be  carried  from  the  at- 
tained age  of  the  life  assured,  also  permissive  under  the  New  York 
law,  which  stipulates  thiat  one  or  other  of  the  two  forms  must 
become  effective  automatically  under  the  policy  contract. 

One  or  two  companies  have  also  incorporated  a  non-for- 
feiture provision,  by  which  any  unpaid  premium  is  advanced  as 
a  loan  against  the  policy,  and  this  may  be  repeated  from  year  to 
year  so  long  as  the  loan  value  under  the  contract  is  in  excess  of 
the  accumulated  amount  of  the  indebtedness  thus  incurred.  This 
provision  is  also  automatic,  and  the  entire  rights  of  the  policy 
contract  are  preserved  for  the  assured. 


Loans.  Most  policies  provide  that  the  company  shall  grant 
loans  to  an  amount  agreed  upon,  and  within  the  policy  value,  and 
the  laws  of  many  states  make  such  a  privilege  compulsory. 
By  this  means  policy-holders  may  tide  over  temporary  difficulties ; 
and  the  convenience  is  one  which  is  very  generally  appreciated  by 
the  public.  Life  assurance  companies  desire  to  treat  their  policy- 
holders in  the  most  liberal  manner  possible.  This  is  in  the  in- 
terest of  the  company  as  well  as  that  of  the  policy-holders, 
because  life  assurance  depends  so  largely  for  its  success  on  the 
good  will  and  friendship  of  the  public.  The  loan  privileges  are 
much  more  convenient  than  the  usual  conditions  of  borrowing. 
The  loan  may  be  obtained  on  the  shortest  notice,  time  being  re- 
quired only  for  the  preparation  and  signature  of  the  necessary 
papers,  and  occasionally  this  can  be  done  within  an  hour.  No 
expense  is  incurred  by  the  borrower  for  legal  advice  or  any 
other  service,  a  verv  moderate  interest  rate  is  charged,  and  the 
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advance  may  generally  be  repaid  at  any  time  without  notice  on  pay- 
ment of  the  loan  and  accrued  interest  to  date. 

Legal  When  this  is  the  disposition  of  assurance  com- 

Restrictions.  panics,  and  when  the  tendency  is  so  distinctly  to 
grant  favors  to  the  public,  it  seems  unfortunate  that  such  condi- 
tions should  be  modified  by  court  decisions.  The  action  of  the 
companies  has  nevertheless  on  several  occasions  been  seriously 
hampered.  One  obstacle  may  be  mentioned  by  way  of  illustra- 
tion : — A  life  assurance  company  had  granted  a  loan  on  a  paid-up 
policy,  and  the  loan  agreement  stipulated  that  if  interest  on  the 
loan  were  unpaid  the  company  could  treat  the  policy  as  surren- 
dered for  its  customary  cash  surrender  value,  the  loan  to  be  re- 
paid from  such  value.  The  interest  was  not  paid;  and,  relying 
on  the  terms  of  the  contract,  the  company  surrendered  the  policy 
and  repaid  the  loan.  The  assured  died  shortly  afterward,  when 
an  action  was  instituted  to  recover  the  full  face  value  of  the  policy 
less  the  indebtedness.  The  action  was  sustained  on  the  ground 
that  a  policy  of  assurance  should  be  treated  like  any  other  col- 
lateral security  and  sold  only  in  the  open  market  after  the  usual 
procedvire  for  foreclosing  a  mortgage.  As  this  had  not  been 
done,  a  decision  was  rendered  against  the  company.  The  effect 
of  this  decision,  as  regards  paid-up  assurance  policies,  is  to  re- 
strict and  hamper  the  companies  in  granting  loans.  Companies 
are  generally  willing  to  lend  almost  the  full  amount  of  the  net 
policy  value;  and,  if  their  only  means  of  protecting  themselves 
against  non-payment  of  interest  be  that  of  foreclosure  proceed- 
ings, the  expense  of  such  proceedings  is  so  great  that  loans  on 
paid-up  policies  for  small  amounts,  always  inconvenient,  become 
undesirable  and  almost  dangerous.  It  seems  a  hardship  to 
policy-holders  that  they  should  be  denied  reasonable  facilities 
because  of  the  hampering  effect  of  legal  decisions. 

The  same  danger  does  not  exist  in  the  case  of  loans  on  poli- 
cies which  are  subject  to  annual  premiums,  because  it  is  a  well 
recognized  principle  of  law  that  if  the  annual  premium  be  not 
paid  the  policy  will  lapse  and  the  risk  of  the  company  cease, 
except  in  so  far  as  the  non-forfeiture  provisions  elsewhere 
described  may  serve  to  continue  the  assurance. 
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SURPLUS. 

Policies  may  be  divided  into  the  two  main  classes  of  Parti- 
cipating and  Non-participating.  Under  Non-participating  poli- 
cies it  is  understood  that  the  sum  assured  and  the  premium  are 
definitely  guaranteed,  and  that  the  assured  therefore  derives  no 
further  benefit  from  the  prosperity  of  the  company  with  which  he 
is  connected  than  the  mere  guarantee  of  his  contract.  In  the 
case  of  a  Participating  policy,  however,  it  is  usually  provided 
that  a  larger  premium  than  that  required  for  the  guarantee  of 
the  risk  be  paid.  In  consideration  of  this  larger  premium,  an 
equitable  proportion  of  the  profits  earned  by  the  company  will  be 
placed  to  the  credit  of  the  policy  from  time  to  time.  The  profits 
allocated  to  any  policy  are  spoken  of  as  "dividend",  "surplus", 
or  "bonus".  Most  of  the  surplus  is  in  this  manner  distributed 
amongst  the  policy-holders,  dividends  to  share-holders  being 
usually  very  small  when  viewed  in  relation  to  the  entire  surplus. 
In  some  companies  the  dividends  to  share-holders  are  strictly 
limited  to  a  percentage  of  the  share  capital,  and  the  usual  prac- 
tice is  to  distribute  by  far  the  greater  proportion  of  the  surplus 
to  policy-holders. 

Stock  The  1906  laws  of  New  York  have  laid  down  a 

Companies,  new  principle:  that  companies  issuing  participat- 
ing policies  must  not  issue  non-participating  policies,  and  also 
that  purely  mutual  companies  cannot  issue  non-participating 
policies.  Accordingly  the  stock  corporations  of  New  York  State 
have  found  it  necessary  to  decide  whether  they  will  issue  partici- 
pating policies  only,  or  non-participating  policies  only.  The 
decision  of  the  Legislature  is  not  altogether  consistent  in  this  re- 
spect, that  companies  organized  in  other  States  than  New  York 
are  at  liberty  to  continue  writing  both  classes  in  New  York 
State.  Such  "foreign  corporations"  must  however  keep  sepa- 
rate accounts  for  the  two  classes  of  business,  but  to  a  certain 
extent  they  have  an  advantage  over  the  New  York  companies. 

Sources  of          The  surplus  earned  by  life  assurance  companies  is 
Surplus.        derived  from  three  principal  sources : — • 


172  LIFE  ASSURANCE  PRIMER. 

1.  The  saving  in  mortality  through  the  careful  and  judi- 
cious selection  of  healthy  lives; 

2.  Interest  earned  in  excess  of  the  rate  assumed  for  pre- 
mium and  reserve  calculations;  and 

3.  Surplus  from  loadings  by  reason  of  the  total  expenses 
being  less  than  the  total  loadings. 

Nominally  there  appears  to  be  another  important  source, 
namely  profit  from  surrenders  and  lapses;  but  this  is  not  true 
profit  to  anything  like  the  extent  supposed;  and  in  future  the 
amount  will  be  even  less  than  it  has  been.  Much  of  the  apparent 
profit  from  this  source  is  actually  derived  from  loadings,  and  is  a 
refund  of  part  of  the  expense  incurred  in  the  preceding  year.  For 
example  if  an  ordinary  life  policy  be  taken  at  age  35  at  an  annual 
premium  of  $26,  practically  all  of  this  sum  is  paid  out  in  expenses 
and  in  covering  the  risk  for  a  year,  nevertheless  a  policy  value  of 
$11.76  is  carried  as  a  reserve  against  the  contract  by  those  com- 
panies which  do  not  employ  a  Preliminary  Term  or  other  device. 
If  the  policy  lapses  after  the  first  year,  this  sum  of  $11.76  is 
treated  in  book-keeping  as  profit,  yet  in  no  true  sense  is  it  profit 
but  simply  a  refund  of  part  of  the  expense.  Similarly  the  surren- 
der charge  in  later  years  is  designed  to  protect  a  company  against 
loss — not  to  furnish  profit  for  distribution. 

There  are  several  minor  sources  of  surplus  which  are  of  less 
consequence  than  these,  such  as  profit  from  annuities  or  from 
non-participating  business.  Changes  in  the  value  of  investments 
may  frequently  yield  large  profits  or  losses ;  but  these  may  best  be 
viewed  under  the  general  head  of  Interest. 


Annual  The  methods  of  distributing  surplus  are  very 

and  varied.     In  the  United  States  there  are  two  fa- 

Accumulation  vorite  methods,  (i)  the  annual  dividend  plan,  and 
Dividends.  (2)  the  accumulation  dividend  plan.  Under  the 
former  the  surplus  found  to  exist  under  any  policy  is  allotted  in 
cash  each  year,  and  may  be  taken  in  reduction  of  the  next  pre- 
mium ;  or  it  may  sometimes  remain  on  deposit  to  be  carried  for- 
ward to  the  credit  of  the  policy,   with  interest ;  or  it  may  be 
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applied,  if  the  assured  be  still  healthy,  to  increase  the  face  value  of 
the  policy.  Under  the  accumulation  dividend  plan  the  surplus  is 
ascertained  periodically  under  each  policy  at  the  end  of  five,  ten, 
fifteen,  or  twenty  years,  as  may  be  arranged  when  the  policy  is 
taken.  By  allowing  the  surplus  to  accumulate  and  distributing 
it  only  amongst  those  policies  which  remain  in  force,  it  neces- 
sarily follows  that  a  larger  amount  is  apportioned  to  each  policy- 
holder than  could  be  given  if  the  surplus  were  taken  each  year  in 
cash. 

There  is  much  to  be  said  in  favor  of  each  method.  Under  the 
annual  dividend  plan  if  the  policy-holder  should  discontinue  his 
policy,  or  die,  he  has  already  obtained  his  equitable  share  of  the 
surplus.  On  the  other  hand,  if  he  should  die  early,  his  death 
causes  so  much  greater  loss  to  those  who  continue  their  policies. 
Under  the  accumulation  dividend  plan,  if  the  policy-holder  should 
die  during  the  accumulation  period  advantage  of  the  assurance 
protection  is  thereby  obtained,  whereas,  if  he  survive  the  accu- 
mulation period,  the  policy,  viewed  as  an  investment  is  more 
satisfactory  than  if  annual  dividends  had  been  drawn. 


Deferred  A  strong  wave  of  public  sentiment  has  passed 

Dividends  over  the  United  States  against  the  deferred-divi- 
Discontinued.  dend  system  and  in  favor  of  an  annual  distribution 
of  surplus.  Several  States  have  enacted  laws  compelling  com- 
panies to  discontinue  the  deferred  plan.  The  distribution  of 
surplus  at  the  end  of  a  long  period  like  twenty  years  may  be 
objectionable  from  several  standpoints,  but  it  would  appear  as  if 
legislation  had  run  to  the  other  extreme  in  prescribing  an  annual 
division.  There  are  advantages  in  both  methods.  Certainly 
the  deferred-dividend  system  appealed  to  a  selfish  instinct  in  the 
applicant,  namely  that  he  could  obtain  the  profits  for  himself 
on  surviving  the  fixed  period  and  would  receive  not  only  the 
accumulations  he  might  himself  have  contributed,  but  in  addi- 
tion the  amounts  paid  in  by  those  who  died  in  the  interval  or  by 
those  other  unfortunates  whose  policies  were  lapsed  or  surren- 
dered. But  this  very  principle  added  to  the  popularity  of  the 
system,  and  caused  many  men,  who  would  have  held  back  from 


174  LIFE  ASSURANCE  PRIMER. 

the  call  of  duty,  to  take  out  policies  with  a  selfish  end  in  view,  and 
thereby  incidentally  protect  their  families  from  want.  Under 
the  usual  annual  dividend  systems  it  is  almost  impossible  to 
apportion  the  surplus  accurately,  as  each  policy-holder  expects 
his  own  share  at  the  time  his  next  premium  falls  due.  In  the 
case  of  policies  with  anniversaries  in  January,  the  share  of  sur- 
plus must  be  apportioned  a  month  or  more  before  the  close  of  the 
year.  The  results  must  therefore  be  more  or  less  approximate; 
indeed  if  strict  accuracy  were  observed,  there  would  be  great 
fluctuation  from  year  to  year  and  relative  discontent  amongst 
policy-holders. 


Contribution  In  allocating  the  surplus  the  method  used  in  the 
Plan  of  United  States  is  that  known  as  the  Contribution 
Distribution.  Plan,  which  aims  at  returning  to  each  policy- 
holder the  proportion  of  surplus  which  the  premiums  un- 
der the  individual  policy  have  contributed.  The  premiums 
paid  under  a  policy  are  placed  to  its  credit  and  interest  thereon  is 
allowed  at  the  rate  earned,  less  the  investment  expense.  To  the 
debit  of  the  policy  there  is  placed  the  expense  of  conducting  the 
business,  and  the  cost  of  carrying  the  assurance  protection  from 
year  to  year,  both  of  these  being  derived  from  the  experience  of 
the  company,  also  the  reserv^e  which  is  necessary  at  the  date  of 
the  calculation.  The  difference  between  stich  credits  and  debits 
shows  the  surplus  contributed  by  any  individual  policy. 

Perhaps  the  above  will  be  better  understood  if  the  statement 
be  made  in  the  form  of  a  regular  debit  and  credit  account  as 
follows : — 

Dr.  Or. 

Expenses  of  Management.  Premiums  Paid  under  Policy. 

Policy  Value  Required.  Net  Interest  Earned. 

Cost  of  Assurance,  derived  {i.  e. : — full  interest  rate  less 

from  actual  experience  of  investment  expense) 

Company/. 
Balance,  being  surplus. 
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At  the  second  and  any  subsequent  allocation  the  policy  value  in- 
troduced in  the  previous  calculation  would  be  brought  forward 
as  a  credit  entr}' — interest  thereon  being  allowed;  and  the  pre- 
miums paid  would  be  those  relating  only  to  the  period  elapsed 
since  the  preceding  allocation. 


Objections  to  The  foregoing  outline  of  the  contribution  plan 
Contribution  does  not  deal  with  every  source  of  surplus,  nor  take 
Plan.  into  consideration  lapses,  surrenders,  annuities,  etc. ; 
such  earnings  may  be  deducted  from  expenses  or  applied  to  a 
contingency  fund.  The  cost  of  assurance,  as  derived  from  actual 
experience,  implies  the  formation  of  a  special  mortality  table  for 
each  period  of  distribution  which  is  not  feasible  for  a  company  of 
moderate  size.  In  assessing  the  expenses  against  the  loadings, 
proper  effect  is  not  given  to  varying  premium  rates  or  varying 
loadings.  Moreover,  a  change  in  valuation  basis  alters  the  inci- 
dence of  distribution.  Lastly,  individual  policy  values  must  be 
used  in  making  the  computations.  Accordingly  the  contribu- 
tion plan  is  troublesome  to  apply  and  more  theoretical  than 
practical  if  an  attempt  be  made  to  work  out  the  general  principles 
to  their  fullest  extent. 


Two-Factor        But  these  theories  have  been  merged  in  a  system 
Method.      combining  practical  advantages  with  sound  theory. 
The  surplus  is  set  apart  in  two  principal  divisions — namely: 

1.  Profit  from  surplus  interest;  and 

2.  All  other  surplus. 

The  profit  from  surplus  interest  is  then  allotted  according 
to  the  reserve  value  of  the  policy  at  the  beginning  of  the  year,  and 
the  balance  in  proportion  to  the  loading  paid  under  the  policy 
during  the  year.  As  regards  the  interest  profit,  it  is  apparent 
that  this  method  conforms  to  the  theory  of  the  contribution 
plan;  and  if  the  premiums  have  been  computed  on  a  consistent 
and  scientific  basis,  the  second  factor  affords  a  fair  means  of 
doing  justice  to  policy-holders  in  dealing  with  the  remaining 
surplus. 
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Three-Factor  Sometimes  a  third  factor — namely,  MortaHty 
Method.  Profit — is  introduced  thereby  attaining  even  more 
scientific  accuracy  although  making  the  distribution  a  little  more 
complicated.  When  this  factor  is  employed  it  is  usual  to  assume 
that  the  actual  experience  may  be  represented  by  a  percentage 
of  the  tabular  mortality  rate.  If  the  total  experience  of  the 
company  indicates  a  mortality  of  80%  of  the  American  Table, 
then  20%  of  the  cost  of  assurance  may  be  allotted  as  mortality 
profit  under  each  policy.  This  assumption  is  not  strictly  accur- 
ate, because  it  is  understood  that  much  of  the  improvement  in 
mortality  has  occurred  at  the  yoimger  ages,  so  that  if  20%  is  just 
for  all  ages  combined,  a  larger  percentage  should  apply  at  young 
ages,  and  a  much  smaller  percentage  at  older  ages,  especially 
ages  over  fifty.  Moreover,  the  tmiform  percentage,  if  used  at 
the  older  ages,  is  computed  on  a  much  heavier  relative  cost  of 
insurance,  and  therefore  the  tendency  is  to  give  more  surplus  at 
the  old  ages  than  policy-holders  earn  from  this  source.  Some- 
times an  attempt  is  made  to  attain  a  more  accurate  distribution 
by  varying  the  percentage  of  mortality  profit  according  to  the 
age  attained;  but  such  adjustments  are  usually  more  or  less 
empirical  and  of  doubtful  benefit. 


Dividend  The  surplus  found  to  have  been  contributed  is 

Options.  then  allocated  in  cash.     If  the  calculation  be  made 

annually,  it  is  a  common  practice  to  apply  this  cash  payment 
towards  reduction  of  the  next  premium;  but  the  assured  may 
also  exercise  other  options  such  as : — 

(i)  Purchasing  paid-up  additions  to  the  policy; 

(2)  Leaving  the  amount  to  accumulate  at  interest;  or 

(3)  Applying  the  amount  to  shorten  the  period  for  pay- 
ment of  premiums,  or  to  make  the  sum  assured  payable 
earlier. 

The  last  option  has  given  rise  to  the  expression  "  accelerative 
endowment". 
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BRITISH    BONUS    SYSTEMS. 

The  British  systems  of  bonus  allocation  are  very  different 
from  those  above  outlined.  There  are  three  principal  methodci 
employed,  known  respectively  as 

1.  The  Uniform  Reversionary  Bonus  system; 

2.  The    Compound    Reversionary    Bonus    systeii;    and 

3.  The  Contribution  Plan. 

In  addition  to  these  there  are  many  other  methods,  vSome  of 
them  brought  into  being  by  conditions  in  vogue  when  the  Com- 
panies' Charters  were  granted,  it  may  be  fifty  or  a  hundred  years 
ago;  but  all  except  the  three  forms  as  above  are  of  minor 
importance. 


Uniform  Under  the  Uniform  Reversionary  Bonus  sys- 

Reversionary  tem,  when  the  surplus  has  been  ascertained  by 
Bonus.  means  of  a  valuation  frequently  conducted  only 
once  in  each  five  years,  it  is  all,  or  nearly  all,  distributed  amongst 
the  policy-holders  in  the  form  of  additions  to  the  face  values  of 
their  policies.  These  additions  are  made  without  evidence  of 
health,  and  at  a  uniform  rate  for  each  premium  paid  or  for  each 
year  in  force.  A  policy  for  £1,000  frequently  has  its  face  value 
increased  at  the  rate  of  about  £15  each  year,  or  even  at  higher 
rates,  by  means  of  bonus  distributions.  The  regular  distribu- 
tions generally  take  place  each  five  years  ;«q,nd,  in  the  interim,  tem- 
porary additions  at  a  smaller  rate  are  made,  these  "interim 
bonuses"  being  superseded  when  the  regular  bonus  is  declared. 
Under  the  uniform  system  the  addition  is  calculated  on  the  face 
value  of  the  policy  only. 


Compound  Under    the    Compound    Reversionary    Bonus 

Reversionary  system  the  addition  to  the  face  value  of  the  policy 
Bonus.         is  calculated  not  only  upon  the  original  amount 
of  the  policy,  but  on  the  total  amount  as  increased  by  the  pre- 
vious bonuses.     The  difference  between  the  Uniform  and  the 
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Compound  Reversionary  system  is  analogous  to  that  between 
simple  and  compound  interest. 

The  effect  of  either  system  is  to  increase  continually  the  sums 
assured  in  force.  Moreover,  as  the  addition  to  the  face  value  is 
at  a  uniform  rate  irrespective  of  age,  it  follows  that  the  cash 
equivalent  of  the  addition  is  much  greater  in  the  case  of  old  lives 
than  of  young.  Under  the  Compound  system  the  policy-holders 
who  have  been  longest  assured  get  the  largest  bonuses.  The 
system  encourages  persistence  in  maintaining  policies;  and  it 
may  be  added  that  it  is  very  popular. 


British  The  Contribution  Plan  has  been  freely  adopted 

Contribution  by  British  Companies  during  recent  years  as  modi- 
Plan,  fied  in  accordance  with  the  "two  factor"  method 
already  described — indeed  this  two  factor  method  seems  to  have 
originated  in  Britain.  The  total  surplus  is  ascertained  at  periodic 
intervals,  usually  five  years,  in  the  same  way  as  when  other  forms 
of  distribution  are  in  vogue.  This  surplus  is  then  "analyzed," 
and  the  amount  earned  from  different  sources  ascertained.  The 
total  surplus  is  then  set  apart  in  the  two  principal  divisions  of 
Interest  Profit  and  Loading  Profit. 

Under  the  Uniform  or  Compound  Reversionary  Bonus  sys- 
tems the  premiums  should  be  specially  calculated  to  provide 
that  form  of  bonus  which  it  is  intended  to  pay ;  otherwise  there  is 
likely  to  be  unfairness  as  between  the  entrants  at  different  ages. 
When  premiums  have  not  been  so  calculated,  the  Contribution 
Plan,  as  above  outlined,  has  the  effect  of  roughly  adjusting  the 
equities  as  between  the  policy-holders  of  different  ages  and 
durations,  although  even  that  system  does  not  remove  the  ne- 
cessity for  a  careful  computation  of  premiums  on  scientific  lines. 

DEATH    CLAIMS. 

The  principal  object  of  a  life  assurance  company  is  to  pay  the 
sums  assured  in  event  of  death.  Reference  was  made  to  the  un- 
fortunate use  of  the  word  "reserves,"  as  policy  values  are  fre- 
quently designated;  and  in  a  similar  way  the  word  "losses,"  so 
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often  applied  to  the  claims  by  death,  conveys  an  entirely  errone- 
ous impression.  Death  Claims  are  not  "losses";  they  are  pay- 
ments which  are  anticipated  and  for  which  provision  is  made  in 
advance,  and  very  seldom  indeed  are  they  in  excess  of  the  sums 
for  which  provision  is  made.  In  most  cases  favorable  mortality  is 
a  source  of  great  gain  to  a  life  assurance  company. 

When  the  life  assured  under  a  policy  dies,  intimation  of  the 
death  should  be  sent  to  the  company  or  to  one  of  its  branch 
offices,  and  instructions  are  then  given  by  the  Company  as  to 
the  steps  necessary  to  prove  the  claim  and  obtain  payment  of 
the  sum  assured.  The  procedure  is  simple,  and  legal  advice  on 
the  part  of  an  honest  claimant  is  in  most  cases  an  unnecessary 
expense.  There  are  two  essential  conditions  which  must  be  ful- 
filled before  payment  can  be  obtained.  The  first  is  that  the  life 
assured  must  really  be  dead;  and  the  second  that  the  person 
claiming  has  the  right  to  receive  the  money. 


Proofs  of  The    practice    of    Life    Assurance    Companies 

Death.  requires  that  several  forms  be  completed  to  prove 

that  death  has  actually  taken  place.  The  claimant's  own  state- 
ment gives  the  name  and  the  capacity  in  which  the  claim  is  being 
made,  details  of  the  deceased  person,  such  as  age,  residence, 
occupation,  etc.,  which  are  necessary  to  make  sure  that  the  par- 
ticulars agree  with  those  submitted  with  the  application  for  the 
policy — in  other  words,  to  make  certain  that  the  deceased  is  the 
person  on  whom  the  policy  was  issued.  The  date  and  cause  of 
death  are  also  required,  and  other  questions  are  frequently  asked 
relating  to  policies  held  by  the  deceased  in  other  companies,  etc. 
A  statement  from  the  physician  who  attended  the  life  assured 
is  necessary,  and  this  deals  principally  with  the  cause  of  death 
and  the  length  of  time  during  which  the  deceased  person  suffered 
from  illness.  A  reference  to  any  other  physician  who  may  have 
attended  the  life  assured  on  previous  occasions  is  desirable. 

It  is  usual  to  obtain  also  a  certificate  from  a  personal  friend 
certifying  as  to  the  identity  of  the  deceased,  and  possibly  also  a 
certificate  from  a  clergyman,  both  of  which  are  confirmatory  of 
the  claimant's  statement  and  intended  to  elicit  information  which 
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would  distinguish  a  fraudulent  claim  from  those  which  are  hon- 
est. An  undertaker's  certificate  relating  to  the  intennent  may 
also  be  procured;  and  if  a  coroner's  inquest  were  held,  a  copy  of 
the  verdict  should  be  furnished. 

Incidentally  it  is  sometimes  necessary  to  have  evidence  that 
the  age  of  the  life  assured  had  been  correctly  stated  when  the 
policy  was  taken.  In  America  the  usual  custom  is  to  accept  the 
statements  when  the  claim  is  being  made  if  they  agree  with  those 
given  in  the  original  application,  although  further  evidence  could 
legitimately  be  required.  If  any  disagreement  appears,  then  fur- 
ther inquiry  is  made.  In  Great  Britain  it  is  usual  to  call  for  more 
definite  proof,  such  as  a  certificate  of  birth,  an  extract  from  family 
records,  or  a  declaration  by  some  person  who  had  known  deceased 
for  a  long  time.  One  of  the  important  documents  in  proving  a 
death  in  that  country  is  the  official  Registrar's  Certificate. 


Options  at  The  most  usual  form  of  policy  provides  for  the 

Settlement,  payment  of  the  sum  assured  in  cash  at  death  or  at 
the  maturity  of  an  Endowment  Policy;  but  frequently  the  bene- 
ficiary has  the  right  to  choose  other  forms  of  settlement,  such 
as  having  the  sum  assured  payable  in  instalments  during  a  speci- 
fied number  of  years,  usually  twenty  years.  Or  the  sum  assured 
may  be  left  on  deposit  with  the  company  during  the  life-time  of 
the  beneficiary,  a  fixed  rate  of  interest  in  the  nature  of  a  life  an- 
nuity being  paid  each  year.  The  rate  of  interest  guaranteed  in 
the  policy  is  usually  3%,  and  of  late  there  has  developed  a  ten- 
dency to  grant  participation  in  surplus  earnings  over  3%  as 
determined  from  year  to  year  by  the  Directors.  Sometimes  the 
offer  is  made  to  pay  an  annuity  during  the  life-time  of  the  bene- 
ficiary at  rates  fixed  in  advance,  depending  on  the  attained  age 
at  time  of  settlement.  And  lastly,  another  favorite  mode  of 
settlement  is  that  by  Continuous  Instalments,  which  method 
guarantees  a  fixed  annuity  for  a  definite  number  of  years,  like 
settlement  in  instalments,  and  continties  the  annual  payment 
thereafter  so  long  as  the  beneficiary  may  survive.  A  table  of  the 
rates,  depending  on  the  attained  age  when  the  option  is  exercised 
is  usually  incorporated  in  the  policy. 
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Capacity  of  The  persons  who  have  the  proper  right  to  receive 

Claimant.      payment  of  the  sum  assured  are  most  usually  rep- 
resented by  one  or  other  of  the  following : — 

1.  Beneficiary; 

2.  Administrator; 

3.  Executor  under  a  will ; 

4.  Assignee. 

If  a  specific  beneficiary  is  named  in  a  policy,  and  if  such  bene- 
ficiary is  of  full  age  and  able  to  execute  the  necessary  papers,  the 
case  is  the  simplest  of  all.  The  second  and  third  cases  are  very 
similar,  and  in  each  of  them  the  appointment  of  the  executor  or 
administrator  must  be  duly  made  by  the  proper  court,  a  certified 
copy  being  furnished  to  the  assurance  company.  When  there  is 
no  will  it  is  usual  for  the  court  to  appoint  some  near  relative  to 
administer  the  estate  of  the  deceased;  and  when  there  is  a  will, 
the  executor  or  executors  named  in  it  must  have  their  title  con- 
firmed by  the  court.  The  court  procedure  in  such  cases  has  been 
made  exceedingly  simple,  so  that  the  assistance  of  a  lawyer  in 
procuring  the  necessary  papers  is  seldom  necessary. 

In  the  case  of  a  policy  which  has  been  assigned,  many  ques- 
tions may  arise  as  to  the  validity  of  the  assignment  and  the  rights 
of  the  assignee.  In  some  states  it  is  held  that  a  policy  of  assur- 
ance can  only  be  assigned  to  those  who  already  have  an  interest 
in  the  life  assured,  or  who  are  within  certain  admitted  degrees  of 
kinship;  but  the  more  businesslike  principle  seems  to  be  gaining 
ground  that  a  policy  may  be  bought  and  sold  like  any  other  piece 
of  personal  property.  If  the  assignee  under  a  policy  holds  his 
title  merely  to  secure  a  loan,  he  must  pay  over  the  balance  of  the 
policy  moneys,  after  satisfying  the  debt,  to  the  estate  of  the 
assured.  It  is  sufficient  here  to  mention  such  questions  without 
entering  at  length  into  the  more  unusual  cases. 

QUESTIONS  ON  CHAPTER  XIL 

(i)  When  a  policy-holder  surrenders  his  contract,  a  surrender  charge  is 
generally  deducted  from  the  policy  value.  What  is  the  purpose  of  such 
charge? 
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(2)  What  surrender  value  is  made  legally  compulsory  under 

(i)  the  New  York  Law? 
(2)  the  Massachusetts  Law? 

(3)  Explain  what  is  meant  by  the  "non-forfeiture"  of  a  Life  policy,  and 
mention  some  of  the  principal  methods  of  making  such  provision. 

(4)  What  objections  may  be  offered  to  the  practice  of  making  loans  on 
policies? 

(5)  Mention  some  of  the  chief  sources  of  the  surplus  earnings  of  a  life  assur- 
ance company.  How  should  the  surplus  derived  from  each  source  be 
distributed? 

(6)  What  are  the  general  principles  which  should  govern  the  distribution  of 
surplus? 

(7)  Mention  the  options  which  are  usually  offered  to  poHcy-holders  for 
disposal  of  the  apportioned  surplus. 

(8)  Discuss  the  advantages  and  disadvantages  of 

(i)  An  annual  dividend  system, 
(2)  A  deferred  dividend  system. 

(9)  What  are  Uniform  and  Compound  Reversionary  Bonuses? 

(10)  Give  arguments  for  and  against  the  practice  of  charging  the  cost  of 
acquiring  new  business — 

(i)  Against  such  new  business  exclusively. 
(2)  Against  the  total  business. 

(11)  How  should  sub-standard  business  be  treated  in  the  apportionment  of 
surplus? 

(12)  Criticise  the  following  statement — 

"When  a  policy-holder  dies,  the  amount  payable  is  compared 
with  the  total  premiums  received  with  interest  to  date  of  death 
and  thus  the  profit  or  loss  on  the  transaction  is  determined." 

(13)  If  it  be  found  on  the  death  of  a  policy-holder  that  the  original  document 
has  been  lost,  how  should  the  claim  be  treated? 

(14)  In  examining  the  proofs  of  death  of  a  policy-holder,  what  are  the  im.- 
portant  considerations? 


CHAPTER  XIII. 

State  Supervision  and  Annual  Statements. 

The  business  of  life  assurance  is  unlike  any  ordinary  com- 
mercial business.  In  one  sense  it  is  purely  commercial  in  that  it 
consists  in  buying  and  selling,  the  commodity  being  policies  of 
assurance.  But  the  purchase  price  is  paid  by  instalments  over 
a  number  of  years,  and  the  payment,  made  by  the  company  in  ex- 
change for  that  purchase  price,  is  deferred  for  a  long  period  of 
years.  In  the  early  days  of  life  assurance  this  peculiar  condi- 
tion led  to  gross  frauds  upon  the  public  by  irresponsible  com- 
panies, who,  after  receiving  and  dissipating  premiums,  were  in  no 
position  to  pay  the  sums  assured  when  the  policies  matured. 
Accordingly  it  became  necessary  to  regulate  the  business  and 
protect  the  public  against  fraudulent  companies ;  otherwise  such 
companies  had  the  appearance  of  prosperity  for  many  years 
without  any  sound  foundation. 


Supervision  In  nearly  all  countries  where  life  assurance  is 

in  practiced,  some  Government  regulations  have  been 

General.  imposed,  making  it  necessary  that  this  business  be 
carried  on  under  stricter  rules  than  those  which  govern  ordinary 
commercial  enterprises.  The  first  and  most  obvious  precaution 
is  that  the  companies  must  publish  statements  of  their  affairs  at 
periodic  intervals,  and  the  second  that  they  should  make  accu- 
rate calculations  showing  the  reserve  liability  under  the  policies 
necessary  to  secure  payment  of  the  sums  assured.  The  great 
principle  of  Government  supervision  therefore  has  been  to  in- 
sist upon  the  publication  of  annual  accounts  and  the  rendering 
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of  valuation  statements  at  such  intervals  as  may  be  determined. 
In  other  respects,  the  management  is  frequently  left  unhampered 
by  regulation  on  the  ground  that  comj^etition  will  cause  each 
company  to  render  the  best  possible  returns  to  its  patrons  and 
policy-holders. 

This  mild  and  necessary  form  of  supervision  has  been  re- 
placed in  many  instances  by  careful  regulation  of  the  business 
itself,  on  the  ground  that  life  assurance  companies  constitute 
what  might  almost  be  called  a  ''public  trust ".  In  most  countries 
a  standard  of  solvency  is  prescribed,  and  if  a  life  assurance  com- 
pany does  not  have  assets  of  sufficient  value  to  meet  its  ascer- 
tained liabilities  by  the  statutory  standard,  it  must  then  cease  to 
do  business.  In  fixing  a  standard  of  solvency,  it  is  necessary  to 
prescribe  (i)  the  rate  of  interest  to  be  used  in  the  calculations, 
(2)  the  table  of  mortality,  and  (3)  the  method  of  valuation,  that  is, 
whether  by  net  premiums,  by  modified  gross  premiums,  or  by 
the  actual  gross  premiums  themselves. 

The  variation  arising  from  the  use  of  different  mortality 
tables  in  temperate  countries  is  not  very  great,  but  very  different 
results  are  obtained  according  to  the  rates  of  interest  which  may 
be  prescribed.  In  the  United  States  these  rates  of  interest  gen- 
erally vary  from  3|%  to  4!%,  and  in  most  States  companies 
are  permitted  to  use  a  stricter  mode  of  valuation  if  they  prefer 
to  do  so.  In  New  York  and  Massachusetts  the  companies  have 
to  value  all  business  written  after  1900  at  3^%,  with  permission 
to  use  not  less  than  3%,  although  the  average  rate  of  interest 
earned  is  well  over  4%. 


Strict  The  principles  of  supervision  have  been  made 

Regulations,  much  more  strict  in  the  recent  laws  of  New  York. 
The  methods  of  conducting  the  business  have  been  placed  within 
definite  limits  in  such  matters  as  the  expense  which  can  be  in- 
curred for  writing  new  business,  the  kinds  of  policies  which 
comx^anies  may  issue,  and  even  the  amount  of  business  which  a 
large  company  ma}^  write.  Companies  may  not  issue  both  par- 
ticipating and  non-participating  policies,  and  when  participating 
policies  are  issued  they  must  provide  for  the  annual  distribution 
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of  surplus.  Mutual  companies  cannot  issue  non-participating 
c(Mitracts,  except  annuities.  The  method  of  voting  for  directors 
in  mutual  companies  has  been  completely  changed,  and  policy- 
holders in  stock  companies  are  eligible  as  directors  whether  stock- 
holders or  not.  Many  other  regulations  have  been  introduced, 
dealing  with  the  management ;  and  these  are  based  upon  principles 
of  State  Regulation  which  had  never  before  been  tried. 

These  regulations  have  not  been  generally  adopted  by  other 
Legislatures  throughout  the  United  States  where  the  same 
questions  have  been  considered.  In  particular,  a  commission 
appointed  by  the  Governor  of  Massachusetts  reported  to  the 
Legislature  that  a  limitation  as  to  the  amount  of  expenses  is 
inadvisable,  that  the  restriction  of  investments  would  be  likely  to 
prove  harmful,  and  that  they  would  not  recommend  for  adoption 
laws  similar  to  those  in  New  York,  permitting  policy-holders  to 
vote  for  directors  by  mail  and  necessitating  the  publication  of 
lists  of  policy-holders  of  mutual  companies. 


Efforts  A  strong  effort  has  of  late  been  made  to  secure 

at  greater  uniformity  in  the  laws  regulating  life  assur- 

Uniformity.  ance,  but  this  effort  seems  to  have  received  a  check 
by  the  radical  changes  hurried  through  the  New  York  Legisla- 
ture in  1906,  and  which,  as  above  indicated,  other  States  will  not 
follow.  The  Insurance  Commissioners  of  the  different  States 
meet  annually  in  convention,  and  these  meetings  tend  towards 
harmon}',  because  questions  on  the  w^elfare  of  life  assurance 
throughout  the  whole  country  are  then  discussed.  Opinions  are 
freely  exchanged  and  deference  shown  to  the  wishes  of  the 
majority. 

Particular  reference  may  be  m.ade  to  the  work  of  securing 
uniformity  in  the  statement  blanks  which  the  companies  have  to 
use  in  making  their  annual  returns  to  Insurance  Departments. 
Each  company  has  to  file  with  the  Commissioner  of  each  State 
in  which  business  is  being  done,  an  annual  report,  showing  the 
receipts  and  disbursements  of  the  company  during  the  preced- 
ing year,  its  assets  and  liabilities  itemized,  particulars  of  the  new 
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business  written  during  the  year,  the  business  terminated,  and 
the  amount  remaining  in  force,  all  by  classes  of  policies. 


Uniform  Each  State  had  formerly  its  own  schedule  of  ques- 

Statement  tions,  and  much  confusion  arose  as  to  the  manner  in 
Blank.  which  certain  questions  should  be  answered.  In 
many  cases  the  difficulty  was  caused  by  different  wording  of  a 
question  intended  to  elicit  the  same  information.  The  conven- 
tion of  Insurance  Commissioners  has  recommended  for  gen- 
eral use  a  uniform  blank,  but  has  no  power  to  insist  on  this  being 
used.  Nevertheless  it  has  been  adopted  by  nearly  all  the  States, 
and  much  trouble  is  avoided  thereby,  while  the  public  are  better 
informed,  finding  that  the  reports  to  different  States  agree  with 
one  another.  Without  entering  into  all  the  details  of  the  uniform 
blank,  a  brief  outline  of  the  principal  items  and  information 
elicited  is  as  follows : — 

ANNUAL  STATEMENT  OF  THE COMPANY. 

Ledger  Assets  at  beginning  of 

year,  $ 

INCOME.  DISBURSEMENTS. 

First  year's  premiums,        $.  . . .     Death  claims  and  matured  en- 
Consideration  for  annuities,      ....  dowments, 
Renewal  premiums,                    ....     Annuities  paid. 
Interests  and  rents,                     ....     Surrender  values  paid, 
Miscellaneous  receipts,              ....     Dividends  paid, 

Commissions  to  agents, 

Salaries, 

Medical  fees. 

Rent,     advertising,     printing, 
etc.. 

Taxes,  licenses  and  fees, 

Other  disbursements. 


Total  Disbursements,  $ . 

Balance,     being    Ledger    Assets 
at  end  of  year,  $ . 
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LEDGER    ASSETS. 

Book  Value  of  real  estate,  $ 
Mortgage  loans, 
Loans   to  policy-holders. 
Book  Value  of  stocks  &  bonds, 
Cash  on  deposit  and  in  hand. 
Agents'  Balances  and  other 
assets, 


Total   Ledger  Assets,       $. 

NON-LEDGER  ASSETS. 
Interest  and  rents  accrued 

and  unpaid,  $ 

Market  Value  of  investments 

over  Book  Value, 
Net  Premiums  outstanding. 


Deduct  assets  not  admitted, 
such  as  office  furniture, 
stationery  and  supplies, 
agents'  balances,  loans  on 
personal  security,  bills, 
etc.,  $. 


LIABILITIES. 

Reserve  for  policies  and  annu- 
ities, i 

Claims  for  death   losses   unpaid 
or   in    process   of   adjust- 
ment. 

Premiums  paid  in  advance. 

Commissions    payable    to    agents 
on  outstanding  premiums. 

Dividends   apportioned   to   policy- 
holders. 

Other  liabilities, 
Capital  stock,  if  any, 
Unassigned  funds,  (surplus), 


Following  the  above  statements  there  is  an  "Exhibit  of  Poli- 
cies" showing  the  business  in  force  by  kinds  at  the  beginning  of 
the  year,  the  new  policies  written,  those  terminated,  and  the 
business  remaining  in  force  at  the  close  of  the  year.  All  this  in- 
formation is  given  by  sums  assured  and  with  further  details  as 
to  kinds  of  policies  written,  and  modes  of  termination.  Detailed 
information  is  included  in  regard  to  the  assets,  with  schedules  of 
individual  investments  in  real  estate,  in  mortgages,  in  bonds  and 
stocks ;  and  full  particulars  have  to  be  supplied  in  lists  showing : — 

( 1 )  All  legal  expenses ; 

(2)  Names  of  officers  and  directors  with  compensation  to 
each; 

(3)  Death  claims  resisted  or  compromised  with  reasons 
for  special  treatment ; 
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(4)  The  profits  and  losses  on  the  business  transacted 
during  the  year,  with  the  sources  of  such  gains  and 
losses; 

(5)  Dividends  on  policies,  annual  and  deferred ; 

(6)  Reserve  and  surplus  funds  and  the  purposes  for  which 
these  are  held ; 

(7)  Votes  cast  for  election  of  Directors ;  and 

(8)  Unlisted  Assets   (if  any). 


Cash  Receipts  and  disbursements  are  required  in  the 

Accounts.  uniform  blank  on  a  cash  basis.  The  income  which 
falls  due  during  the  year,  and  the  liabilities  iftcurred,  are  not  re- 
quired, but  only  the  cash  receipts  and  the  cash  payments.  An 
attempt  is  made  to  overcome  the  awkwardness  of  this  method  by 
adjusting  the  assets  and  the  liabilities,  which  show  certain  items 
of  "non-ledger  assets",  as  well  as  outstanding  liabilities;  but 
this  attempt  is  only  partly  successful,  and  it  complicates  the  fcrm 
of  account.  To  find  the  true  income  of  a  company  it  is  necessary 
not  only  to  refer  to  the  account  of  receipts,  but  also  to  refer  back 
to  various  items  of  assets  in  the  previous  year's  statement,  find 
the  difference  which  has  arisen  in  these  items  during  the  year 
and  treat  this  difi'erence  as  an  addition  to,  or  deduction  from, 
the  statement  of  receipts  so  as  to  get  the  true  income  for  the 
year. 

For  illustration,  the  true  Premium  revenue  of  the  year  1912  in 
a  company  can  only  be  obtained  as  follows: — 

Add         (i)  Cash  Premium  Receipts  for  1 912  Ji,ooo,ooo 

(2)  Premiums     Outstanding     taken 

from    "Assets"   on  31st    Dec. 
1912   100,000 

(3)  Premiums  Paid  in  Advance  taken 

from  "Liabilities"  on  31st  Dec. 

191 1    10,000 

$1,110,000 
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Deduct     (i)   Premiums    Outstanding,    taken 
from    "Assets"    on    31st  Dec. 

191 1    $90,000 

(2)   Premiums  Paid  in  Advanee  taken 

from  "Liabilities"  on  31st  Dec. 

1912    15,000         105,000 

True  Premium  Revenue  for  Year  1912 $1,005,000 

A  process  lik2  this  is  altogether  too  intricate  for  the  average 
man  who  may  wan^  information  on  the  subject;  and  in  many 
matters  the  effect  is  much  more  radical  than  is  shown  in  the  above 
illustration,  with  the  result  that  newspaper  writers  and  other 
intelligent  men  often  make  wrongful  deductions,  the  blame  for 
which  should  be  borne  solely  by  the  system  of  accounts. 


Simplify  As  the  object  of  publishing  accounts  is  to  inform 

Statements,  the  public,  it  is  desirable  to  give  accurate  informa- 
tion in  the  simplest  form.  Experts  on  accounts,  such  as  Officials 
of  Companies,  State  Commissioners,  and  their  employees,  may 
be  able  to  get  true  results  from  the  present  forms,  but  not  so 
the  public.  It  would  be  much  better  that  the  experts  should  have 
the  trouble  of  bringing  the  items  together  in  a  reventie  account, 
thus  simplifying  the  form  of  statement.  It  should  not  be  left 
to  the  public  to  pick  some  figures  from  one  account  and  some  from 
another  before  they  can  get  a  clear  conception  of  the  true  income 
and  expenditure.  The  Gain  and  Loss  Exhibit,  afterwards  re- 
ferred to,  is  prepared  on  the  basis  of  true  revenue  accounts,  and 
is  to  this  extent  entirely  different  in  character  from  the  other 
annual  statements  of  a  company. 


Differences  The  causes  of  the  differences  between  the  re- 

in Annual      ports  of  different  States  at  the  present  time  may 
Statements,   be  mentioned  very  briefly: — 

(i)   Some  States  insist  that  those  policies  be  ignored  en- 
tirely on  which  the  first  premium  has  not  yet  been 
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paid,  the  policy  having  been  duly  written,  though 
perhaps  not  delivered  before  31st  December.  This 
causes  a  difference  both  in  Assets  and   Liabilities. 

(2)  The  basis  of  reserve  valuation  differs,  and  some 
States  refuse  to  accept  the  figures  of  another  State. 

(3)  The  valuation  of  Assets  is  made  in  different  ways — • 
some  States  use  the  amortized  values  of  bonds  while 
others  insist  upon  the  exact  market  value  on  December 
31st. 

(4)  Assets  of  the  nature  of  Agents*  Balances,  Office  Fur- 
niture, and  Personal  Loans  are  occasionally  admitted, 
although  the  general  practice  is  to  treat  these  as  if 
they  did  not  exist. 

In  consequence  of  these,  and  other  differences  in  treatment, 
it  sometimes  happens  that  the  same  Company  may  appear  to 
h'xve  Assets  varying  by  hundreds  of  thousands  of  dollars  in  sev- 
eral State  Insurance  Reports. 


Amortization  In  1909,  the  question  of  valuation  of  bonds,  and 
of  Bonds,  other  fixed  and  secured  debts  was  brought  before 
the  New  York  Legislature  and  a  Bill  was  passed  authorizing  the 
valuation  of  such  securities  by  the  method  of  amortization.  The 
Law  reads  as  follows: 

"All  bonds  or  other  evidences  of  debt  held  by  any  life 
"insurance  corporation  authorized  to  do  business  in  this 
"state  shall,  if  amply  secured  and  if  not  in  default  as  to 
"principal  or  interest,  be  valued  as  follows:  If  pur- 
" chased  at  par,  at  the  par  value;  if  purchased  above  or 
"below  par,  on  the  basis  of  the  purchase  price  adjusted 
"so  as  to  bring  the  value  to  par  at  maturity  and  so  as  to 
"yield  meantime  the  effective  rate  of  interest  at  which  the 
"purchase  was  made,  provided  that  the  purchase  price 
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"shall  in  no  case  be  taken  at  a  higher  figure  than  the 
"actual  market  value  at  the  time  of  purchase,  and  pro- 
"vided  further  that  the  superintendent  of  insurance  shall 
"have  full  discretion  in  determining  the  method  of  cal- 
"culating  values  according  to  the  foregoing  rule,  and  the 
"values  found  by  him  in  accordance  with  such  method 
"shall  be  final  and  binding;  provided,  also,  that  any  such 
"corporation  may  return  such  bonds  or  other  evidences  of 
"debt  at  their  market  value  or  their  book  value,  but  in  no 
"event  at  an  aggregate  value  exceeding  the  aggregate  of 
"the  values  calculated  according  to  the  foregoing  rule. 
"The  superintendent  of  insurance  may  at  any  time,  in 
"his  discretion,  require  any  insurance  corporation,  other 
"than  a  life  insurance  corporation,  authorized  to  do 
"  business  in  this  state  to  value  its  bonds  or  other  evidences 
"of  debt  in  accordance  with  the  foregoing  rule. " 

It  should  be  noted  that  this  method  of  valuation  does  not 
apply  to  debts  which  are  not  amply  secured  nor  to  bonds  which 
may  be  in  default  as  to  principal  or  interest.  It  means  generally 
that  securities  may  be  valued  on  the  original  basis  on  which  they 
were  bought  and  if  a  bond  be  purchased  so  as  to  yield  4^% 
interest,  then  it  may  be  treated  throughout  its  entire  duration  as 
yielding  this  interest,  whether  the  market  rate  of  interest  should 
move  upwards  or  downwards.  For  a  life  insurance  company 
whose  obligations  extend  for  50  or  60  years,  the  system  is  to  be 
highly  commended;  and  several  other  Stal.es  have  enacted  a 
similar  law. 

COMPARATIVE    STATEMENTS. 

In  judging  the  advantages  offered  to  policy-holders,  the  char- 
acteristics of  a  company  should  be  taken  into  consideration,  as 
represented  by  (i)  its  economy  of  management,  (2)  the  interest 
rate  earned,  and  (3)  its  mortality  experience.  In  addition  to 
these  the  premium  rate  and  the  basis  of  valuation  are  important, 
but  if  a  company  is  capably  and  economically  administered,  the 
surplus  returned  to  policy-holders  bears  a  proper  relation  to  the 
premiums.  A  company  charging  lower  premiums  cannot  be  ex- 
pected to  pay  the  same  dividends  as  a  company  charging  higher 


192  LIFE  ASSURANCE  PRIMER. 

premiums,  even  although  the  two  are  equally  well  administered 
in  the  interests  of  the  policy-holders. 

Dividends  being  paid  by  a  company  are  not  always  an  index 
of  the  future,  because  some  companies  have  distributed  more 
surplus  than  they  have  been  earning,  thus  using  up  the  accumu- 
lations brought  forward  from  earlier  years.  The  earning  power 
of  a  company  may  be  different  from  the  dividend  results;  and 
the  questions  of  Economy,  Interest,  and  Mortality  are  more  im- 
portant than  dividends  declared.  Especially  is  this  the  case 
when  comparisons  are  made  of  deferred  dividends.  The  results 
of  twenty  years  already  past  do  not  give  a  good  index  or  esti- 
mate of  the  results  to  be  obtained  twenty  years  hence.  Business 
conditions  change  completely  even  within  a  period  of  ten 
years,  while  changes  in  management  and  other  disturbing  ele- 
ments make  the  forecasting  of  results  with  accuracy  almost  an 
impossibility. 

It  has  become  common  to  examine  the  condition  of  different 
companies  by  means  of  comparative  statements,  and  a  general 
view  of  these  enables  an  expert  to  form  a  good  opinion.  But  to 
the  inexperienced  the  statements  are  often  misleading  and  it  is 
therefore  desirable  to  point  out  the  more  common  mistakes 
which  are  made. 


Expense  Expenses  of  management  are  generally  corn- 

Comparison,  pared  with  the  premium  income  of  the  company; 
sometimes  the  comparison  is  made  with  the  total  income  includ- 
ing interest  on  investments.  Neither  is  of  much  value,  although 
the  first  is  better  than  the  second.  A  large  part  of  the  expense  of 
conducting  a  company  is  caused  by  the  new  business,  and  any 
company  doing  a  large  proportion  of  new  business  is  bound  to 
show  a  high  expense  ratio,  when  compared  with  another  company 
where  the  proportions  are  reversed  and  the  new  business  bears  a 
small  ratio  to  the  old.  For  example,  if  the  new  premiums  of  a 
company  amounted  to  $500,000  and  the  renewal  premiums 
amounted  to  $5,000,000,  an  expense  rate  of  100%  of  new  pre- 
miums and  10%  of  renewal  premiums  would  give  a  total 
expenditure  of  $1,000,000,  representing  about  18%  of  the  total 
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premiums.  On  the  other  hand,  if  the  company  were  to  transact 
the  same  amount  of  new  business,  but  had  a  renewal  premium 
income  of  only  $2,000,000,  the  expenses  would  be  $700,000,  that 
is,  $500,000  for  new  premiums  and  $200,000  for  renewals,  and  this 
would  be  no  less  than  28%  of  the  premium  income.  Accord- 
ingly, although  the  two  companies  are  conducted  on  exactly  the 
same  basis  of  expense,  the  one  has  the  appeararice  of  being  much 
more  economically  managed  than  the  other,  if  the  only  compari- 
son be  that  of  total  expenses  to  total  premiums. 

The  same  condition  is  exaggerated  yet  further  by  comparing 
the  expenses  with  the  total  income,  because  old  companies  with 
a  large  ratio  of  renewal  income  have  also  large  assets,  the  in- 
terest on  which  increases  the  income,  whereas  younger  com- 
panies with  a  small  ratio  of  renewal  income  have  smaller  assets 
and  therefore  less  interest  income,  so  that  they  appear  at  a  great 
disadvantage  if  erroneous  comparisons  are  made  in  this  way. 

Better  One  of  the  best  m.ethods  of  testing  the  economy 

Expense  of  a  life  assurance  company  is  to  assume  that  the 
Comparison,  expense  of  carrying  the  old  business  bears  a  fixed 
proportion  to  the  expense  of  writing  new  business.  The  system 
generally  approved  is  that  the  writing  of  new  business  costs  ten 
times  as  much  as  the  care  of  the  old,  this  ratio  being  used  in  the 
foregoing  illustration.  The  adoption  of  this  ratio  is  arbitrary, 
but  it  is  reasonably  fair,  and  the  system,  though  still  imperfect, 
is  better  than  the  old  plan  of  comparing  total  expenses  with  total 
premiums.  The  result  in  individual  cases  would  be  that  the  com- 
pany might  show  95%  of  new  premiums,  and  9.5%  of  renewals; 
another  more  economical  company  would  show  the  expenses  to 
be  80%  of  new  premiums  and  8%  of  renewals,  and  so  forth. 
This  method  is  incomplete  in  that  it  assumes  that  all  expenses 
are  percentages  of  the  premiums  while,  as  indicated  in  Chapter 
IX.,  expenses  are  partly  constant  in  relation  to  the  sums  assured. 

Interest  The  best  method  of  computing  the  rate  of  inter- 

Comparison,  est  earned  by  a  life  assurance  company  is  given  in 
Chapter  IV.,  but  most  frequently  the  published  statements  give 

^3 
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merely  the  ratio  of  the  interest  paid  to  the  mean  assets,  and  in 
many  of  them  the  figures  are  incorrectly  taken  from  the  returns. 
In  addition  to  the  interest  receipts  in  the  cash  account  above 
mentioned,  the  difference  between  the  accrued  interest  at  the 
end  of  the  year  and  of  the  preceding  year  should  be  added  to  or 
subtracted  from  the  cash  interest  and  rents  received.  Certain 
forms  of  expenses  shown  in  the  disbursements,  such  as  repairs 
and  expenses  on  real  estate,  should  be  deducted  so  as  to  get  the 
net  yield  of  investments.  There  may  also  be  added  to  the  in- 
terest of  the  year  the  difference  between  (i)  the  profit  on  the  sale 
of  securities  plus  any  increase  in  market  values  and  (2)  the  losses 
on  sales  of  securities,  plus  any  decrease  in  market  values.  The 
true  income  for  the  year  may  thus  be  accurately  ascertained 
and  divided  by  the  mean  of  the  assets  as  of  the  beginning  and 
end  of  the  year  as  shown  by  the  formula  on  page  57.  But  pub- 
lished comparisons  seldom,  if  ever,  take  these  adjustments  into 
consideration,  with  the  result  that  erroneous  and  almost  useless 
comparisons  are  put  forth. 


Mortality  The  published  comparisons  of  mortality  are  in 

Comparison,  like  manner  more  than  doubtful.  Frequently  the 
death  claims  paid  are  compared  with  the  amount  of  assurance 
outstanding  and  the  result  published  as  "death-rate-per- thou- 
sand". This  comparison  takes  no  account  of  the  ages  of  the 
lives  assured,  so  that  a  company  with  many  old  risks  must  show 
a  heavy  death-rate  when  compared  with  a  young  company  where 
the  lives  are  on  the  average  about  middle  age  or  younger.  Yet 
the  higher  death-rate  in  the  first,  may  yield  greater  mortality 
profit  to  the  company  than  the  lower  death-rate  in  the  second; 
or  vice  versa.  In  other  words  such  a  comparison,  by  itself,  tells 
almost  nothing.  Then  again,  any  company  with  a  large  new 
business  in  proportion  to  the  old  business  in  force  will  naturally 
show  a  low  mortality  rate  on  account  of  the  effect  of  selection 
referred  to  in  Chapter  III.  A  good  comparison  of  mortality  is 
almost  impossible  from  any  published  figures.  Doubtless  the 
best  can  be  made  by  means  of  the  Gain  and  Loss  Exhibit,  if  the 
figures  in  that  exhibit  are  accurately  and  carefully  prepared; 
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but  this  is  not  always  the  case,  and  moreover  no  consideration  is 
given  to  the  selection  above  mentioned. 

GAIN  AND  LOSS  EXHIBIT. 

The  only  fair  means  of  making  comparisons  of  interest  and 
mortality  in  this  country  is  by  reference  to  the  Gain  and  Loss 
Exhibit,  a  form  of  statement  which  has  been  called  for  by  various 
State  Departments  since  the  year  1893.  This  exhibit  purports  to 
analyze  the  accounts  of  a  company  for  any  particular  year,  and 
show  the  sources  of  surplus.  The  more  important  items  in  the 
exhibit  on  one  side  of  the  account,  are 
(i)  Surplus  brought  forward, 

(2)  Loadings  on  premiums  for  the  year, 

(3)  Interest  income  for  the  year, 

(4)  Expected  mortality, 

(5)  Reserve  released  on  surrendered  and  lapsed  policies, 
and 

(6)  Miscellaneous  credits. 

On  the  other  side  of  the  account  there  are  shown 
(i)  Total  management  expenses, 

(2)  Interest  required  at  the  valuation  rate  to  maintain  the 
reserve, 

(3)  Actual  net  mortality, 

(4)  Values  paid  and  applied  on  the  surrender  of  policies, 

(5)  Dividends  to  policy-holders, 

(6)  Miscellaneous  debits,  and 

(7)  Surplus  carried  forward. 

While  each  item  in  this  Exhibit  is  supposed  to  be  separately 
computed,  the  statement  is  prepared  with  the  understanding  that 
it  should  balance.  But  there  are  several  items  which  are  not  in- 
cluded, and  an  exact  balance  is  therefore  almost  impossible. 
Most  frequently  one  of  the  items  is  ''forced"  to  effect  the  balance 
required. 

By  comparing  the  loadings  with  the  expenses  of  manage- 
ment the  profit  or  loss  from  loading  is  obtained.  By  comparing 
the  expected  mortality  with  the  actual  mortality  the  gain  or  loss 
from  that  source  is  obtained,  and  so  on  for  other  items.     But  the 
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comparison  of  loadings  with  expenses  is  incomplete  because  if 
a  company  carries  3%  reserves  and  charges  average  premiums, 
it  has  the  appearance  of  spending  a  larger  part  of  its  loadings 
than  another  company  charging  the  same  premiums  and  incur- 
ring the  same  expenses,  yet  carrying  the  smaller  3^%  reserves. 
This  arises  from  the  fact  that  the  3%  net  premiums  are  larger 
than  the  3i%  net  premiums,  so  that  there  is  a  smaller  margin 
of  loading  in  the  former.  Accordingly,  the  company  which  car- 
ries the  larger  reserves  has  the  appearance  of  being  more  ex- 
travagantly managed  because  a  larger  proportion  of  its  loading  is 
spent,  its  expenses  may  actually  be  less  than  those  incurred  by 
the  company  valuing  on  a  3J%  basis.  Such  a  comparison  is 
therefore  imfair  unless  other  facts  are  taken  into  account. 

The  difficulty  in  making  up  this  Exhibit  accurately  has  re- 
sulted in  Actuaries  approximating  the  figures,  and  such  approxi- 
mations have  often  been  unsatisfactory.  If  the  figures  used  were 
entirely  reliable,  the  statement  would  be  a  most  valuable  one 
for  comparative  purposes.  The  Exhibit  does  not  make  provision 
for  certain  forms  of  changes  in  reserves,  nor  for  credits  on  ex- 
penses, and  it  occasionally  happens  that  through  misunderstand- 
ing or  ignorance  on  the  part  of  the  person  compiling  the  figures, 
an  important  item  of  gain  or  loss  is  placed  in  the  wTong  section 
of  the  statement,  thereby  distorting  the  results,  and  making  the 
entire  statement  poor  for  comparative  purposes.  If  a  change  be 
made  in  the  basis  of  reserve  under  some  class  of  policies,  such 
as  a  reduction  in  the  rate  of  interest,  this  disturbs  the  statement 
and  leads  to  erroneous  conclusions.  Such  changes  should  be 
carefully  dealt  with,  and  reported  as  special  items  of  gain  or  loss 
as  the  case  may  be.  It  requires  very  considerable  skill  to  pre- 
pare the  statement  properly,  indeed  it  is  almost  impossible  to 
compute  the  figures  with  complete  accuracy. 


Scientific  Nevertheless  the  Gain  and  Loss  Exhibit  is  a  scien- 

Principles.  tific  document,  correct  in  theory  and  valuable  to 
the  expert,  although  most  misleading  to  the  average  student  of 
Life  Assurance.  It  recognizes  the  proper  principles  of  book- 
keeping and  deals  with  the  true  revenue  and  expenditure  of  the 
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year,  to  that  extent  giving  more  valuable  information  than  is 
contained  in  the  cash  accounts  of  actual  receipts  and  disburs- 
ments.  It  is  to  be  hoped  that  the  advantage  of  this  course  will 
impress  itself  on  the  various  State  Insurance  Officials,  so  that 
they  may  recommend  the  extension  of  the  principle  to  cover  all 
annual  accounts  required  from  companies.  This  would  result  in 
the  statements  being  much  simpler  and  more  easily  understood 
by  the  public.  They  would  also  be  drawn  on  the  scientific  lines 
recommended  by  the  best  expert  accountants. 


QUESTIONS  ON  CHAPTER  XIII. 

(i)  Why  is  it  considered  necessary  to  have  legislative  regulation  of  life 
assurance? 

(2)  What  are  the  principal  differences  in  the  supervision  of  life  assurance 
companies  in  Great  Britain  and  in  the  United  States? 

(3)  What  are  the  chief  provisions  of  the  New  York  State  law  regarding 
(i)  Mis-statement  of  age;  (2)  Limitation  of  expenses;  (3)  Valuation  of 
policies;  (4)  Distribution  of  surplus?  Compare  these  with  the  laws  of 
your  own  State. 

(4)  What  is  the  difference  between  a  financial  statement  made  up  on  a  cash 
basis  and  one  on  a  revenue  basis? 

(5)  How  are  the  following  securities  valued  for  the  purpose  of  the  annual 
statement : 

(i)  Mortgages. 

(2)  Bonds — repayable  at  a  fixed  date. 

(3)  Stocks. 

(4)  Real  Estate. 

(5)  Policy  Loans. 

(6)  Mention  the  conditions  that  make  a  comparison  of  companies  by  the 
ratio  of  their  expenses  to  new  premium  income  misleading. 

(7)  When  a  life  assurance  company  buys  a  fixed  term  bond  at  a  premium, 
a  portion  of  the  interest  received  on  each  due  date  is  repayment  of  the 
principal.  If  the  bond  is  bought  at  a  discount,  a  part  of  such  discount 
may  be  credited  each  year  to  interest.  How  may  these  entries  be  shown 
in  the  annual  statement? 

(8)  What  are  the  more  important  items  in  the  Gain  and  Loss  Exhibit;  and 
what  general  theory  underlies  such  Exhibit? 

(9)  What  are  the  objections  to  comparing  the  ratio  of  expenses  to  loadings 
as  taken  from  the  figures  in  the  Gain  and  Loss  Exhibit  to  determine  the 
relative  economy  of  management  of  two  companies? 

(10)     Mention  arguments  for  and  against  the  federal  control  of  life  assurance, 
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(i  i)  State  the  various  taxes  commonly  paid  by  a  life  assurance  company.  If 
a  tax  were  assessed  on  the  net  profits  of  the  year  in  a  life  assurance 
company,  how  would  you  calculate  the  amotmt  of  the  tax? 

(12)  Draft  a  form  of  annual  report  to  the  directors  of  a  life  assurance  company 
informing  them  of  the  results  of  the  business  of  the  year. 

(13)  What  particulars  are  called  for  in  the  annual  statements  from  life  assur- 
ance companies  by  the  various  States? 

(14)  State  reasons  why  the  surplus  of  a  company  may  appear  at  a  different 
figure  in  different  State  reports. 


CHAPTER  XIV. 

Organization  of  Old-Line  Companies. 

Proprietary  A  vast  number  of  new  companies  have  been 

Companies,  formed  in  the  United  States  during  the  past  ten 
years,  most  of  them  as  Stock  or  Proprietary  Companies,  referred 
to  in  Chapter  I.  The  laws  of  most  of  the  States  provide  that 
a  corporation  to  transact  Hfe  assurance  may  be  formed  if  the  sub- 
scribers pay  into  the  Treasury  a  sum  of  not  less  than  $100,000;  and 
so  long  as  the  Company  has  this  amount  of  capital  unimpaired, 
and  has  assets  in  addition  equal  to  all  its  other  liabilities,  it 
can  continue  the  transaction  of  its  business  along  the  lines  per- 
mitted by  law.  In  two  or  three  States  a  higher,  and  in  others  a 
lower  capitalization  is  permitted ;  while  in  one  or  two  instances 
a  certain  proportion  of  impairment  of  capital  is  permitted  before 
a  company  is  compelled  to  cease  the  transaction  of  new  business, 
or  must  be  liquidated  through  a  receiver.  Recent  companies 
have  mostly  been  formed  on  a  stock  basis  because  of  the  difficulty 
now  experienced  in  starting  companies  on  Mutual  Plans  through 
the  lack  of  an  expense  fund  for  promotion  and  early  development. 

Mutual  The  laws  of  many  States  provide  that  a  Mutual 

Companies.  Company,  in  addition  to  having  a  fixed  minimum 
number  of  applicants  for  life  assurance  of  an  acceptable  kind, 
which  frequently  must  represent  as  much  as  $1,000,000  of  sums 
assured,  must  also  raise  what  is  called  a  Guaranty  Fund  for  the 
protection  of  policy-holders,  frequently  as  much  as  $100,000, 
being  the  amount  of  the  capital  stock  required  in  the  case  of  a 
Proprietary  Company.  This  Guaranty  Fund  can  be' repaid  to 
the  guarantors  out  of  the  profits  of  the  Company  in  later  years; 
but  it  is  not  easy  to  get  a  body  of  men  to  risk  their  capital  in  thus 
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forming  a  Mutual  Company  when  they  know  there  is  no  chance 
of  gaining  anything  more  than  an  interest  return  on  such  capital 
if  the  venture  should  prove  a  success,  whereas  they  run  a  chance 
of  losing  what  they  subscribe  if  the  Company  prove  a  failure. 
Accordingly  very  few  mutual  companies  have  been  formed  in 
recent  years. 

Procedure  It  was  formerly  a  common  practice  to  secure  a 

in  special  charter  from  a  State  Legislature  in  the 

Organization,  formation  of  a  corporation,  and  this  troublesome 
method  is  still  followed  in  one  or  two  cases ;  but  most  States  have 
now  introduced  a  code  of  laws  whereby  a  company  can  be 
organized  much  more  easily. 

The  Laws  generally  specify  the  purposes  for  which  a  corpora- 
tion may  be  formed,  as  for  example — trading,  manufacturing, 
banking,  insurance,  etc.;  and  the  Insurance  Laws  define  the 
classes  of  insurance,  or  combinations  of  classes,  which  are  per- 
mitted. The  corporation  must  have  a  minimum  number  of 
members,  such  as  five  or  seven,  and  these  original  promoters,  or 
incorporators  then  prepare  a  Certificate  of  Incorporation  setting 
forth  the  name  of  the  proposed  company,  the  location,  the 
objects  or  business  to  be  undertaken,  the  manner  in  which  the 
powers  of  the  Company  will  be  exercised,  the  amount  of  capital 
stock,  the  number  of  shares,  and  the  duration  of  the  corporation 
v/hich  in  some  States  may  be  perpetual,  in  others  for  a  fixed 
period  of  years.  This  Certificate  of  Incorporation  which  be- 
comes the  Charter  of  the  Company  must  then  be  filed  with  a 
public  official — frequently  the  Secretary  of  State — and  on  re- 
ceiving his  approval,  making  public  advertisement  and  paying 
the  proper  fees,  steps  can  be  taken  for  disposing  of  the  capital 
stock,  and  completing  the  organization.  In  forming  a  life 
assurance  company  it  is  necessary  to  file  copies  of  all  such  papers 
with  the  Insurance  Department  and  obtain  a  license  from  the 
Insurance  Commissioner  before  transacting  business. 

Limit  A  corporation  has  to  be  very  careful  to  act  only 

of  within   the   powers   which   are   directly   conferred 

Powers,  upon   it;   otherwise   those   who   perform   any   act 
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outside  of  those  powers,  i.e.:  ultra  vires,  incur  personal  and 
individual  liability  for  the  acts  so  undertaken.  The  powers  of  a 
corporation  are  defined  in  the  laws  of  the  State  in  which  it  has 
been  organized,  and  are  further  limited  by  the  charter  of  the 
company;  in  other  words,  a  corporation  cannot  undertake  any 
business  which  is  not  clearly  authorized  by  the  law  and  by  the 
charter.  If  some  action  outside  of  the  Charter  powers  should 
seem  desirable,  steps  should  be  taken  to  have  an  amendment  of 
the  Charter  approved  in  legal  form. 


Directors.  When  a  corporation  has  been  organized,  it  has 

usually  to  apply  to  the  Insurance  Department  for  a  license  to  do 
business,  submitting  copy  of  its  Charter  and  By-Laws,  paying 
certain  license  fees,  proving  that  it  has  the  necessary  capital, 
and  has  in  all  other  respects  complied  with  the  requirements  of 
law.  The  affairs  of  a  corporation  are  managed  by  a  Board  of 
Directors.  Full  power  to  act  on  behalf  of  the  corporation  is 
vested  in  the  Board  whose  acts  bind  the  Company  within  their 
Charter  powers  as  fully  as  if  every  member  of  the  Company 
joined  in  the  act.  In  most  instances  the  Directors  of  a  proprie- 
tary company  must  be  stockholders,  and  those  of  a  mutual 
company,  policy-holders ;  but  in  New  York  State  a  policy-holder 
is  qualified  to  act  as  a  Director  even  if  he  holds  no  stock,  while 
under  the  recent  laws  of  Canada  a  proportion  of  the  Directors 
in  each  proprietary  company  must  be  "policy-holders'  Directors  ", 
to  be  elected  solely  by  the  participating  policy-holders.  The 
stockholders  in  case  of  a  Proprietary  Company,  or  the  policy- 
holders in  the  case  of  a  Mutual  Company,  are  generally  called 
together  once  a  year  for  the  election  of  Directors  and  to  consider 
any  unusual  piece  of  business  which  may  be  brought  before  them. 
Generally  speaking,  the  Directors  have  power  to  determine  the 
principles  on  which  the  Company  shall  operate  within  the  powers 
conferred  on  them  by  the  Charter;  they  also  approve  contracts, 
elect  or  appoint  Officers,  and  even  declare  dividends  either  to 
stockholders  or  to  policy-holders.  In  Great  Britain  the  declara- 
tion of  a  dividend  is  made  at  the  stockholders'  meeting  and  not 
by  the  Directors. 
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Delegated  The  Directors  delegate  their  powers  to  commit- 

Authority.  tees  of  themselves  and  to  the  Officers.  For  example 
it  is  usual  for  the  Directors  to  appoint  such  committees  as : — 

1.  An  Executive  Committee,  supervising  all  general 
questions  of  management ; 

2.  A  Finance  Committee,  supervising  investment  of  the 
funds  and  financial  transactions  generally; 

3.  An  Assurance  Committee,  to  supervise  policy  forms, 
determine  such  questions  as  the  risks  to  be  accepted, 
approve  of  policy  claims  as  they  mature,  etc. 

4.  An  Auditing  Committee,  to  supervise  the  bookkeeping 
arrangments  and  see  that  accounts  are  correctly  kept. 

The  acts  of  these  committees  are  reported  to  the  Board  of  Direc- 
tors from  time  to  time  at  the  regular  meetings  of  the  Board  and 
their  actions  ratified  or  criticised. 


Two  A  life  assurance  organization,  apart  from  the 

Important  directorate  and  general  control,  consists  of  two 
Divisions.  divisions  whose  work,  although  of  different  char- 
acter, must  be  in  complete  harmony  if  success  is  to  be  attained, 
namely,  the  Home  Office  and  the  Field,  the  latter  being  repre- 
sented by  the  Branch  Offices  and  Agencies  whose  principal 
function  lies  in  the  procurement  of  new  business  and  the  collec- 
tion oi  renewal  premiums  at  the  agencies  and  branches. 

HOME   OFFICE. 

The  work  at  the  Home  Office  deals  with  general  principles,  and 
supervision ;  it  is  subdivided  into  many  departments  each  having 
a  certain  well  defined  duty,  yet  all  of  them  fitting  together  and 
making  one  complete  organization.  The  course  of  an  application 
sent  to  the  Home  Office  and  its  progress  through  the  various 
departments  may  help  to  make  the  system  clear ;  this  illustrates 
the  relationship  which  each  department  bears  to  the  others. 

Application  The    application,    medical    report,    and    other 

Department,  papers  are  received  by  the  mail  department  and 
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handed  to  the  Application  Department.  These  papers  are  then 
checked  over  to  sec  firstly  that  they  are  complete,  and  secondly 
that  they  arc  harmonious,  in  other  words,  that  the  medical  report 
does  not  in  any  way  contradict  the  application,  that  all  other 
information  from  the  agent  who  has  written  the  application,  or 
from  other  sources,  is  satisfactory,  and  that  the  rules  of  the 
Company  as  regards  occupation,  class  of  policy,  and  risk  generally 
have  been  observed.  The  application  is  then  handed  to  the 
Medical  Department,  and  if  approved,  is  returned  so  that  the 
policy  may  be  written  on  the  plan  applied  for  and  mailed  to 
the  agent  for  collection  of  the  first  premium.  In  some  large 
companies  there  is  a  separate  department  for  policy  writing. 


Medical  The  approval  of  the  application  generally  rests 

Department,  with  the  Medical  Director,  but  special  cases  are 
referred  to  a  committee  of  officers;  or  sometimes  even  to  a  Com- 
mittee of  Directors,  as  in  the  case  of  large  amounts,  question  of 
habits,  etc.  The  Medical  Director  also  supervises  and  instructs 
the  medical  examiners  in  various  towns  before  whom  applicants 
appear  for  physical  examination,  and  makes  new  appointments 
from  time  to  time  as  needed.  It  is  most  important  that  a  life 
assurance  company  have  a  corps  of  expert  and  trustworthy  medi- 
cal examiners  who  are  well  qualified.  In  the  smaller  companies 
also  the  Medical  Department  often  supervises  the  inspection 
of  risks,  referred  to  on  page  33.  Questions  of  the  reinstate- 
ment of  policies,  and  certain  changes  from  one  form  to  another, 
also  all  death  claim  papers,  should  in  like  manner  pass  through 
the  hands  of  the  Medical  Director  and  receive  his  official  approval. 
A  study  of  the  causes  of  death  is  generally  made  by  the  Medical 
Director  on  account  of  the  educative  influence  of  such  study. 


Accounting  All  dealings  with  cash  and  monetary  transac- 
Department,  actions  must  pass  through  the  Accounting  Depart- 
ment which  is  usually  in  charge  of  the  Cashier.  When  an 
application  has  been  approved  and  the  policy  issued  to  an  agent 
for  collection  of  the  premium,  the  amount  of  such  premium  is 
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charged  against  the  agent  in  the  Cashier's  books  and  the  agent 
has  to  render  a  statement  regarding  the  collection  of  premiums. 
In  some  companies  (practically  all  the  larger  companies)  these 
statements  are  rendered  daily  through  a  branch  cashier;  in 
smaller  companies  they  are  rendered  monthly.  In  some  com- 
panies both  systems  are  used  depending  on  the  size  of  the  particu- 
lar agency.  When  the  agent's  statement  giving  particulars  of 
the  collection  of  premiums  is  received  at  the  Home  Office,  the 
figures  have  to  be  checked  to  see  that  premiums  are  correct, 
that  credit  has  been  taken  for  the  proper  commissions,  that  any 
expense  deductions  have  been  duly  authorized,  and  that  the 
balance  of  cash  has  been  remitted,  or  paid  into  a  local  bank 
account.  A  complete  series  of  books  is  necessary  to  analyze  and 
record  all  such  transactions,  the  final  totals  of  which  are  merged 
and  brought  together  in  what  h  known  as  the  General  Ledger, 
the  centre  of  all  good  bookkeeping  systems,  which  should  con- 
tain a  ledger  account  for  each  subdivision  of  the  Annual  State- 
ment as  published,  and  such  further  accounts  as  m.ay  be  desired 
for  information.  Other  ledgers  contain  details  of  subsidiary 
accounts,  the  totals  being  posted  in  the  General  Ledger  through 
the  Journal  periodically,  usually  at  the  end  of  each  month.  The 
various  heads  listed  in  the  Annual  Statement  to  Insurance 
Departments  furnish  a  good  guide  as  to  various  ledger  accounts. 
There  are  also  needed  books  showing  the  investment  of  the  funds 
of  the  Company,  the  policy  loans,  and  items  of  a  similar  nature. 
The  collection  of  renewal  premiums  is  one  of  the  most  important 
parts  of  the  accounting  system,  although  it  is  often  run  indepen- 
dently of  the  Cashier's  Department,  figures  being  furnished  for 
the  books  of  account  each  month. 


Renewal  In  this   Department  a  record  of  all  renewal 

Department,  premiums  is  kept.  When  a  policy  is  placed  in  force 
by  payment  of  the  first  premium,  a  card  containing  particulars 
of  such  policy  should  immodiatlcy  be  written  so  that  proper 
attention  may  be  given  to  the  policy  when  the  next  premium 
falls  due.  The  most  convenient  method  hitherto  devised  for 
keeping  a  record  of  the  premiums  falling  due  is  by  means  of  a 
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tab,  or  projection,  on  the  top  of  the  card  indicating  the  month 
in  which  the  premium  falls  due.  These  tabs  are  placed  in  a 
different  position  on  each  card  according  to  the  month,  premiums 
due  in  January  being  recorded  on  a  card  with  a  tab  on  the  extreme 
left  and  premiums  due  in  December  being  indicated  on  a  card 
with  a  tab  on  the  extreme  right,  the  other  months  being  of  course 
graded  between.  When  this  course  is  followed  the  cards  may 
either  be  arranged  in  strict  numerical  order,  or,  what  is  generally 
better,  according  to  the  agencies  at  which  the  premiums  are  to 
be  collected.  Premiums  to  be  collected  at  the  Home  Office  are 
usually  charged  against  the  Home  Office  Cashier,  who  to  this 
extent  may  be  treated  as  a  collecting  agent.  Notices  are  sent 
to  policy-holders  about  a  month  before  their  premiums  fall  due; 
official  receipts  for  the  amounts  are  written  at  the  Home  Office 
and  sent  to  the  agencies  for  collection;  and  a  record  is  made  on 
the  renewal  card  when  the  agent  renders  his  account  to  the  Home 
Office  showing  that  the  premium  has  been  paid. 

Secretarial  Generally  speaking,  all  questions  of  corre- 
Bepartment.  spondence  are  under  the  direction  of  the  Secretary, 
but  there  is  correspondence  of  all  kinds  and  much  of  it  comes 
under  each  individual  department.  In  a  large  company,  however, 
the  actual  receipt  and  despatch  of  mail  is  an  important  function ; 
also  the  filing  of  correspondence  so  that  important  letters  can  be 
produced  when  needed  in  connection  with  any  particular  subject. 
The  filing  of  application  papers,  keeping  indexes  of  policy-holders, 
granting  policy  loans,  surrenders  and  changes  of  policies  may  all 
come  under  the  supervision  of  the  Secretary ;  and  in  a  large  Com- 
pany each  of  these  forms  an  important  section  of  the  work, 
needing  a  capable  department  head.  Another  vital  function  of 
the  Secretary  is  personal  to  himself,  namely  attendance  at 
Directors',  Stockholders',  and  other  meetings,  and  keeping  the 
minutes  which  should  contain  a  brief  but  accurate  statement  of 
the  entire  procedure  at  such  meetings. 

Actuarial  This  entire  text-book  indicates  some  of  the  work 

Department,  necessary   in    the    Actuarial    Department    in    the 
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preparation  of  premium  rates,  surrender  values,  policy  forms, 
etc.,  but  this  work  is  usually  done  once  and  for  all,  the  same 
premium  rates  being  often  used  for  20  or  30  years ;  and  it  does  not 
constitute  the  routine  work  of  the  Department.  This  varies 
considerably  in  different  companies,  but  always  includes  the 
keeping  of  records  whereby  the  policy  obligations  may  be  valued 
accurately  at  the  end  of  each  year  and  the  dividends  in  par- 
ticipating companies  may  be  properly  allotted  to  the  various 
policy-holders  according  to  the  amount,  kind,  and  year  of  issue. 
When  the  premium  under  a  new  policy  is  paid,  full  particulars 
of  the  policy  should  be  at  once  entered  on  the  records  of  the 
Actuarial  Department  so  that  the  proper  liability  for  policy 
value  may  be  charged.  In  like  manner,  a  record  of  each  policy 
which  terminates  or  is  changed  in  any  way  must  also  be  kept  in 
order  that  proper  effect  may  be  given  to  the  conditions  as  they 
change  from  day  to  day. 

The  Department  should  also  keep  books  arranged  in  such  a 
way  that  the  mortality  experience  of  the  Company  may  be 
examined  each  year  to  see  whether  actual  results  are  satisfactory 
as  compared  with  those  on  which  the  premium  rates  and  other 
tables  have  been  based.  Such  matters  necessitate  a  great  deal 
of  detail  calculation,  which  is  essential  if  the  Gain  and  Loss 
Exhibit  is  accurately  made  up.  Then,  too,  the  Actuarial  Depart- 
ment should  examine  into  all  suggested  changes  in  policy  con- 
tracts to  see  that  the  change  does  not  cause  any  loss  to  the 
Company,  and  is  fair  and  just  to  the  policy-holder.  In  many  of 
the  smaller  companies  the  policies  when  they  are  being  issued, 
and  especially  the  figures  in  the  policy,  premiums  and  surrender 
values,  are  checked  in  the  Actuarial  Department. 


Investment  As  the  policy  values  accumulate  by  the  payment 

Department,  of  premiums  the  amounts  have  to  be  invested  from 
time  to  time,  and  this  is  one  of  the  most  important  functions  of  a 
life  assurance  company.  It  is  generally  under  the  direct  control 
of  the  President  and  the  Finance  Committee  of  Directors;  the 
quality  of  this  supervision  often  makes  or  mars  a  company. 
The  clerical  work  is  not  heavy  because  investments  are  usually 
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made  in  large  sums  and  when  once  made  should  be  of  a  permanent 
nature. 

Other  In  tracing  the  history  of  any  policy  it  may  at 

Departments,  some  time  have  to  pass  through  a  Legal  Depart- 
ment in  relation  to  its  being  assigned  or  otherwise  disposed  of, 
and  ultimately  it  should  reach  the  Claim  Department  from  which 
death  claims  are  paid,  this  being  the  goal  towards  which  all 
contracts  converge. 

There  are  several  minor  branches  of  work  which  are  super- 
vised in  different  companies  by  different  officers  as  may  be  con- 
venient ;  the  arrangement  depending  largely  upon  the  personality 
of  the  officers  at  the  time  initial  plans  were  made.  For  ex- 
ample— there  is  a  Supply  Department  in  control  of  printing 
and  stationery ;  it  is  quite  important  that  this  Department  should 
keep  specimens  of  all  printed  statements,  rate  books,  policy 
forms,  etc.,  which  have  ever  been  issued;  and  that  methodical 
work  should  characterize  this  as  well  as  all  other  parts  of  the 
Home  Office  system. 

Agency  The  Department  which  maintains  the  closest 

Supervision,  connection  between  the  Home  Office  and  the  Field 
is  under  control  of  a  Superintendent  of  Agents.  In  this  Depart- 
ment a  record  is  kept  of  the  work  being  done  at  the  agencies; 
contracts  are  made  with  new  agents,  and  statistics  compiled 
showing  the  amount  of  business,  the  premium  income,  and  the 
class  of  business  sent  in  by  each  individual  agent.  In  this  way  in- 
formation is  maintained  as  to  profitable  or  unprofitable  agencies. 
Frequently  the  clerical  work  is  done  through  the  Cashier's  and 
Accounting  Departments,  but  this  does  not  lessen  the  importance 
of  the  agency  supervision  in  recognizing  and  acknowledging 
those  whose  work  is  good,  encouraging  and  helping  the  struggling 
beginners,  calling  to  account  the  laggards,  and  inspiring  all  with 
enthusiasm,  thus  keeping  in  close  and  harmonious  relationship 
with  the  men  who  meet  the  public  and  who  secure  the  business 
for  the  central  organization,  this  new  business  being  like  the  food 
without  which  the  body  corporate  cannot  live. 
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THE  FIELD. 

The  work  in  the  field  consists  of  two  principal  sections: — 
(i)  the  procuring  of  new  business,  and  (2)  the  collection  of 
renewal  premiums.  The  latter  is  usually  best  done  by  salaried 
employees,  and  there  is  little  need  to  describe  the  work  of  the 
branch  cashier,  for  which  a  training  in  the  principles  of  book- 
keeping is  the  best  qualification.  But  in  procuring  new  business, 
the  work  is  diversified  and  often  difficult,  calling  for  careful 
training,  with  good  mentality  and  a  quick  appreciation  of  all 
sides  of  human  nature.  Moreover,  the  systems  followed  are 
many  and  varied,  because  public  education  in  the  matter  of  life 
assurance  is  of  poor  quality,  and  agents  have  to  create  a  demand 
for  the  article  they  sell  by  first  proving  how  desirable  it  is. 


Companies  The  first  life  assurance  companies  that  were 
without  started  paid  no  commissions  to  agents  and  secured 
Agents.  their  business  through  the  officers  of  the  company 
and  through  public  demand.  Some  of  these  early  companies 
still  exist,  but  relatively  they  write  only  a  small  volume  of 
business  and  exist  without  making  much  progress.  In  the  life 
assurance  literature  of  a  hundred  years  ago  it  was  common  to 
find  indignant  censure  of  the  practice  of  paying  commissions, 
but  the  criticism  should  have  been  directed  to  the  allowing  of  a 
commission  secretly  to  people  who  pretended  to  give  disinterested 
advice,  and  who  sometimes  were  paid  by  both  sides.  The  same 
practice  is  occasionally  disclosed  even  now,  and  it  deserves  the 
same  censure  as  before.  The  payment  of  commission  to  an  agent 
is  so  well  understood  and  fully  recognized  by  the  public  of  to-day 
that  it  has  ceased  altogether  to  be  an  evil  and  is  known  to  be  a 
convenient  and  economical  mode  of  paying  for  services  and 
affording  proper  compensation  which  is  governed  by  the  results 
achieved.  The  difference  between  paying  a  salary  for  agenc}'' 
work  and  paying  a  commission  is  of  no  consequence  as  a  theory ; 
and  in  practice  it  is  generally  supposed  that  the  employee  on 
commission  works  harder  and  with  more  energy  and  enthusiasm. 
V)ecause  the  reward  he  earns  is  less  or  more  according  to  the 
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results  achieved.  In  those  companies  which  advertise  that  they 
hire  no  agents  and  pay  no  commissions,  their  salaried  officials  do 
more  or  less  work  in  procuring  new  business,  and  the  volume  oi 
such  business  indicates  the  amount  of  work  and  intelligence 
employed  in  this  direction.  The  foregoing  discussion  indicates 
that  in  the  last  analysis  the  vital  question  is,  "By  what  means 
can  the  best  results  be  attained  at  the  lowest  cost  to  the  public?  " 


Agency  Insurance  is   a  necessary   part   of  our   social 

Systems.  structure  and  the  more  the  protection  the  less  will 
be  the  suffering  from  disaster.  The  loss  is  spread  over  a  wider 
area,  indeed  in  some  cases  care  and  forethought  of  this  kind 
prevent  anything  which  can  be  called  a  loss.  Properly  speaking, 
the  principles  of  life  assurance  should  be  part  of  the  regular 
educational  system  in  schools  and  colleges,  so  that  young  men 
when  they  become  self-supporting  and  assume  family  responsi- 
bilities would,  of  their  own  accord,  take  such  policies  as  may  be 
suited  to  each  individual.  Meantime  this  is  not  so,  and  the 
educational  work  has  to  be  done  by  the  agents  of  the  companies 
in  placing  their  business.  Successful  agents  must  be  high  grade 
men,  and  in  conformity  with  the  regular  economic  laws  must 
receive  a  reward  in  this  branch  of  work  equal  to  what  they  could 
earn  in  other  spheres.  Different  companies  in  working  out  the 
problem  of  getting  the  best  results  for  the  smallest  outlay,  have 
tried  many  different  plans  of  securing  business  through  agents, 
and  of  these  the  more  important  are : — 

1.  General  agency  systems; 

2.  Small  local  agencies; 

3.  Branch  offices ;  and 

4.  Business  by  mail. 


General  This  system  consists  in  appointing  one  man  in 

Agency.       control   of  a  large  territory,   and   paying  him   a 

commission  on  all  new  business  secured  in  that  territory,  as  well 

as  renewal  commissions  for  a  period  of  years ;  frequently  also  with 

allowances  for  office  rent,  clerks,  and  expenses,     Forrncrly  it  was 
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a  common  practice  to  pay  continuous  renewals  to  the  general 
agent  during  the  entire  duration  of  the  policy  contract,  even  if 
the  agent  should  leave  the  service  of  the  company,  but  this 
practice  is  much  less  frequent  now,  and  is  contrary  to  the  expense 
limitations  of  the  New  York  Laws.  The  general  agent  is  re- 
sponsible for  all  financial  transactions  with  sub-agents  in  that 
territory,  and  is  expected  through  himself  and  his  sub-agents  to 
produce  a  satisfactory  volume  of  business  from  the  field  he  covers. 
He  appoints  sub-agents  in  his  territory  and  trains  them  in 
soliciting  new  business,  paying  to  these  sub-agents  commissions 
which  are  usually  a  little  less  than  those  he  himself  receives. 
A  good  general  agent  usually  visits  and  works  with  his  sub- 
agents  and  helps  them  to  write  the  applications  they  may  have  in 
view;  the  value  of  this  assistance  often  measures  the  strength  of 
the  tie  between  the  sub-agent  and  the  company.  Renewal 
commissions  are  often  paid  to  a  general  agent  in  America  whether 
he  remains  in  the  service  of  the  company  or  not — indeed  even  if 
he  should  transfer  his  services  to  a  rival  ;•  but  most  of  the  conser- 
vative companies  deduct  a  collection  fee  of  2%  or  2j%  of  the 
premiums  in  such  cases.  Such  a  collection  fee,  on  a  good  volume 
of  business,  enables  the  company  to  offer  favorable  terms  to  a 
successor  in  the  general  agency,  and  the  practice  also  encourages 
permanence  of  service. 


Small  This  system   consists  in  the  appointing  of  a 

Local  much  larger  number  of  agents  who  are  in  direct 
Agencies,  communication  with  the  Home  Office,  sometimes 
even  two  or  three  agents  in  one  town.  When  this  method  is 
followed  much  more  careful  supervision  must  be  exercised  from 
the  Home  Office;  and  the  appointing  of  these  men,  with  the  help 
and  training  which  all  beginners  need,  is  in  charge  of  the  Super- 
intendent of  Agencies  and  his  assistants — all  salaried  employees. 
The  system  is  a  very  good  one  when  operated  by  a  young  com- 
pany transacting  business  in  only  one  or  two  States.  In  such 
cases  the  Home  Office  supervision  can  be  made  close  and  effec- 
tive, and  local  agents  can  visit  the  Home  Office  frequently  so  as 
to  keep  in  touch  with  the  general  affairs  of  the  company,  meeting 
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the  officers  occasionally  who  can  help  or  advise  them  in  diffi- 
culty and  inspire  them  with  confidence  and  enthusiasm.  This 
can  and  should  be  made  a  system  of  what  the  farmers  call  "in- 
tensified cultivation",  which  is  profitable  if  followed  in  an  intelli- 
gent and  methodical  way. 


Branch  This   system   consists   of   an   enlarged   general 

Offices.  agency  plan.  Offices  are  established  at  important 
commercial  centres,  and  placed  in  charge  of  salaried  supervisors. 
All  of  the  employees  at  the  branch  office,  indeed,  are  paid  by 
salary  and  the  territory  in  control  of  the  branch  is  then  worked 
through  local  agents,  sometimes  with  the  right  to  employ  sub- 
agents  and  sometimes  with  the  idea  of  writing  personal  business 
only.  Briefly  the  branch  relieves  the  Home  Office  of  much  of 
the  supervision,  and  in  theory  one  branch  might  be  conducted 
on  a  general  agency  plan,  and  another  with  the  system  of  local 
agencies.  The  system  is  well  adapted  to  a  company  writing 
business  over  a  large  area,  especially  if  operating  in  foreign  fields 
where  local  conditions  must  govern  the  solicitation  of  business. 


Applications        Nearly  all  companies  get  an  occasional  applica- 
by  tion  through  the  mail,   possibly  as  the  result  of 

Mail.  public  advertising  or  from  an  old  policy-holder,  or 
other  friend  of  the  company.  Within  recent  years  one  or  two 
companies  have  started  a  regular  advertising  campaign,  publish- 
ing widely  the  fact  that  they  employ  no  agents  and  therefore  save 
the  expense  of  agency  commissions,  through  offering  life  assurance 
direct  to  the  public.  Heretofore,  the  advertising  expense  has 
probably  been  greater  in  relation  to  the  new  business  than  the 
cost  of  a  good  sound  agency  system.  By  writing  business  direct 
through  the  mails,  and  collecting  renewal  premiums  in  the  same 
way,  a  company  can  evade  the  payment  of  State  Taxes ;  and  this, 
in  addition  to  the  saving  in  agency  commissions,  allows  a  con- 
siderable amount  for  advertising  expense.  This  advertising 
expense  is  necessarily  heavy,  and  although  there  is  little  sympathy 
on  the  part  of  intelligent  men  toward  the  taxation  of  life  as- 
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surance  premiums,  nevertheless  the  evasion  of  such  taxes  is  con- 
demned. Moreover,  in  some  States  there  seems  to  be  a  serious 
question  as  to  whether  a  medical  man  making  examinations  on 
behalf  of  any  company  doing  buciness  by  mail  would  not  subject 
himself  to  penalties  as  an  agent  for  an  unauthorized  concern. 
The  question  is  hedged  around  with  difficulty  and  meantime  is  in 
an  experimental  stage. 


A  Career  From  the  foregoing  description  of  the  organiza- 

in  tion  of  a  company,  both  at  its  Home  Office  and  in 

Assurance,  the  Field,  it  will  be  evident  that  there  are  many 
openings  for  young  men  who  are  willing  to  give  intelligent  and 
conscientious  work.  To  attain  success  in  any  direction  hard 
work  is  necessary,  and  if  life  assurance  appeals  to  the  individual 
taste  as  congenial,  there  is  no  reason  why  it  should  not  offer  as 
good  a  future  as  any  other  profession.  One  of  the  first  requisites 
is  a  thorough  belief  in  the  soundness  of  life  assurance  and  in  the 
need  for  it  as  part  of  our  economic  and  social  system;  and  with 
this  as  a  ground-work  study  comes  easily  and  the  reward  should 
be  not  only  general  success  but  also  a  consciousness  of  helping 
forward  the  better  progress  of  our  civilization. 

JMISCELLANEOUS  QUESTIONS. 

(i )  What  is  the  probable  number  of  deaths  which  will  occur  within  one  year 
out  of  n  persons  aged  x  ? 

Having  given  the  total  amount  of  assurance  in  force  in  a  company  at 
each  present  age,  show  how  to  calculate  the  expected  death  loss  for  the 
next  year,  on  the  assumption  that  no  terminations  occur  except  by  death. 

(2)  Give  formulas  for  the  Ordinary  Life,  Limited  Payment  Life  and  Endow- 
ment assurance  annual  premium  rates  in  terms  of  annuity  values  and 
also  in  terms  of  commutation  columns. 

Given  P^  =  .02186,  P^.;;]  =  .04220  and  t  =  .03;  find  „P^.  (Ans.  .03058.) 

(3)  On  what  basis  would  you  recommend  that  the  values  of  the  instalments 
under  an  instalment  policy  should  be  calculated? 

(4)  Having  given  the  values  of  D^,  N_^,  and-S*^,  show  how  the  values  of  C^^ 
if^.andP^  may  be  ascertained. 

(5)  If  you  were  asked  to  prepare  a  table  of  rates  for  a  company  just  starting 
business,  what  rate  of  interest  would  you  assume  in  calculating  the  net 
premiums,  and  what  loading  would  you  adopt  for  the  regular  partici- 
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paling  forms?     What  difference  would  you  make  in  the  case  of  non- 
participating  poHcies,  and  why? 

(6)  What  special  features  are  now  considered  imj)()rtant  in  tracing  the 
mortality  of  assured  lives,  which  were  not  dealt  with  in  forming  the 
Actuaries'  or  Combined  Experience  Table? 

(7)  Find  the  annual  premium  for  a  twenty-payment  Life  policy,  age  35, 
on  a  3%  basis,  from  the  following  data: 

N^4  =  600400 
N35  =  569788 
azs^l  =  13-020  (Ans.  .03058.) 

Find  qx  for  ages  35  to  38  inclusive,  having  given  at  3%  interest, 

035  =  18.613  Ans.  235  =  .00860 

036  =  18.338  Ans.  236  =  .00885 

037  =  18.057  Ans.  237  =  .00910 

038  =  17770  Ans.  238    =  .00935 
^39  =  17476 

(8)  Under-average  lives  have  been  assured  with  extra  premiums  payable 
during  the  continuation  of  the  contract.  Under  what  conditions,  if  at 
all,  can  the  extra  premium  be  remitted? 

(9)  The  extra  hazard  on  account  of  occupation  might  be  divided  into  two 
classes;  namely,  health  hazard  and  accident  hazard.  Name  a  few 
occupations  in  each  of  these  classes  and  state  a  method  of  dealing 
with  them  exclusive  of  placing  them  in  a  separate  dividend  class. 

(10)  Mention  any  statistics  with  which  you  are  acquainted  which  would  be 
useful  in  rating  sub-standard  risks. 

(11)  Explain  what  is  meant  by  mean  reserves.  What  assumption  is  made 
when  they  are  used  in  making  a  valuation  at  the  end  of  the  year? 

(12)  Show  how  the  reserve  on  any  policy  at  the  end  of  n  years  can  be  expressed 
in  terms  of  the  net  premium  and  the  commutation  symbols  for  age  at 
entr}^  and  age  attained. 

(13)  A  twenty-year  Endowment  has  been  in  force  five  years  and  it  is  desired 
to  change  it  to  an  Ordinary  Life  policy.  What  allowance  should  be 
made  for  the  higher  premium  paid  in  the  past? 

(14)  If  a  policy-holder  should  desire  to  change  his  policy  now  on  the  twent)'-- 
year  Endowment  form  to  one  on  the  twenty-payment  Life  form  for  the 
same  amount  and  date  of  issue,  a  medical  examination  would  be  re- 
quired.    Why  is  this  necessary? 

How  would  you  adjust  the  premiums  for  such  change? 

(15)  A  non-participating  twenty -year  Endowment  policy  was  issued  five 
years  ago  at  a  premium  of  I43.75  per  thousand.  AppHcation  is  made 
to  change  it  to  a  fifteen-payment  Life  fifteen-year  dividend  policy  of  the 
same  date  with  a  premium  of  $44.21.  The  reserve  of  the  twenty-year 
Endowment  is  $181.72  and  the  reserve  on  the  fifteen-payment  Life  is 
$154.03.     Would  you  agree  to  the  change  and  if  so  upon  what  terms? 
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(i6)  Give  an  outline  of  what  you  consider  an  equitable  method  of  distribu- 
tion of  dividends,  and  state  why  any  arbitrary  rule  determined  by  the 
charter  or  otherwise  becomes  inequitable. 

(17)  Investigate  a  convenient  formula  for  ascertaining  approximately  the 
true  rate  of  interest  yielded  by  debentures  terminable  at  the  end  of  n 
years  issued  at  a  premium  and  redeemable  at  par, 

(18)  Give  a  detailed  account  of  the  method  you  would  adopt  to  calculate 
from  the  accounts  of  an  assurance  company,  for  use  in  comparison  with 
others : 

(a)  Expense  ratios. 
{b)  Rates  of  interest. 
^^3te.  clearly  why  you  consider  your  method  the  most  equitable. 

(19)  Deduce  a  lyr/jiula  in  commutation  symbols  for  the  annual  premium  for 
an  Endowment  assurance  for  twenty  years,  furnishing  $500  at  death  if  in 
the  first  year,  f  525  at  death  in  the  second,  $550  in  the  third,  and  so  forth 
until  the  policy  matures  for  $1000  if  the  assured  survive  the  twenty  years. 

(20)  Under  the  Wisconsin  law  the  present  value  of  the  premiums  stipulated 
for  a  policy  must  not  exceed  the  figures  obtained  by  using  a  definite 
formula. 

Under  the  French  law  the  premiums  must  not  be  less  than  certain  results 

by  formula. 

State  your  views  of  the  principles  involved  in  the  two  statutes  above 

mentioned. 

(21)  If  10%  of  renewal  premiums  be  deducted  from  the  total  expenses  and 
the  balance  of  expense  be  tabulated  as  a  percentage  of  new  premiums 
of  various  companies,  would  the  resulting  figures  give  a  fair  comparison 
of  the  cost  of  new  business?     Give  reasons. 

(22)  The  expenses  of  a  life  assurance  company  are  to  be  analyzed,  and  the 
appropriate  amounts  charged  against: 

(a)  New  Premiums; 

(b)  Renewal  Premiums;  and 

(c)  Interest  and  other  earnings. 

Give  the  items  of  expense  to  be  charged  against  each  of  these  sources 
of  income,  with  an  outline  of  a  process  to  determine  the  relative  economy 
of  operation. 


APPENDIX. 
Principles  of  Notation. 

The  notation  employed  in  actuarial  science  follows  fixed  rules,  and  iz 
these  are  understood  the  expressions  can  be  readily  interpreted.  So  far  as 
possible  the  initial  letters  of  words  have  been  employed  as  the  general  basis, 
such  as  i  for  interest;  /  for  living;  d  for  dying;  p  for  probability  of  living; 
A  for  assurance;  and  a  for  annuity.  In  some  cases  it  is  not  possible  to  use 
initial  letters,  and  others  have  to  be  arbitrarily  chosen,  such  as  q,  which  rep- 
resents the  probability  of  dying,  being  the  next  letter  to  p,  the  probability 
of  living.     Further  explanations  are  given  in  the  text  as  occasion  arises. 

These  important  central  letters  are  modified  by  smaller  letters  or  symbols 
to  the  left  or  right,  and  slightly  below  the  basic  letter;  frequently  also  by 
letters  in  the  upper  right  or  left  corners,  and  by  marks  placed  above.  The 
smaller  letters,  or  subscripts,  indicate  the  age  of  the  life  or  lives  under  con- 
sideration, and  may  limit  the  time  during  which  the  contract  would  remain 
in  force.  The  last  letters  of  the  alphabet,  v,  w,  x,  y,  and  z,  are  usually  em- 
ployed to  indicate  the  ages  of  the  lives  under  consideration.  When  one  of 
these  letters  is  placed  in  small  brackets  it  relates  to  a  person  of  that  age; 
thus  (x)  means  "a  person  aged  x, "  (y)  "a  person  aged  y, "  etc. 

Ix  is  the  number  living  at  age  x. 

Ix  -f  n  is  the  number  living  at  age  x  -\-  n. 

px  is  the  probability  of  living  one  year  at  age  x. 

px  +n  is  the  probability  of  living  one  year  at  age  x  -\-  n. 

pxy  is  the  probability  that  both  (x)  and  {y)  will  live  one  year. 

Note.  In  the  above  probabilities  i  is  understood  without  being 
expressed  as  a  subscript  to  the  left  of  the  basic  letter.  It  is 
the  time  over  which  the  probability  is  computed. 

The  number  of  years  over  which  a  probability  or  benefit  would  extend  is 
generally  shown  by  the  use  of  a  letter,  such  as  n,  m,  or  r,  either  before  or 
after  the  basic  letter,  as  follows: — 

npx         is  the  probability  that  a  life  aged  x  will  live  n  years. 

\nClx    )     represent  an  annuity  on  (x)  to  run  for  n  years,  provided 
or  a^-i  j     he  live  so  long. 
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^  -      is  the  value  of  the  sum   assured,  payable  either  at  the 
I     death  of  (x)  or  on  the  expiry  of  n  years.     It  therefore 
indicates  the  present  value  of  an  endowment  assurance. 

d-.     is  an  annuity  running  for  n  years  certain,  irrespective  of 
'     any  life. 

When  the  last  survivor  of  two  or  more  lives  is  .n  question,  a  horizontal 
bar  is  placed  above  the  letters  representing  their  ages,  in  the  manner  fol- 
lowing:— 

npxy  is  the  probability  that  the  survivor  of  (x)  and  (y)  will 

live  for  n  years. 

<^—  is  an  annuity  payable  during  the  joint  lives  of  (x),  (y), 

and  (2),  and  continuing  until  the  death  of  the  last  sur- 
vivor. 
In  order  to  indicate  the  survivorship  of  one  life  after  another,  such  as 
the  value  of  a  benefit  to  (x)  after  the  death  of  (y),  an  upright  bar  is  used, 
separating  the  two  lives  as  follows: — 

a^L  is  the  present  value  of  an  annuity  payable  during  the 

continued  lifetime  of  (x)  after  the  death  of  (y). 

POy\x  is  the  annual  premium  for  the  same  benefit. 

To  indicate  the  order  of  death,  a  small  number  is  used  either  below  or 
above  the  letter  representing  the  age.  If  the  number  is  given  above  the 
letter,  it  also  shows  that  the  benefit  is  payable  on  the  fulfilling  of  this 
condition. 

A\  ,,  is  the  single  premium  for  an  assurance  of  i  payable  on 

the  death  of  (.v)  if  he  die  first,  i.e. : — in  the  lifetime  oi{y). 
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^  3  gives  the  value  of  an  assurance  payable  on  the  death  of 

1  {x)  if  he  die  third,  provided  that  (z)  shall  have  died 

first  and   {y)  second. 

To  indicate  a  deferred  term,  an  upright  bar  is  used  to  the  left  of  the  cen- 
tral letter. 

n\ax  is  an  annuity  deferred  n  years,  and  payable  during  the 

subsequent  lifetime  of  (.r). 

The  same  function  could  be  expressed  under  the  rule  given  in  a  preced- 
ing paragraph,  thus: — 

^—  |.v,  which  equals  ti\ax,  the  more  usual  form. 

To  indicate  the  subdivision  of  a  year,  a  small  letter  in  brackets  is  gen- 
erally used  at  the  upper  right  corner. 
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fl^'"^  is  an  annuity  to  (.v)  payable  m  times  a  year. 

Pf,m)  is  the  annual  premium,  payable  m  times  a  year,  for  an 

*  assurance  on  (.v). 

To  indicate  a  continuous  or  momentary  benefit,  a  small  bar  is  generally 
placed  above  the  basic  letter. 

Ax:  is  the  value  of  an  Assurance  payable  at  the  moment  of 

death  of  (x). 

dx  is  an  annuity  payable  at  infinitesimal  intervals. 

To  indicate  that  a  benefit  is  complete,  a  small  circle  is  placed  above  the 
basic  letter. 

dx  represents  an  annuity  payable  once  each  year,  but 

with  a  proportionate  payment  from  the  last  periodic 
payment  to  the  date  of  death,  thereby  making  it 
complete. 

The  notation  here  outlined  is  capable  of  almost  indefinite  extension  to 
meet  varying  circumstances;  and,  by  the  use  of  symbols,  ideas  can  be  ex- 
pressed more  accurately  as  well  as  much  more  briefly.  They  have  a  mathe- 
matical significance  and  rigid  meaning  which  cannot  be  misunderstood, 
whereas  the  slightest  turn  of  a  phrase  sometimes  gives  a  different  shade  of 
meaning  to  a  sentence  expressed  in  words.  It  will  be  observed  that  one 
rule  occasionally  overlaps  another,  so  that  the  same  ideas  can  be  expressed 
in  two  ways;  but  this  is  no  disadvs»ntage  whon  the  iystem  is  unders:;ood. 
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TABLE  I. 
Amount  to  which  i  will  accumulate:- 


(i+iy 


RATE    OF  INTEREST. 

NO.   OF 
YEARS. 

3l% 

I|% 

1% 

n 

^'  =  .035 

^'  =  .0175 

i  =  . 00875 

1 

1.035000 

1.017500 

1 . 008750 

2 

1.071225 

1.035306 

1.017577 

3 

1.108718 

1 . 053424 

1 . 026480 

4 

1.147523 

1.071859 

1 . 035462 

5 

1.187686 

1.090617 

1 . 044522 

6 

1.229255 

1 . 109702 

1.053662 

7 

1.272279 

1.129122 

1.062881 

8 

1.316809 

1.148882 

1.072182 

9 

1 . 362897 

1.168987 

1.081563 

10 

1.410599 

1.189444 

1,091027 

11 

1 . 459970 

1.210260 

1.100573 

12 

1.511069 

1.231439 

1.110203 

13 

1 . 563956 

1 . 252990 

1.119918 

14 

1.618695 

1.274917 

1.129717 

15 

1 . 675349 

1 . 297228 

1.139602 

16 

1.733986 

1.319929 

1.149574 

17 

1 . 794676 

1 . 343028 

1.159632 

18 

1 . 857489 

1.366531 

1.169779 

19 

1 . 922501 

1 . 390445 

1.180015 

20 

1.989789 

1.414778 

1.190340 

21 

2.059431 

1 . 439537 

1.200755 

22 

2.131512 

1 . 464729 

1.211262 

23 

2..20i31ll 

1 . 490361 

i.22185U 

24 

2.283328 

1.516443 

1.232552 

25 

2.363245 

1.542981 

1 . 243337 

26 

2.445959 

1 . 569983 

1.254216 

27 

2.531567 

1 . 597457 

1.265190 

28 

2.620172 

1.625413 

1.276261 

29 

2.711878 

1 . 653858 

1 . 287428 

30 

2.806794 

1 . 682800 

1.298693 

31 

2.905031 

1.712249 

1.310056 

32 

3.006708 

1.742213 

1.321519 

33 

3.111942 

1 . 772702 

1 . 333083 

34 

3-.  220860 

1 . 803725 

1 . 344747 

35 

3.333590 

1  835290 

1.356514 

36 

3.450266 

1 . 867407 

1 . 368383 

37 

3.571025 

1 . 900087 

1 . 380357 

38 

3.696)11 

1 . 93333S 

1 . 392435 

39 

3 . 825372 

1.967172 

1.404618 

40 

3.959260 

2.001597 

1 . 416909 

41 

4.097834 

2 . 036625 

1.429307 

42 

4.241258 

2.072268 

1.441813 

43 

4.389702 

2.108531 

1 . 4,54429 

44 

4.513342 

2.145430 

1.407155 

45 

4.702359 

2.182975 

1 . 479993 

46 

4.866941 

2.221177 

1 . 492943 

47 

5.037284 

2.260048 

1 . 596006 

48 

5.213589 

2.299599 

1.519184 

49 

5.396065 

2.339842 

1 . 532477 

50 

5.584927 

2.380789 

1.545886 
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Present  value  of  J: —     z^"  = 

1 

R.\TE   OF   INTEREST. 

NO.    OF 
YEARS. 

3^% 

If% 

1% 

n 

^'  =  .035 

i  =  .oi75 

i  =  .00875 

1 

0.966184 

0.982831 

0.991326 

2 

0.933511 

0.965898 

0.982727 

3 

0.931943 

0.9492S5 

0.974233 

4 

0.871442 

0.932359 

0.965752 

5 

0.841973 

0.916313 

0.957375 

6 

0.813501 

0.901143 

0.949371 

7 

0.785991 

0.885644 

0.940839 

8 

0.759412 

0.870412 

0.932678 

9 

0.733731 

0.855441 

0.924588 

10 

0.708919 

0.840729 

0.916563 

11 

0.684946 

0.826269 

0.908617 

12 

0.G61783 

0.812058 

0.900736 

13 

0.639404 

0.798091 

0.892923 

14 

0.617782 

0.784365 

0.885177 

15 

0.596891 

0.770875 

0.877499 

16 

0.576706 

0.757616 

0.869888 

17 

0.557204 

0.744586 

0.862342 

18 

0.538361 

0.731780 

0.854862 

19 

0.520156 

0.719194 

0.847447 

20 

0.502566 

0.706825 

0.840096 

21 

0.485571 

0.694668 

0.832809 

22 

0.469151 

0.682720 

0.825585 

23 

0.453286 

0.670978 

0.818424 

24 

0.437957 

0.653438 

0.811325 

25 

0.423147 

0.648096 

0.834287 

26 

0.408838 

0.636350 

0.797311 

27 

0.395012 

0.625995 

0.790395 

28 

0.381654 

0.615228 

0.7835.39 

29 

0.368748 

0.634647 

0.776743 

30 

0.356278 

0.594248 

0.770005 

31 

0.344230 

0.584027 

0.763326 

32 

0.332590 

0.573982 

0.756705 

33 

0.321343 

0.564111 

0.750141 

34 

0.310476 

0.554408 

0.743634 

35 

0.299977 

0.544873 

0.737184 

36 

0.289833 

0.535502 

0.730789 

37 

0.280032 

0.526292 

0.724451 

38 

0.270562 

0.517240 

0.718167 

39 

0.261413 

0.538344 

0.711937 

40 

0.252572 

0.499601 

0.705762 

41 

0.244031 

0.491008 

0.699640 

42 

0.235779 

0.482563 

0.693571 

43 

0.227806 

0.474264 

0.687555 

44 

0.220102 

0.466107 

0.681591 

45 

0.212659 

0.458090 

0.675679 

46 

0.205468 

0.450212 

0.669818 

47 

0.198520 

0.442469 

0.664008 

48 

0.191806 

0.4348.58 

0.658248 

49 

0.185320 

0.427379 

0.652539 

50 

0.179053 

0.420029 

0.646878 
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TABLE  III. 
The  accumulated  amount  of  t  per  annum  in  advance: — * 

(l+i)  s^,  =  (H-0"+^-l     , 


1 

i 

JL 

RATE 

OF  INTEREST. 

NO.  OF 

YEARS. 

SWo 

lf% 

1% 

n 

i  =  .035 

i  =  .oi7S 

i  =  . 00875 

1 

1 . 035000 

1.017500 

1 . 008750 

2 

2.106225 

2.052806 

2.026327 

3 

3.214943 

3.106230 

3.052807 

4 

4.3G2466 

4.178089 

4.088269 

5 

5.550152 

5.268706 

5.132791 

6 

6.779408 

6.378408 

6.186453 

7 

8.051687 

7.5075.30 

7.249335 

8 

9.368496 

8.656412 

8.321516 

9 

10.731393 

9.825399 

9.403080 

10 

12.141992 

11.014844 

10.494107 

11 

13.601962 

12.225104 

11.594680 

12 

15.113030 

13.456543 

12.704884 

13 

16.676986 

14.709533 

13.824801 

14 

18.295681 

15.984449 

14.954518 

15 

19.971030 

17.281677 

16.094120 

16 

21.705016 

18.601607 

17.243694 

17 

23.499691 

19.944635 

18.403326 

18 

25.357181 

21.311166 

19.573105 

19 

27.279682 

22.701611 

20.753120 

20 

29.269471 

24.116389 

21.943460 

21 

31.328902 

25.555926 

23.144215 

22 

33.460414 

27.020655 

24.355477 

23 

35.666528 

28.511016 

25.577337 

24 

37.949857 

30.027459 

26.809889 

25 

40.313102 

31.570440 

28.053226 

26 

42.759060 

33.140422 

29.307441 

27 

45.290627 

34.737880 

30.572631 

28 

47.910799 

35.36.3293 

31.848892 

29 

50.622677 

38.017150 

33.136320 

30 

53.429471 

39.699950 

34.435012 

31 

56.334502 

41.412200 

35.745069 

32 

59.341210 

43.154413 

37.066588 

33 

62.4.53152 

44.927115 

38.399671 

34 

65.674013 

46.730840 

39.744418 

35 

69.007603 

48.566129 

41.100932 

36 

72.457869 

50.433537 

42.469315 

37 

76.028895 

52.333624 

43.849671 

38 

79.724906 

54.266962 

45.242106 

39 

83.550278 

56.234134 

46.646724 

40 

87.509537 

58.235731 

48.063633 

41 

91.607371 

60.272357 

49.492940 

42 

95.848629 

62.344623 

53.934753 

43 

100.238331 

64.4531.54 

52.389182 

44 

104.781673 

66.598584 

53.856338 

45 

109.484031 

68.781559 

55.336331 

46 

114.350973 

71.002736 

56.829273 

47 

119.388257 

73.262784 

58.335280 

48 

124.631846 

75.562383 

59.854463 

49 

129.997910 

77.902225 

61.386940 

50 

135.582837 

80.283014 

62.932826 

This  form  of  table  is  more  frequently  used  in  practice  than  the  simple  table  of  s- 
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TABLE  IV. 
The  present  value  of  I  pet  annum 

1-v" 


a—, 


NO.  OF 

RATE 

OF  INTEREST. 

YEARS. 

3h% 

If% 

lo/ 

8   /O 

n 

^■  =  .035 

i  =  .oi75 

i  =  . 00875 

1 

0.966184 

0.982801 

0.991326 

2 

1.899694 

1.948699 

1 . 974053 

3 

2.801637 

2.897984 

2.948256 

4 

3.673079 

3.830943 

3.914008 

5 

4.515052 

4.747855 

4.871384 

6 

5.328553 

5.648998 

5.820455 

7 

6.114544 

6.5.34641 

6.761293 

8 

6.873956 

7.405053 

7.693971 

9 

7.6076S7 

8.260494 

8.618559 

10 

8.316635 

9.101223 

9.535126 

11 

9.001551 

9.927492 

10.443743 

12 

9.663334 

10.739550 

11.344479 

13 

10.302738 

11.537641 

12.237402 

14 

10.920520 

12.322006 

13.122579 

15 

11.517411 

13.092880 

14.000079 

16 

12.094117 

13.850497 

14.869967 

17 

12.651321 

14.595083 

15.732309 

18 

13.189682 

15.326863 

16.587171 

19 

13.709837 

16.046057 

17.434618 

20 

14.212403 

16.752881 

18.274714 

21 

14.697974 

17.447549 

19.107524 

22 

15.167125 

18.130269 

19.933109 

23 

15.620410 

18.801248 

20.751534 

24 

16.058368 

19.460686 

21.562858 

25 

16.481515 

20.108782 

22.367145 

26 

16.890352 

23.745732 

23.164456 

27 

17.285365 

21.371726 

23.954852 

28 

17.667019 

21.986955 

24.738391 

29 

18.035767 

22.591602 

25.515133 

30 

18.392045 

23.185849 

26.285138 

31 

18.736276 

23 . 769877 

27.048464 

32 

19.068865 

24 . 343859 

27.805169 

33 

19.390208 

24.907970 

28.555310 

34 

19.700684 

25.462378 

29.298944 

35 

20.000661 

26.007251 

30.036128 

36 

20.290494 

26.542753 

30.766918 

37 

20.570525 

27.069045 

31.491368 

38 

23.841087 

27.586285 

32.209535 

39 

21.102500 

28.094629 

32.921472 

40 

21.355072 

28.594230 

33.627234 

41 

21.599104 

29.085238 

34.326873 

42 

21.834883 

29.567801 

35.020444 

43 

22.062689 

30.042065 

35.707999 

44 

22.282791 

30.508172 

36.389591 

45 

22 . 495450 

30.966263 

37.065269 

46 

22.700918 

31.416474 

37.735087 

47 

22 . 899438 

31.858943 

38.399095 

48 

23.091244 

32.293801 

39.057344 

49 

23.276564 

32.721181 

39.709882 

50 

23.455618 

33.141209 

40.356760 
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TABLE  V. 
The  annuity  which  t  will  purchase; 


.1 

t 

"1 

l-v^ 

NO.  OF 

RATE 

OF  INTEREST. 

YEARS. 

3Wc 

I|% 

1% 

n 

^  =  .035 

i  =  .oi75 

i=. 00875 

1 

1 . 035000 

1.017500 

1.098750 

2 

0.526400 

0.513163 

0.5D6572 

3 

.356934 

.345067 

.339184 

4 

.272251 

.261032 

. 255493 

5 

.221481 

.210621 

.235280 

6 

. 187668 

. 177023 

.171808 

7 

.163544 

. 153031 

.147901 

8 

. 145477 

. 135043 

. 129972 

9 

.131446 

.121058 

.116329 

10 

. 120241 

. 109875 

. 104875 

11 

.111092 

. 100730 

.095751 

12 

. 103484 

.093114 

.088149 

13 

.097062 

.086673 

.081717 

14 

.091571 

.081156 

. 076205 

15 

.086825 

.076377 

.071428 

16 

.082685 

.072200 

. 067250 

17 

.079043 

.068516 

.063563 

18 

.075817 

.065245 

. 063288 

19 

.072940 

.062321 

.057357 

20 

.070361 

.059691 

.054720 

21 

. 068037 

.057315 

.052335 

22 

. 065932 

.055156 

.050168 

23 

.064019 

.0.53188 

.048189 

U 

.062273 

.051386 

.046376 

25 

.060674 

.049730 

.044708 

26 

. 059205 

. 048203 

.043170 

27 

.057852 

.046791 

.041745 

28 

.056603 

. 045482 

. 040423 

29 

. 055445 

.044264 

.039192 

30 

.054371 

.043130 

.038044 

31 

.053372 

.042070 

.036971 

32 

.052442 

.041078 

.035965 

33 

.051572 

.040148 

.035020 

34 

.050760 

. 039274 

.034131 

35 

.049998 

.038451 

. 033293 

36 

.049284 

.0.37675 

. 032502 

37 

.048613 

. 036943 

.031755 

38 

. 047982 

.036250 

.031047 

39 

.047388 

. 035594 

.030375 

40 

.046827 

.034972 

.029738 

41 

.046298 

.034382 

.029132 

42 

.045798 

.033821 

.028555 

43 

. 045325 

.033287 

. 028005 

44 

. 044878 

.032778 

.027480 

45 

.044453 

. 032293 

.026979 

46 

.044051 

.031830 

.026501 

47 

.043669 

.031388 

.026042 

48 

. 043306 

. 030966 

. 025603 

49 

.042962 

.030.561 

.025183 

60 

.042634 

.030174 

. 024779 
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NUMBER 
LIVING. 

NUMBER 
DYING. 

MONETARY 

VALUES  Z\% 

INTEREST. 

AGE. 

Annuity. 

Single  Prem. 

Annual  Prem. 

X 

/. 

d. 

ax 

A. 

Px 

20 

92,637 

723 

20 

.144 

. 28497 

.01348 

21 

91,914 

722 

20 

.013 

. 28940 

.01.377 

22 

91,192 

721 

19 

.878 

.29.399 

.01408 

23 

90,471 

720 

19 

.738 

. 29873 

.01441 

24 

89,751 

719 

19 

.592 

.30365 

.01475 

25 

89,032 

718 

19 

.442 

.30873 

.01510 

26 

88,314 

718 

19 

.286 

.31401 

.01548 

27 

87,596 

718 

19 

.124 

.31947 

.01588 

28 

86,878 

718 

18 

.9.=>7 

.32512 

.01629 

29 

86.160 

719 

18 

.784 

.33097 

.01673 

30 

85,441 

720 

18.605 

.33702 

.01719 

31 

84,721 

721 

18, 

.420 

.34328 

.01768 

32 

84,000 

723 

18, 

.229 

.34976 

.01819 

33 

83,277 

726 

18. 

.030 

.35646 

.01873 

34 

82.551 

729 

17, 

,826 

.36339 

.01930 

35 

81,822 

732 

17, 

,614 

.37055 

.01991 

36 

81,090 

737 

17 

,395 

.37795 

. 02055 

37 

80,353 

742 

17. 

,169 

.38560 

.02122 

38 

79.611 

749 

16. 

935 

.39349 

.02194 

39 

78.862 

756 

16.695 

.40163 

.02270 

40 

78,106 

765 

16, 

,446 

.41003 

.02350 

41 

77.341 

774 

16. 

.190 

.41869 

. 02436 

42 

76,567 

785 

15. 

926 

.42762 

.02526 

43 

75,782 

797 

15. 

654 

.43681 

.02623 

44 

74,985 

812 

15. 

374 

.44628 

. 02726 

45 

74,173 

828 

15. 

,087 

.45600 

.02835 

46 

73,345 

848 

14. 

,791 

.46600 

.02951 

47 

72,497 

870 

14. 

488 

.47626 

.03075 

48 

71,627 

896 

14, 

177 

.48677 

.03207 

49 

70,731 

927 

13. 

859 

.49752 

.03348 

50 

69,804 

962 

13. 

535 

.50849 

.0.3499 

51 

68,842 

1001 

13. 

204 

.51967 

.03659 

52 

67,841 

1044 

12. 

868 

.53104 

. 03829 

53 

66,797 

1091 

12. 

526 

.54258 

.04011 

54 

65,706 

1143 

12. 

180 

.55430 

.04206 

55 

64,563 

1199 

11. 

830 

.56615 

.04413 

56 

63,364 

1260 

11. 

475 

.57813 

.04634 

57 

62,104 

1325 

11. 

118 

.59022 

.04871 

58 

60,779 

1394 

10. 

758 

.60239 

.05123 

59 

59.385 

1468 

10. 

396 

.61463 

.05394 

60 

57.917 

1546 

10. 

032 

.62692 

.05683 

61 

56,371 

1628 

9. 

668 

. 63924 

.05992 

62 

54,743 

1713 

9. 

304 

.65155 

. 06323 

63 

53,030 

1800 

8. 

941 

.66383 

. 06678 

64 

51,230 

1889 

8.579 

.67607 

.07058 

65 

49,341 

1980 

8. 

219 

.68824 

.07465 

66 

47,361 

2070 

7. 

863 

.70030 

.07902 

67 

45,291 

2158 

7. 

510 

.71223 

.08370 

68 

43.133 

2243 

7. 

162 

.72401 

.08871 

69 

40,890 

2321 

6.819 

.73560 

.09408 
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TABLE  VII. 
Commutation  Qjlumns,*  American  Experience  3^%< 


AGE. 

Dx  = 

Nx  = 

Afx  = 

Rx  = 

X 

V^lx 

Dxi-i+Dx-^2+&C. 

Cx  +  Cx  +  i+&C. 

Mx+Mx  +  i+&c. 

20 

4655.62 

93784.. 34 

1326.73 

39728.36 

21 

4463.08 

89321.26 

1291.63 

38401.63 

22 

4278.28 

85042.99 

12.37.75 

37110.01 

23 

4100.92 

80942.06 

1225.07 

3.5852.25 

24 

3930.71 

77011.36 

1193.54 

34627.18 

25 

3767.36 

73243.99 

1163.11 

33433.64 

26 

3610.61 

69633 . 38 

1133.76 

32270.53 

27 

3463.15 

63173.24 

11 05.. 39 

31136.77 

28 

3315.74 

62857.. 50 

1077.99 

33031.. 38 

29 

3177.13 

59680.36 

1051.52 

28953.38 

30 

3044.08 

566.36.29 

1025.90 

27901 . 86 

31 

2916.35 

53719.93 

1001.12 

26875.96 

32 

2793.75 

50926.18 

977.137 

25874.84 

33 

2676.05 

48250.13 

953.904 

24897.71 

34 

2563.01 

45687.12 

931.364 

23943.80 

35 

2454.47 

43232.65 

909.496 

2.3012.44 

36 

2350.25 

40882.40 

888.280 

22102.94 

37 

2250.14 

3S632 . 26 

867.641 

21214.66 

38 

2153.97 

36178.29 

847.-566 

20347.02 

39 

2061.55 

34416.74 

827.986 

19499.45 

40 

1972.74 

32444.00 

808.891 

18671.47 

41 

1887.36 

30.'>.56.63 

790.223 

17862.58 

42 

1805.29 

28751.34 

771.974 

17072.35 

43 

1726.36 

27024.98 

7.54.091 

16300.38 

44 

1650.44 

25374.55 

736.549 

15546.29 

45 

1577.36 

23797.19 

719.281 

14809.74 

46 

1507.00 

22290.19 

702.268 

14090.46 

47 

1439.21 

20853.98 

635.434 

13338.19 

48 

1373.85 

19477.13 

663.747 

12702.76 

49 

1310.79 

18166.34 

652.142 

12034.01 

50 

1249.86 

16916.47 

635.544 

11.381.87 

51 

1190.96 

15725.52 

618.901 

10746.. 33 

52 

1133.95 

14591.57 

602.170 

10127.43 

53 

1078.74 

1.3512.82 

585.. 309 

9.525.26 

54 

1025.24 

12487.58 

568.286 

8939.95 

55 

973.34 

11514.24 

551 . 054 

8371.66 

56 

922.96 

10591.28 

5.33.590 

7.820.61 

57 

874.02 

9717.26 

515.857 

7287.02 

58 

826.44 

8890.82 

497.841 

6771.16 

59 

780.18 

8110.64 

479.527 

6273.32 

60 

7.35.17 

7.375.47 

460.893 

5793.79 

61 

691.34 

6684.13 

441.9.32 

5332 . 90 

62 

648.68 

6035.45 

422.641 

4800.97 

63 

607.13 

.5428.. 33 

403.030 

4468.. 33 

64 

566.69 

4861.64 

383.119 

4065.30 

65 

527.33 

4334.31 

.362.930 

3682.18 

66 

489.06 

3845.25 

342.484 

.3319.25 

67 

451.87 

3393.39 

.321.832 

2976.76 

68 

415.78 

2977.61 

.301.030 

2654.93 

69 

380.83 

2596.77 

280.140 

2353  90 

*  Note.     The  radix  of  the  table  from  which  above  figures  have  been  computed  is  lo.ooo. 
or  one-tenth  of  the  radix  of  the  number  living  given  on  the  preceding  page. 


Accounting  Department,  203 
Accumulation  at  Interest,  65-67 
Accumulation  Dividends,   172 
Actual  Rates  of  Interest,  56-58 
Actuarial  Department,  205 
Actuaries  Table,  40 
Adequate  Premiums  Necessary,  7 
Administrator  as  Claimant,   181 
Adverse  Selection;  Mortality,  ^8 
Agencies,  General,  209 
Agencies,  Small  Local,  210 
Agency,  Supervision,  207 
Agency  Systems,  209 
Agents,  Companies  without,  208 
Agents'  Report,  34 
Aggregate  Tables,  131 
Aggregate  Tables.     See  Mortality. 
American  Exp.  Table,  40,  85,  223 
Amortization  of  Bonds,  190 
Amount  of  Annuity  Certain,  76 

of  I  at  Interest,  78,  218 

-of  I  per  Annum,  220 


Annual  Dividends,  172 

Premiums,  111-113 

Statements,   183-197 

Annuitants,  Alortality,  45 
Annuities,  28-30,  98 

Amount  of  Annuity  Certain,  76 

Certain,  73-77 

Certain,  Interest  and,  65-81 

Certain  Due,  74 

Complete,  143 

Commutation  Columns,  104,  224 

Deferred,  29,  75,  loi 

Due,  74,  100 

Guaranteed  Alinimum  Payts.,  29 

Joint  Life,  144 

• Last  Survivor,  29 

Life,  100 

m  Times  a  Year,  102 

Perpetual,  76 

Questions,  80,  108 

• Relationship  to  Assurance,   no 

Reversionary,  29,  145 

• Select  Forms,  106 

Survivorship,  29,  144 


Annuities,  Tables,  221,  223 

Temporary'  Life,  loi 

Appendix,  215 
Application  by  Mail,  211 

■ Department,  202 

or  Proposal,  32 

Assessment  Assurance,  4-6 
Assignee  as  Claimant,  181 
Assumed  Standard  Mortality,  44 
Assurance  Assessment,  4-6 
Commutation    Columns,    120-1, 

224 

Deferred,    11 3-1 14 

DifTerent  Kinds  of,  14 

Endowment,    20-21,    11 4-1 15 

Forms  of,  4 

General  Principles,  i 

Groups,  50 

— — Increasing,  140 

Inilustrial,  7-8 

Joint  Life,  25,  145 

Last  Survivor.  26 

Means  of  Saving,  2 

Old   Line,   6-7 

or  Insurance,  2 

Relationship    to    Annuity,    no 

Statistics,  39 

Term  or  Temporary,  18-19,  113- 

114 

Without  Medical  Exam.,  49 

• Whole  Life,  14,  109-113 

Assured  Lives,  British,  41 
Average,  Doctrine,  136 
Average  Health,  49 


B 


Banker's  Discount,  69 

Basis  Scientific,  3 

Beneficiary  and  Insurable  Interest,  16 

Beneficiary  as  Claimant,  181 

Benefit    and    Consideration,    98 

Benefits,  Doubtful,  31 

Bonds,  Amortization,   190 

Bonds,  Gold,  24 

Bonus,  Additions,  143 

Allocation,   British,    177 

Compound  ReverslDnary,  177 


225 


226 


INDEX 


Bonus,  Uniform  Reversionary,  177 

Branch  Offices,  211 

Britiph  assured  Lives  (Mortality),  4] 

Companies,  Investments,  59 

Contribution  Plan,  178 


Canadian  vStandard,  43 
Capacitv  of  Claimant,  181 
Carlisle  Table  38 
Cash  Accounts,  188 
Census  Tables,  38 
Children's  Policies,  23 
Claims,  Death,  178-179 
Combined  Experience,  40 
Commutation    Columns,    104-108, 
120-121 

• Extension  of,  139-146 

■ Figures,  224 

Companies,     General    Principles,     i 

• Mutual  and  Proprietary,  12-13, 

199 

Stipulated  Premmm,  8-9 

Stock,   171,  199 

without  Agents,  208 

Comparative  Statements,  191-197 
Complete  Annuities,  143 

Expectations,  gs 

Compound   Interest,   54 

■ Money  Doubles  Itself,  67- 

96 
Compound  Reversionary  Bonus,  177 
Compulsory  Privileges,  30 
Conditions  in  Policies,  16 
Consideration  and  Benefit,  98 
Constant  Addition;  Loading,  12s 
Constant  and  Percentage;  Loading, 

127 
Construction  of  Tables,  78-80  _ 
Continuous   Instalment   Policies,    25 
Continuous  Process,   78 
Contract  Premiums  Ignored,  154 
Contracts,  Special,  21-28 
Contribution  Plan,  I74-,  178 

■ Objection  to,  175 

British,  178 

Conventions,  Fraternal,  11 
Convertible  Term  Assurance,  18 
Cost  of  Assurance,  159-160 


D 


Death  Claims,  178-179 

Proofs  of,  179 

Strain,  159-160 

Decreasing  Premiums,  22-23,143 


Deferred  Annuity,  29,  75,  loi 

Assurance,  11 3-1 14 

Dividends,  173 

Delegated  Authority,  202 
Department;  Accounting,  203 

Actuarial,  205 

Agency  Supervision,  207 

Application,  202 

Investment,  206 

Medical,  203 

Renewal,  204 

Secretarial,  205 

Development,  Fraternal,  lo-ii 
Difference  in  Annual  Statements,  189 
Directors,  201 
Disability,  Permanent,  23 
Discount,  69 

Discrimination  by  Policyholders,  48 
Distribution  of  wSurplus,  17 1-6 
Dividends,  172 

Deferred,  173 

Dividend  Options,  176 


E 


Effective  Rates  of  Interest,  72-73 
Endowment  Assurance,  20-21,  114- 

115 

Endowment,  Pure,  21,  99,  114 
Examination  Medical,  33,  49 
Executor  as  Claimant,  181 
Expectations  of  Life,  94-95 
Expense  Comparison,  192-193 

Usual,  124 

Initial,  129 

Expenses  and  Valuation,  155 

• Industrial,  8 

Loading,  Extras,  123-137 

Extra  Premiums,  132-137 

Doctrine  of  Average,  136 

Fixed,  133 

Foreign  Residence,  135 

Health  under  Average,  132 

Lien  System,  134-135 

Occupation  Hazard,  132 

Rating  up,  133 

Varied  Hazards,  136 


Female  and  Male  Mortality,  46 
Field- Work,  208-212 

Agency  System,  209 

Applications  by  Mail,  211 

Branch  Offices,  211 

Companies  without  Agents,  208 

General  Agency,  209 


INDEX 
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Field-Work,  Small  Local  Agencies,  210 
Fixed  Extra  Premiums,  133 
Foreign  Residence,  135 
Forfeiture,  Non-,  168-169 
Forms,  Policy,  30-32 
Fraternal  Orders,  9-12 
Friendly  Societies,  9-12 
Friends  Report,  34 


Gain  and  Loss  Exhibit,  195-197 
General  Agency,  209 
Gold  Bond  Policies,  24 
Graduation,  51 
Group  Insurance,  50 
Growth  of  Life  Assurance,  2 

H 

Half-yearly  Interest,  70 

Premiums,  117 

Hazards  Varied,  136 
Hazardous  Occupation,  132 
Health,  Average,  49 

under  Average,  132 

Healthy  English  Table,  39 
HM  Mortality  Table,  ^i 
Home  Office  Work,  202 


Illustration,  Assessment,  5 

• Cost  of  Assurance,  159 

Interest,  61-63 

Immediate  Payment  of  Claims,  II 8 
Increasing  Assurance,  140 

Premiums,  22,  143 

Industrial  Assurance,  7-8 
Initial  Expenses,  129 
Inspection  Report,  33 
Instalment  Policies,  21 

Continuous,  25 

Insurable  Interest,  16 
Insurance,  Group,  50 
Interest,  Accumulation,  65-67 

Actual  Rates,  56-58 

and  Annuities  Certain,  65-81 

■ and  Investments,  54-63 

• and  Probability,  99 

Comparisons,  193-194 

Definition,  54 

Effect  of  Standard  Rates,  56 

• Half-yearly  and  Quarterly,  70 

Money  Doubles  Itself,  67-69 

Nominal  and  Effective,  72-73 

Quarterly,  70 


Interest,  Questions,  80 

Rate  per  Unit,  65 

Rates,  54,  58 

Simple,  54 

Standard  Rates,  55 

Tables,  60-63,  78-80,  218-222 

International  Notation,  215-217 
Investment  Department,  206 
Investments  generally,  54-63 
Issue  of  Policy,  34 


Joint  Life  Annuities,  144 

Assurances,  25,  145 

Probabilities,  92 

Last  Survivor  Annuity,  29 

Assurance,  26 

Legal  Investments,  58 

Procedure  in  Organization,  199- 

201 

Restrictions,  170 

Supervision,  1 83-1 91 

• Surrender  Values,  162-167 

Liabilities,  Valuation  of,  148-159 

Lien  System,  134-135 

Life  Annuity,  100 

Life  Assurance.     See  Assurance. 

Life  Expectation,  94 

Limited  Payment  Policy,  17,  116 

Limit  of  Powers,  Corporate,  200 

Loadings,     Expenses     and     Extras, 

123-137 

Constant,  125 

Constant  and  Percentage,  127 

Customary  Method,  126 

Participating,  130 

Percentage,  125 

Select,  or  Aggregate  Tables,  13 J 

Loans,  169 

Local  Agencies,  210 


M 


Male  and  Female  Mortality,  46 
Massachusetts  Sur.  Values,  165-167 
Mean  Values  of  Policies,  152-153 
Medical  Department,  203 

Examination,  without,  49 

Report,  33 

Modified  Preliminary  Term,  157 
Money  Doubles  Itself,  67-69 
Mortality:  36-52 

Adverse  Selection,  48 

Annuitants,  46 

and  Probability, '84-94 
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